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Preface

There has been a flurry of activity in recent years in the loosely defined area of holo-
morphic spaces. This book discusses the most well-known and widely used spaces of
holomorphic functions in the unit ball of C™: Bergman spaces, Hardy spaces, Besov
spaces, Lipschitz spaces, BMOA, and the Bloch space.

The theme of the book is very simple. For each scale of spaces, I discuss integral
representations, characterizations in terms of various derivatives, atomic decomposi-
tion, complex interpolation, and duality. Very few other properties are discussed.

I chose the unit ball as the setting because most results can be achieved there
using straightforward formulas without much fuss. In fact, most of the results pre-
sented in the book are based on the explicit form of the Bergman and Cauchy-Szégo
kernels. The book can be read comfortably by anyone familiar with single variable
complex analysis; no prerequisite on several complex variables is required.

Few of the results in the book are new, but most of the proofs are originally
constructed and considerably simpler than the existing ones in the literature. There
is some obvious overlap between this book and Walter Rudin’s classic “Function
Theory in the Unit Ball of C™”. But the overlap is not substantial, and it is my hope
that the two books will complement each other.

The book is essentially self-contained, with two exceptions worth mentioning.
First, the existence of boundary values for functions in the Hardy spaces H? is proved
only for p > 1; a full proof can be found in Rudin’s book. Second, the complex
interpolation between the Hardy spaces H* and H? (or BMOA) is not proved; a full
proof requires more real variable techniques.

The exercises at the end of each chapter vary greatly in the level of difficulty.
Some of them are simple applications of the main theorems, some are obvious gen-
eralizations or variations, while others are difficult results that complement the main
text. In the latter case, at least one reference is provided for the reader.

I apologize in advance for any misrepresentation in the short sections entitled
“Notes”, for any omission of significant references, and for having not included one
or several of your favorite theorems. I did not even try to compile a comprehensive
bibliography.



VIII Preface

The topics chosen for the book, and the way they are organized, reflect entirely
my own taste, preference/prejudice, and research/teaching experience. Among the
topics that I thought about seriously but eventually decided not to include are the
so-called Arveson space, the so-called (), spaces, and general holomorphic Sobolev
spaces. Of course, the Bergman spaces, the Bloch space, the holomorphic Besov
spaces, and the holomorphic Lipschitz spaces can all be considered special cases
of a more general family of holomorphic Sobolev spaces. It appears to me that the
relatively elegant treatment of these special cases is more interesting and appealing
than an otherwise more cumbersome presentation of an exhaustive class of functions.

During the preparation of the manuscript I received help and advice from Boo
Rim Choe, Joe Cima, Richard Rochberg, and Jie Xiao. It is my pleasure to record
my thanks to them here. I am particularly grateful to Ruhan Zhao, who read a prelim-
inary version of the entire manuscript and caught numerous misprints and mistakes.
My family—Peijia, Peter, and Michael—provided me with love, understanding, and
blocks of uninterrupted time that is necessary for the completion of any mathematical
project.

Albany, June 2004 Kehe Zhu
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1

Preliminaries

In this chapter we set the stage and discuss the basic properties of the unit ball. Sev-
eral results and techniques of this chapter will be used repeatedly in later chapters.
These include the change of variables formula, the fractional differential and integral
operators, the basic integral estimate of the kernel functions (Theorem 1.12), and the
Marcinkiewicz interpolation theorem. Also, the radial derivative, the invariant Lapla-
cian, the automorphism group, and the Bergman metric are essential concepts for the
rest of the book.

1.1 Holomorphic Functions

Let C denote the set of complex numbers. Throughout the book we fix a positive
integer n and let
C"=Cx---xC

denote the Euclidean space of complex dimension n. Addition, scalar multiplication,
and conjugation are defined on C™ componentwise. For

Z:<Zl,"'72n), w:(wl,--~,wn),

in C™, we define
<Zaw> =ziwi + -+ ZnWn,

where wy, is the complex conjugate of wy. We also write
2l = V(z,2) = VIzi2 4+ - + |znf?.

The space C™ becomes an n-dimensional Hilbert space when endowed with the
inner product above. The standard basis for C" consists of the following vectors:

61:<170707"'7O)7 62:<071707"'70)7 Y 6n:<0,0,"',0,1).
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Via this basis we will identify the linear transformations of C™ with n x n matrices
whose entries are complex numbers. Another vector in C™ that we often use is the
Zero vector,

0=(0,0,---,0).

The reader should have no problem accepting this slightly confusing notation.
The open unit ball in C” is the set
B, ={z€C":|z| <1}.
The boundary of B,, will be denoted by S,, and is called the unit sphere in C™. Thus
S, ={z€C":|z| =1}.
Occasionally, we will also need the closed unit ball
B,={z€eC":|z| <1} =B, US,.

The definition of holomorphic functions in several complex variables is more
subtle than the one variable case, namely, several natural definitions exist and they
all turn out to be equivalent. We will freely use these classical definitions but will not
attempt to prove their mutual equivalence. Text books such as [61] or [89] all contain
the necessary proofs.

Perhaps the most elementary definition of holomorphic functions in B,, is via
complex partial derivatives. Thus a function f : B,, — C is said to be holomorphic
in B,, if for every point z € B,, and for every k € {1,2,---,n} the limit

i T+ 2e) = £(2)
A—0 A

exists (and is finite), where A € C. When f is holomorphic in B,,, we use the notation
of
0o (2)

to denote the above limit and call it the partial derivative of f with respect to zj.
Equivalently, a function f : B,, — C is holomorphic if

f(z)= Z amz™, z € B,.
m

Here the summation is over all multi-indexes
m = (mh c 'amn)7

where each my, is a nonnegative integer and

m

2= M M

n
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The series above is called the Taylor series of f at the origin; it converges absolutely
and uniformly on each of the sets

TBHZ{ZECHZ|Z|ST}’ O<r<l.

If we let
fk(z) - Z amzm
|m|=k
for each k > 0, where
|m| :m1+...+mn,

then the Taylor series of f can be rewritten as

F2)=) ful2).
k=0

This is called the homogeneous expansion of f; each fj is a homogeneous polyno-
mial of degree k. Both the Taylor series and the homogeneous expansion of f are
uniquely determined by f.

When a function f : B,, — C is holomorphic, all higher order partial deriva-
tives exist and are still holomorphic. For a multi-index m = (mg,---,m,) we will
employ the notation
amf B a|m\f

9z~ 9 0

Another common notation we adopt for a multi-index m is the following:

87nf —

m!=mq!---my,l.

In particular, we have the multi-nomial formula

NI
(z1 4+ 2V = E 2 (1.1)
m:!
Im|=N

The space of all holomorphic functions in B,, will be denoted by H (B,,). We use
H>(B,,), or simply H, to denote the space of all bounded holomorphic functions
in B,,. The ball algebra, denoted by A(B,,), consists of all functions in H(B,,) that
are continuous up to the boundary S,,.

1.2 The Automorphism Group

A mapping F' : B,, — C, where N is a positive integer, is given by N functions as
follows:

F(Z):<f1<2),~'~,f1v(z))’ z € B,.

We say that F' is a holomorphic mapping if each fj, is holomorphic in B,,.
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It is clear that any holomorphic mapping F' : B,, — C¥ has a Taylor type

expansion
m
F(z) = g amz™,

where m = (mq,---,my) is a multi-index of nonnegative integers and each a,
belongs to CV. Similarly, F' admits a homogeneous expansion

F(z) =Y Fi(2),
k=0

where all N component functions of each F}, are homogeneous polynomials of de-
gree k.
For a holomorphic mapping

F(Z) - (fl(z)ﬂ"'afN(Z))a

it will be convenient for us to write

ofi  Oh

of; 021 Ozp,
J Nxn afN afN
821 azn

Thus the homogeneous expansion of F begins as follows:
F(z)=F(@0)+ F'(0)z+---.

Here we think of the term F”(0)z as the matrix F’(0) times the column vector z in
cr.
A mapping F' : B,, — B,, is said to be bi-holomorphic if

(1) F is one-to-one and onto.
(2) F is holomorphic.
(3) F~!is holomorphic.

The automorphism group of B,,, denoted by Aut(B,, ), consists of all bi-holomorphic
mappings of B,,. It is clear that Aut(B,,) is a group with composition being the group
operation. Traditionally, bi-holomorphic mappings are also called automorphisms.

One class of automorphisms is easy to describe. Recall that C™ is a Hilbert space
of complex dimension n. Thus every unitary mapping of C™ is an automorphism of
B,,. Relative to the basis {e1, - - -, e, }, every n X n unitary matrix U is an automor-
phism. The following lemma shows that the unitary transformations are exactly the
automorphisms that leave the origin of C™ fixed.

Lemma 1.1. An automorphism ¢ of B,, is a unitary transformation of C™ if and only
if ¢(0) = 0.
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Proof. Assume that ¢ is an automorphism of B,, with ©(0) = 0. Fix any complex
number A\ with |\| = 1 and consider the holomorphic mapping F' : B,, — B,, defined
by

F(2) = ¢ (A p(\2)), z €B,.
Clearly, F(0) = 0, and F’(0) is the n x n identity matrix. If F" is not the identity
mapping of B,,, then the homogeneous expansion of F' can be written as

F(z)=z+ ZFk(z),
k=1

where [ > 2 and Fj(z) is not zero. If we compose F with itself N times, then the
resulting homogeneous expansion is

FoFo---oF(2)=2z+ NF/(2)+---,

where the omitted terms consist of polynomials of degree greater than /. Letting
N — oo clearly leads to F; = 0, which contradicts the earlier assumption that
F; # 0. This shows that F((z) = z, or p(Az) = Ap(z) for all z € B,,. This in
turn implies that the homogeneous expansion of ¢ consists of the linear term alone,
namely, ¢ is a linear transformation. Since ¢ maps B,, onto itself, we conclude that
(o must be a unitary transformation. O

Another class of automorphisms consists of symmetries of B,,, which are also
called involutive automorphisms or involutions. Thus for any point a € B,, — {0}

we define

a — Pa(z) - SaQa(z)
1—{z,a) ’
where s, = \/ 1 —|a|?, P, is the orthogonal projection from C™ onto the one di-

mensional subspace [a] generated by a, and @), is the orthogonal projection from C™
onto C™ & [a]. It is clear that

val(z) = z € B,, (1.2)

Py(z) = <|2|‘;> a, 2€C", (1.3)

and
Qulz) = = — <|Za’|‘;> a, z€B,. (1.4)
When a = 0, we simply define ¢, (z) = —=z. It is obvious that each ¢, is a holomor-

phic mapping from B,, into C”.
Lemma 1.2. For each a € B,, the mapping p, satisfies

(1 —1lal*)(1 = |2[*)

1—|ga(2)]? = , B., 1.5
[a(2)] 1 (e z€ (1.5)

and

©Ya © pal(z) = 2, z € B,. (1.6)
In particular, each o, is an automorphism of B,, that interchanges the points 0 and
a.
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Proof. The case a = 0 is obvious. So we assume that a # 0.
Since a — P,(z) and Q)4 (z) are perpendicular in C", we have

|a = Pa(2) = 5aQa(2)|* = la = Pu(2)|* + (1 = |a*)|Qa(2)[”
= la]* = 2Re (Pu(2), a) + [Pa(2)[?
+ (1= lal)(|2* = [Pa(2) ).
Manipulating the above expression using the facts that
lal?|Pa(2)]* = (2, a)*,  (Pu(2),a) = (2, a),

we obtain

|a = Pa(2) = 3aQa(2)* = [1 = (z,0)|* — (1 = |a*)(1 — |2]*),
which clearly leads to

(1 —laf)(1 = |2[*)

1*|<Pa(z)|2: 11— (z,a)|?

In particular, we conclude that each ¢, is a holomorphic map from B,, into itself.
To prove the involutive property of ¢,, we first verify that

1= feuteha =

and 5
Palenl2) = 1 5.

Then a few lines of elementary calculations show that ¢, 0 ¢, (z) = z forall z € B,,.
This clearly implies that the mapping ¢, is invertible on B,, and its inverse is itself.
In particular, its inverse is holomorphic, and so ¢, is an automorphism.

The properties that

¢a(0) = a, ¢ala) =0,

follow easily from the definition of ¢,. a

When identity (1.5) in the preceding lemma is polarized, the result is the follow-
ing formula.

Lemma 1.3. Suppose a € B,,. Then

(1= ({a,a))(1 = (z,w))

L= {a(2)2al0)) = (| 1" )1 — (0o (1.7)

for all z and w on the closed unit ball B,,.
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The property ¢, © pq(z) = z justifies the use of the term “involution” for ¢, . It
turns out that the unitaries and the involutions generate the whole group Aut(B,,).

Theorem 1.4. Every automorphism ¢ of B,, is of the form

Y= U‘pa = QD(JV,
where U and V are unitary transformations of C"*, and ¢, and ¢y, are involutions.

Proof. Suppose ¢ € Aut(B,,) and a = ¢ ~1(0). Then the automorphism ) = po,
satisfies ¢0(0) = 0. By Lemma 1.1, there exists a unitary transformation U of C™ such
that U = @o,. Since g, is involutive, this gives ¢ = U, . The other representation
can be proved similarly. a

Corollary 1.5. Every ¢ in Aut(B,,) extends to a homeomorphism of S,.

Proof. Tt is obvious that every unitary transformation in Aut(B,,) induces a homeo-
morphism of S,,. By Lemma 1.2, every involution ¢, also extends to a homeomor-
phism on S,,. O

Given ¢ € Aut(B,,), we use Jo(z) to denote the determinant of the complex
n x n matrix ¢’(z) and call it the complex Jacobian of ¢ at z. If we identify B,
(in the natural way) with the unit ball in the 2n-dimensional real Euclidean space
R2", then the mapping ¢ induces a real Jacobian determinant which we denote by
Jre(z). It is well known that

Jre(2) = |Jop(2)|? (1.8)
forall z € B,,; see [61].

Lemma 1.6. If we identify linear transformations of C™ with n X n matrices via the
standard basis of C™, then for every a € B,, — {0} we have

¢, (0) = —(1 = |a]*)P. — /1 - |a] Qu, (1.9)
and
P(l Q(l

- - . 1.10
L= a2~ /1 |af? (1.10)

Yala) =
Proof. For any a € B, a # 0, we can write

oo

Pa(2) = (a— Pa(2) = 5aQa(2)) D _(z,0)"

k=0

=a+alz,a) — (P + 54Qa)(2) + O(|2]*)
=a— S(lea(z) - SaQa(z) + O(|Z|2)
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for 2 € B,,, where s, = \/1 — |a|2. If we identify linear transformations of C” with
n X n matrices via the standard basis of C™, then the above shows that

90?1(0> - 753Pa = 8aQq-
Similarly, a calculation using

P,(h) — 34Qa(h)

valet =T o)
shows that ) )
pala) = —gplam Qo
O
Lemma 1.7. For each ¢ € Aut(B,,) we have
nt1
Jre(z) = (|11_<Z|flf>|2) , (1.11)

where a = ¢~ 1(0).

Proof. For any fixed a and z in B,, with a # 0, we let w = ¢, (z) and consider the
automorphism

U =@yopsop,.
Since U(0) = 0, Lemma 1.1 shows that U is a unitary. Rewrite ¢, = @y o U 0 ¢,
and apply the chain rule. We obtain

P (2) = P, (U, (2),

and so
Jowa(z) = det(py,(0)) det(¢l(2)).

By (1.9), the linear transformation ! (0) has a one-dimensional eigenspace with

eigenvalue —(1 — |w|?) and an (n — 1)-dimensional eigenspace with eigenvalue
—/1 — |w|?; so its determinant equals (—1)" (1 — |w|?)("*1)/2_ This, together with
a similar computation of the determinant of ¢, () using (1.10), shows that

1 |w|2)n+1

1—|z[?

h%@)Lh%@F<

An application of (1.5) then gives

JrRpa(2) = < 1- |a|2>|>n+1 |

1 —(z,a

Every ¢ € Aut(B,) can be written as ¢ = U,, where a = ¢~ 1(0). The
general case follows from the special case obtained in the previous paragraph. ad
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1.3 Lebesgue Spaces

Most spaces considered in the book will be defined in terms L? integrals of the
function or its derivatives. The measures we use in these integrals are based on the
volume measure on the unit ball or the surface measure on the unit sphere.

We let dv denote the volume measure on B,,, normalized so that v(B,,) = 1.
The surface measure on S,, will be denoted by do. Once again, we normalize o so
that o(S,,) = 1. The normalizing constants, namely, the actual volume of B,, and
the actual surface area of S,,, are not important to us, although their values will be
determined as a by-product of the proof of Lemma 1.11 later in this section.

Lemma 1.8. The measures v and o are related by

/IBH f(z)dv(z) =2n Al r2 =1 dr /S f(r¢) do(Q).

Proof. LetdV = dz; dy; - - - dxy, dy, be the actual Lebesgue measure in C™ (before
normalization), where we identify each z; with xy + iy;. Similarly, let dS be the
surface measure on S,, before normalization. Then the Euclidean volume of the solid
determined by d.S in S,,, » > 0, and r + dr, is given by

ds
dv = s(1) (V(r+dr)—=V(r)).

Here, for r > 0, V(r) is the actual volume of the ball
|21 + -+ |za]? < 72,
and S(r) is the actual surface area of the sphere
21 |? o o e =12,

From the change of variables z; = rwg, 1 < k < n, we obtain

Vir)= / dV(z) = r*"V(1).
|21 2|2 2 <

It follows that
V(1)
S(1)
Omitting powers of dr with exponents greater than 1, we get
V(1)
S(1)

dv = ((r 4 dr)®™ — ") dS.

dv = 2nr?" 1 dr dS,

or
dv = 2nr?>" 1 dr do.
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Lemma 1.8 will be referred to as integration in polar coordinates. The next
lemma deals with integration on S,, of functions of fewer variables.

Lemma 1.9. Suppose f is a function on S,, that depends only on z1,- - -, z,, where
1 <k < n.Then f can be regarded as defined on By, and

/S,L Jdo = (n K 1) /Bkﬂ = [w?)" T f (w) do (w),

where By, is the open unit ball in C* and dvy, is the normalized volume measure on
B.

Proof. For the purpose of this proof let Py denote the orthogonal projection from C"

onto C*. Then
/ fdaz/ foPdo.
Sn Sn

By an approximation argument, it suffices for us to prove the result when f is con-
tinuous in C* and has support in roBy, where r is some constant in (0, 1). Fix such
an f and consider the integrals

I(r):/ f o Py dv, 0<r<oo.
B,
We integrate in polar coordinates to get
I(r) =2n / 2=t dt/s f o P.(t¢) do ().
0 n
We then differentiate this to obtain
') = Qn/S f o Pydo.
On the other hand, an application of Fubini’s theorem shows that
1) =c [ 0 = o)t fw) do(w)
By

where > 7 and c is a certain constant depending on the normalization of dv and
dvy,. Differentiation then gives

1) = 2e(n k) [ (1= 0Py ) dunw),
B
Comparing this with the formula for I’(1) in the previous paragraph, we obtain

/foPkdazc'/ (1 = |w[2)"*= f(w) duy (w),
Sn B
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where ¢’ is a constant independent of f. Thus the lemma is proved except for the
multiplicative constant ¢’.
To determine the value of ¢/, simply take f = 1 and compute the integral

/ (1 [wf?)" dug (w)
B

in polar coordinates. O

Two special situations are worth mentioning. First, if K = n — 1, then

/ fdo= f dug, (1.12)
S B

because the binomial coefficient in Lemma 1.9 becomes 1 in this case. On the other
hand, if £k = 1, n > 1, and f is a function of one complex variable, then for any
n € S, we have

/ FUEm) do(¢) = (n - 1)/(1 — |22 f(2) dA(2). (1.13)
Sn D

This is because, by unitary invariance, we may assume that 7 = e, and hence

<C? 77> = Cl'

We will also need to use the following formulas for integration on the unit
sphere, the first of which is called integration by slices, and the second generalizes
Lemma 1.9.

Lemma 1.10. For f € L(S,,,do) we have

do= [ d Lo 0¢)do 1.14
[ rao= [ o, [ s (1.14)

and if 1 < k < n, then

/Snfdac/m(1|z|2)°‘dvk(z)/ (2, /1= |2|20) don_k(n), (1.15)

Sn—k

where ¢ = (n k

)anda:n—k‘—l.

Proof. It is obvious that

/S o = /S 0 ()

forall 0 < 6 < 2. Integrate with respect to 6 € [0, 27] and apply Fubini’s theorem.
‘We then obtain (1.14), the formula of integration by slices.
If we write ¢ = (¢, ("), where ¢’ € C¥ and ¢"" € C"~*, then
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/ £(¢)do(¢) = / £(¢'¢") do(C).
Sn Sn

By the unitary invariance of o, we have

/ f(Q)do(¢) = / F(C /1= 2 n) do(©)
Sn Sn

where 7 is any fixed point on S,,_. Integrating over 7 € S,,_j, and applying Fubini’s
theorem, we obtain

[ 100 = [ a0 [ s¢ Vi 1ep i

n—k

The inner integral above defines a function that only depends on the first &k variables.
Therefore, we can apply Lemma 1.9 to get

/Snfdazc/m(l—|z|2)“dvk(z)/s k (2 /1 — |22 dom s (n)

n—

which completes the proof of the lemma. O

One special case of (1.15) is especially useful, namely, if & = n — 1, we have

/Snfdaz/B dvn_l(z);w/o (2, /1 — |22 %) db.

In the proof of Lemma 1.10 we used the obvious fact that both v and ¢ are invari-
ant under unitary transformations. More specifically, if U is a unitary transformation

of C", then
/ f(Uz)dv(z / f(z)dv(z (1.16)

/ o(UC) do(¢) = / 9(C) do (). (L17)
Sn Sn

These equations are also referred to as the rotation invariance of v and o, respectively.
We will also need a class of weighted volume measures on B,,. Observe that if «
is a real parameter, then integration in polar coordinates shows that the integral

[ - ane)
B

is finite if and only if « > —1. When o > —1, we define a finite measure dv,, on B,
by

n—1

and

dve(2) = co(1 — |25 dv(2), (1.18)

where c¢,, is a normalizing constant so that v, (B,,) = 1. Using polar coordinates, we
easily calculate that
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_I'n+a+1)
Co = A T(a+1) (1.19)

When o < —1, we simply write
dve (2) = (1 — |2]*)* dv(2).

All the measures dv,, —00 < « < 00, are also unitarily invariant (or rotation invari-
ant), that is,

/f(Uz)dva(z):/ f(2)dva(2) (1.20)
B, Bn

forall f € L'(B,,, dv,) and all unitary transformations U of C™.
As a consequence of the rotation invariance under Uz = ze'?, we easily check
that if m and [ are multi-indexes of nonnegative integers with m # [, then

/ ¢m¢tdo(¢) =0, / 2" 2 dve(2) = 0, (1.21)
Sn By
where a > —1. When m = [, we have the following formulas.
Lemma 1.11. Suppose m = (mq, - -, my,) is a multi-index of nonnegative integers
and o > —1. Then ( )
"2 n—1)!m!
do(¢) = , 1.22
| s = " (122)
and T )
/ 2 dua(z) = T F AL (1.23)
B, L(n+[m|+a+1)

Proof. We identify C™ with R?" using the real and imaginary parts of a complex
number, and denote the usual Lebesgue measure on C” by dV. If the Euclidean
volume of B,, is ¢, then ¢,,dv = dV'.

We evaluate the integral

j / 2™ 261412 qv(2)

by two different methods. First, Fubini’s theorem gives

I= H/ (22 + y2)™ e~ ) dg dy
k=1"R?

n 00
- H / Mo di
k=170

= 7n"ml!.

Then, integration in polar coordinates gives
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I= 2ncn/ pRlmlt2n—1g-r® dr/S 1™ do(C)

0
= nea(fml +n = 1! [ |2 o).
Sn
Comparing the two answers, we obtain
mi2 7" m!
d = .
Lm0 = e 1y

Choosing m = (0, - - -, 0) gives
,n.n

h= .
n!

12 ~ (n—=1)!ml!

Another integration in polar coordinates gives

1
/ |z"”|2dva(z):2nca/ p2lmlten=1( dr/ ¢ do ()
B 0

1
— 1\!'m!
:nca/ r|m\+n 1(1 T)adT'~ n )m
0 (n— 1+ |m|)l

It follows that

Identity (1.23) then follows from (1.22) and the fact that

1
/ 7ﬂnJr\mlfl(l o T)a dr = F(n + |m|>r(a + 1)
0 Fn+[m[+a+1)

This completes the proof of the lemma. ad

As a by-product of the above proof we obtained the actual volume of B,, as
7™ /nl. Therefore, the volume of the ball rB,, is

_ T on.
vin=" "
see the proof of Lemma 1.8. If we use S(r) to denote the surface measure of the
sphere rS,,, then

It follows that N
27 2n—1

(n—1)!
In particular, the surface area of the unit sphere S,, is (27™)/(n — 1)!.

As another consequence of Lemma 1.11 we obtain the following asymptotic es-
timates for certain important integrals on the ball and the sphere.

Sr)y=V'(r) =



1.3 Lebesgue Spaces 15

Theorem 1.12. Suppose c is real and t > —1. Then the integrals

do(¢)
Ic z :/ o ZGBn,
)= o 1= Qe
e (1 = fwf?)! do(w)
1—|w v(w
Jet(z) = /Bn 11— (2, w)|nt1+t+e’ z € By,

have the following asymptotic properties.

(1) Ifc <O, then I. and J. . are both bounded in B,,.
(2) If c =0, then

I(2) ~ Je4(2) ~ log 1 a2

asl|z| — 1.
(3) If ¢ > 0, then
Ie(2) ~ Jep(z) ~ (1 — |Z|2)7C

asl|z| — 1.
Proof. Let A = (n+ ¢)/2. Then

1 p—
1= (z,Q)|m+e

N N(EEDY)

— KIT()) (0"

For any fixed z € B,,, the functions (z, {)* and (2, {)*2 are orthogonal in L%(S,,, do)
whenever k1 # ko. It follows that

I.(2) = Z

k=0

T(k+\)

arey | 160F (o),

If z # 0, then we can use the unit vector Z/|z| in C™ as the first row to construct
a unitary matrix U. Write U{ = ¢’ and notice that the first coordinate of ¢’ is

¢ =(¢2)/l2l.

By the unitary invariance of do, we have

/ (2, Q)P do(C) = |27+ / ICLI2* do(C").
Sn Sn

This clearly holds for z = 0 as well. An application of Lemma 1.11 then gives

[t opsdro = (T e

So,



16 1 Preliminaries

K TRAN P (n - DR,
IC(Z)_;O kKIT(\) ‘ (n—1+k) 7 g

According to Stirling’s formula, the coefficients of the series above are of order k¢~ 1.
This proves the assertions about 1.(z).
To prove the assertions about J, (z), we integrate in polar coordinates to obtain

1
Je(2) = 2n/ (1= e (rz)r® Hdr.
0

Combining this with the series for I.(z) in the previous paragraph, integrating term
by term, and then applying Stirling’s formula, we conclude that

Jc,t(z) ~ Z k“71|z|2k
k=0
as |z| — 17. This completes the proof of the theorem. O
The following change of variables formula will be very important for us later on.

Proposition 1.13. Suppose a is real and f is in L*(B,,, dv,). Then
_ (1~ [af2y it
/IB,L fop(z)dva(z) = /Bn f(z)|1 — (2, a)|2(vH+1+a) dva (),
where o is any automorphism of B,, and a = ¢(0).
Proof. By Theorem 1.4 there exists a unitary transformation U such that ¢ = ¢,U,

where a = ¢(0). Since the measure dv, is invariant under the action of unitary

transformations, we may as well assume that ¢ = ¢,. In this case, we have o~ ! =

and its real Jacobian determinant at the point 2 is given by Lemma 1.7. Since
dva(2) = cao(1 — |25 dv(2),

where ¢, is 1 for « < —1 and is given by (1.19) for &« > —1, a natural change of
variables converts the integral

/B Fopl)dun ()

t
O o CIE O lfﬂ'fﬂg)w ().

This along with (1.5) produces the desired result. ad
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Two special weights are of particular interest to us. The first one is o = 0. In this
case, we have

— laf?)"+!
/ fop(z)dv(z / f(z |17 (2. a) 200D dv(z). (1.24)

The other weight is &« = —(n + 1). In this case we denote the resulting measure
by

dv(z)
(1= [zt
and call it the invariant measure on BB,,. The usage of the term “invariant measure” is
justified by the following formula:

/fw )dr(z /f )dr(z (1.26)

In addition to the separable Lebesgue spaces LP(B,,, dvy) and LP(S,,, do), we
will also encounter the spaces L>°(B,,) and L>°(S,,). We use C(B,,) and C(B,,) to
denote the spaces of all continuous functions on B,, and B,,, respectively. The space
Co(B,,) consists of all functions in C(B,,) that vanish on the unit sphere.

dr(z) = (1.25)

1.4 Several Notions of Differentiation

In this section we discuss several different notions of differentiation on B,,. The most
basic one is of course the standard partial differentiation, namely, 0 f/0z.

A very important concept of differentiation on the unit ball is that of the radial
derivative, which is based on the usual partial derivatives of a holomorphic function.
Thus for a holomorphic function f in B,, we write

B n af
Rf(z) = I; s (2). (1.27)
A simple verification shows that if
f2) =Y fu(2)
k=0

is the homogeneous expansion of f, then

=S k=) = 3 kfil2). (1.28)
k=1

k=0

This is called the radial derivative of f because

RFG)  tim TC )~ )

r—0 T

(1.29)
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whenever f is holomorphic. Here r is a real parameter, so that z + rz is a radial
variation of the point z.
For every holomorphic function f in B, it is easy to see that

1

HORSIOEN l%fitz) dt (1.30)
for all z € B,,. This formula will come in handy when we need to recover a holo-
morphic function from its radial derivative.

With the help of homogeneous expansions we can introduce a class of fractional
radial derivatives on the space H (B,,). Thus for each real parameter ¢ we define an
operator

R': H(B,) — H(B,)

as follows: - -
z):Zktfk(z), f(z):ka(z) (1.31)
k=1 k=0
The operator R! is clearly invertible on H(B,,)/C, with its inverse given by
Rif(z) =R7'f(2) =D k7' ful2),  f(2) =) fil(2). (132)
k=1 k=0

If we equip the space H (B,,) with the topology of uniform convergence on compact
sets, then the operators R' and R, are continuous on H (B,,).

More generally, for any two real parameters « and ¢ with the property that neither
n + anor n + « + t is a negative integer, we define an invertible operator

R™': H(B,) — H(B,)
as follows. If

2) =Y fu(2)
k=0

is the homogeneous expansion of f, then

— +1+a)l(n+1+k+a+t)
RIS Z; n+1+a+t)I‘(n+1+k+a)fk(Z) (1.33)
The inverse of R*?, denoted by R, , is given by
(oo}
Fn+l+a+t)I'(n+1+k+a
Rosf(z I e s

OM

F'n+l+a)I'(n+1+k+a+t)

The following result gives an alternative description of these operators.
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Proposition 1.14. Suppose neither n + o nor n + « + t is a negative integer. Then
the operator R* is the unique continuous linear operator on H(B,,) satisfying

a,t 1 _ 1
R ((1 . <z,w))"+1+a> - (1 — (2, w))n+i+att (1.35)

Sforallw € B,,. Similarly, the operator R,y is the unique continuous linear operator
on H(B,,) satisfying

1 1
Ra’t ((1 - <Z,w>)n+1+a+t) = (1 _ <Z,’U_}>)n+1+o‘ (136)
forallw € B,.

Proof. The series

1 _OOF(n+1+k+a)<Zw>k
(1 — (z,w))ntite — KT(n+1+a) ’

and
1 7OOF(n+1+k‘+a+t)<Zw>k
(1 — (z,w))nH1itatt — = KTn+1+a+t) 7

are actually homogeneous expansions. It is then obvious that the operators R%¢ and
R, have the desired mapping properties on kernel functions.

On the other hand, if R*" and R,, ; have the stated mapping properties on kernel
functions, then applying the differential operators

8771
ow™ 0)

to these kernel equations shows that R** and R+ have the desired effect on mono-
mials and hence on general holomorphic functions. 0

Proposition 1.15. Suppose N is a positive integer and « is a real number such that
n + a is not a negative integer. Then R*N, as an operator acting on H(B,,), is a
linear partial differential operator of order N with polynomial coefficients, that is,

o™ f

ozm

R*Nf(z)= Y pm(2)

|m|<N

(2),

where each py, is a polynomial.

Proof. Fix w € B, replace the numerator of

1
(1= (2, w))ritety

by
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(1 - <Z,’LU> + <Zaw>)N7
and apply the binomial formula. Then

1 SHRL (2, )
(1 — (z,w))titatN - k; k' (N —K)! (1 — <Z,w>)n+1+a+k'

For each k we apply the multi-nomial formula (1.1) to write
k!
(z,w)F = Z ml M w™.
Im|=k
It is then clear that there exist constants ¢,,; such that
N! (z,w)k . OF 1
(N — k) (1 — (2, w))ntitath — 2 ek (1 — (z,w))n+i+e”

Im|=k
Combining this with Proposition 1.14, we obtain

N

1 o 1
Ra,N — . m
(1 _ <Z’w>)n+1+a kZ:O lmz_:kcnkz 9ym (1 i <Z’w>)n+1+a

for any fixed w € B,,. Differentiating with respect to w then leads to

N ok
RYN = Z Z Cmk zmazm.

k=0 |m|=k
This proves the proposition. ad

Let
a=ay o = (o + o)
— 02,07y, = or;  Oyj
be the ordinary Laplacian on C". Here

o _1(o .0
8zk_2 8xk 8yk

o _1(o .0
82k72 oxy, ayk7

provided we use the identification z; = xy + tyi for 1 < k < n. The complex-type
derivatives are more convenient to use than the correponding real ones.
Suppose f is a twice differentiable function in B,,. We define

(Af)(2) = A(fo:)(0),  z€By,

where ¢, is the involutive automorphism that interchanges the points 0 and 2. The
operator A so defined is called the invariant Laplacian, because it has the following
property with respect to the automorphism group.

and
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Proposition 1.16. Suppose f is twice differentiable in B,,. Then
A(fop)=(Af)oyp
forall p € Aut(B,,).
Proof. Fix z € B,, and ¢ € Aut(B,,). Let a = ¢(z). Then the automorphism
U=¢aopop:

fixes the origin and hence is a unitary by Lemma 1.1. It is easy to see that

AgoU)(0) = A(g)(0)
for any twice differentiable function g. It follows that

A(fo9)(z) = Af o9 09:)(0) = A(f 0 pu 0 U)(0)
= A(f 0 9a)(0) = Af(a) = (Af) 0 p(2).
O

The invariant Laplacian can be described in terms of ordinary partial derivatives
as follows.

Proposition 1.17. If f is twice differentiable in B,,, then

B =40 =) 3 6y =23) 5 5 (2

i,j=1
forall z € B, where §; ; is the Kronecker delta.

Proof. Fix z € B,, and write
@z(w) = (<p1(w),-~-,g0n(w)), w € By.

By the chain rule,

~ = 8901 8<p
A =A 2 70
B =8 w0 =4 3 ou s, } CheC)
The definition of ¢, shows that it admits the expansion

0. (w) =2z — s,w+ 1JS:SZ(w,z>z_|_...7
where s, = /1 — |2|2 and the omitted terms have w-degree 2 or higher. It follows
that
i
8Zk
and, after some simplification,

(0) = —s5.0i + 1 _T_ZSZ ZkZi,

n

ST 057 ) = (1= a6y — 202,

This completes the proof. O



22 1 Preliminaries

1.5 The Bergman Metric

The function 1

(1 —zw)ntl
is called the Bergman kernel of B,, and will be discussed in more detail in the next

chapter. For now let us use it to define a Hermitian metric on B,,.
We begin with the n x n complex matrix

K(z,w) =

782 logK(z,2) --- 782 log K(z, z)
1 821621 azlazn
02,021 log K(z, 2) 07,02, log K(z, z)

We will call this the Bergman matrix of B,,. We also introduce an auxiliary matrix

2121+ R1Zn
A(Z) _= (Z'LZJ)TLXTL _= ... ... DR (1.37)
ZnZ1 't ZnZn
foreach z = (z1,- - -, z,,) in C™. If we identify linear transformations on C" with n x

n matrices via the standard basis of C™ (so that the adjoint of a linear transformation

is just the conjugate transpose of the corresponding matrix), then it is easy to check
that for z # 0,

A(z) = [2°Px, (1.38)

where P, is the orthogonal projection from C" onto the one-dimensional subspace
[2] generated by z.

Proposition 1.18. For z € B,, the matrices A(z) and B(z) have the following prop-
erties:

(a) B(z) = [(1 — |2]*)I + A(2)]/(1 — |2|*)%, where I is the n x n identity matrix.
(b) B(z)™! = (1= |2]*)[I — A(2)].

(c) B(z) = (¢.(2))"¢L(2) = (¥1(2))*.

(d) det(B(z)) = K(z, 2).

(e) B(z) = P./(1 —|2]?)2 + Q./(1 — |2|?) for z # 0.

It follows thatfor n > 2 and z # 0 the matrix B( ) has two eigenvalues, namely,
(1 — |2|?) =2 with eigenspace 2], and (1 — |z|?) =2 with eigenspace C" © [2].

Proof. Since
1OgK(sz) = 7(” + 1>10g(1 - |Z|2)a

we have 9
Z;
log K = 1 J
oz, 8K @D =41
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for j =1,---,n. It follows that

0? n+1 9 9
82j82j 0og (Z,Z) (1 _ ‘Z|2)2( |Z| + |zj| )
forj=1,---,n,and
o K(z2)=(n+1),
o z,2)=(n
0702 o\ (1—|2]2)2

for ¢ # j. This shows that

(1= [z[*)I + A(2)

PO=T @y

A direct computation using rows and columns shows that
(I = AN = [z)] + A(2)) = (1 = )1,

so that
B(z)™t = (1[I - A(2)).

Recall from (1.10) that for z # 0,

’ _ P, Q-
= (1 RV |z|2) |

where P, is the orthogonal projection of C™ onto the one-dimensional subspace |z]
and @ is the orthogonal projection from C™ onto C™ © [z]. Here we identify linear
transformations of C" with n x n matrices via the standard basis of C". Since

PzZ:Pza QiZQza PzQz:Oa

we easily obtain

/ 2 _ PZ Qz
(Sﬁz(z)) - (1 _ |Z|2)2 + 1— |Z|2

From P, + (), = I we then deduce that
1
(.(2))? = (1= [2[2)2 (1= 2] + |2 P.).

Since A(z) = |z|?P., we have proved B(z) = (¢.(2))2.

Since the real Jacobian determinant of the mapping ¢, is the modulus squared
of the complex Jacobian determinant of ¢, and the matrix ¢/, (2) is self-adjoint, the
identity B(z) = (¢ (2))? shows that

det(B(2)) = | det(¢% (2))* = Jrep:(2).

This along with the formula for Jre,(2) in (1.11) shows that det(B(z)) = K(z, z).
O
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A consequence of the above calculations is that the Bergman matrix B(z) is
positive and invertible. This is of course well known and is true in general. We also
obtain the following representation for the square root of the Bergman matrix,

P, Q-
+ )
L—|z[2 /1 —|z)2

Proposition 1.19. The Bergman matrix is invariant under automorphisms, that is,

B(z)'/? = (1.39)

forall z € B, and p € Aut(B,,).

Proof. Without loss of generality we may assume that ¢ = ¢, for some a € B,,. In
this case, it follows from (1.5) and (1.11) that the Bergman kernel satisfies

K(z,2) = [Jep(2)PK (p(2), (2))
forall z € B, and ¢ € Aut(B,,). Thus
log K (2, 2) = log|Jep(2)|* + log K (¢(2), ().
By locally writing

log | Jop(z)|? = log Jow(2) + log Jop(z),

we see that 5
log |J, @z 2= 0
971‘9 : g| C ( )|

for all z € B,,.
Write

p(z) = (p1(2), -, on(2)), 2z €Bn

Then the chain rule gives

Iy

0 ) P 0
0, 08K (2:2) = 5 log|Jop(2) +Za log K (=) ¢(2)) -

J k=1

Another application of the chain rule produces

82 aﬁpk 2 a@m
050, log K (z, 2) Z o=, ; D0 logK(sﬁ(z);sﬁ(z))< 0z, )

forall¢,5 = 1,---,n. This proves the desired result. ]
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For a smooth curve v : [0, 1] — B,, we define
1/2

I(y) = / S by () O | de

i,5=1

- / (BO/()Y (£),4'(6)) " dt.

This definition clearly generalizes to the case of a piecewise smooth curve.

A metric § : B,, x B,, — [0,00) can now be defined as follows. For any two
points z and w in B,,, let 3(z,w) be the infimum of the set consisting of all (),
where 7y is a piecewise smooth curve in B,, from z to w. That § is indeed a metric
follows easily from the positivity of B(z). We will call 8 the Bergman metric on B,,.

Proposition 1.20. The Bergman metric is invariant under automorphisms, that is,
5(90(2% gﬁ(w)) = 6(27 ”UJ)
forall z,w € B, and p € Aut(B,,).

Proof. This follows easily from Proposition 1.19 and the definition of the Bergman
metric. O

Proposition 1.21. If z and w are points in B,,, then

1+ |opz (w)]
1—Jpz(w)]”

where ., is the involutive automorphism of B,, that interchanges 0 and z.

1
-
9%

Proof. By invariance, we only need to prove the result for w = 0.

Fix a point z € B,, and let y : [0,1] — B,, be a piecewise smooth curve from 0
to z. Dividing the interval [0, 1] into a finite number of subintervals if necessary, we
may as well assume that + is actually smooth and regular (y(¢) is non-vanishing) on
[0, 1]. In this case, the function «(t) = |y(¢)| is smooth on [0, 1].

Since o (t) = (v(t),y(t)), differentiation gives

2a(t)a’(t) = 2Re (7'(t), (1)) = 2Re (P, )y (1), 7(1)),

where P, ;) is the orthogonal projection from C™ onto the one-dimensional subspace
spanned by (). It follows that

/()] < [Py (D], te01].
On the other hand, according to part (e) of Proposition 1.18,

S |PyyY' (t)?

BOOW OO 2§ 2 22
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So

l(7)>/1 Py ()] dt /1 o/ (t)dt ‘
o 1=h®F Tl 1-a*@F)
By a change of variables,

Lo/ (t)dt =l ds 1 1+ |z
o = 5 = . log .
o 1—a?(t) o l—s 2 1—1z]

1. 142
I(v)> 1 .
(7)_20g17|z|

It is easy to check that equality holds if v(¢) = tz, ¢ € [0, 1]. This shows

Therefore,

1. 147
0,z)= _1
6(72) 20g1_|2|7
and completes the proof of the proposition. ad

Corollary 1.22. For z and w in B,, let
p(z,w) = [pz(w)].
Then p is a metric on B,,. Moreover, p is invariant under automorphisms, that is,
p(p(2), p(w)) = p(z, w)
forall z,w € B, and p € Aut(B,,).
Proof. A calculation shows that
p(z,w) = tanh B(z, w) (1.40)

for all z,w € B,. The invariance of p, which can be checked directly, is thus a
consequence of the invariance of 3.

It remains to prove that p is a distance. It is obvious that p satisfies the posi-
tivity and symmetry conditions in the definition of distance. To prove the triangle
inequality for p, consider the function

f(z) = tanh(z 4+ h) — tanh(h) — tanh(x), z € ]0,00),
where & is any positive constant. We have
f'(x) = sech®(z + h) — sech®(z), x> 0.

Since sech(x) is decreasing on (0, o), we conclude that f/(x) < 0 for all z > 0,
and so f(z) is strictly decreasing on (0, co). This together with f(0) = 0 shows that

tanh(z + h) < tanh(z) + tanh(h)

for all x and h in [0, 00). The triangle inequality for p then follows from the mono-
tonicity of tanh(x), the triangle inequality for 3, and the above inequality. ad
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The metric p will be called the pseudo-hyperbolic metric on B,,. It is clear that p
is bounded, while [ is not.
For z € B,, and r > 0 we let D(z,r) denote the Bergman metric ball at z. Thus

D(z,r) ={w € B, : B(z,w) <r}.
We now calculate the volume of the Bergman metric balls.
Lemma 1.23. For any z € B, and r > 0 we have

R2n(1 _ ‘Z|2)n+1

v(D(z,1)) = (1— R2|sf2)ns1 (1.41)

where R = tanh(r). In particular, for any r > 0, there exist constants ¢, > 0 and
C, > 0 such that

er(1—12)2)" ™ <w(D(z,1)) < Cr(1 — |2]2)" ! (1.42)
forall z € B,.

Proof. By Proposition 1.21, each D(0,r) is actually a Euclidean ball of radius
R = tanh(r) centered at the origin. Since the Bergman metric is invariant under
automorphisms of B,,, we have

D(Z,’I”) - ¢Z(D(O7T))

Changing variables several times, we obtain

dv(w)
’U(D(Z,T)) = / dv(w) — (1 _ ‘Z|2)n+1/
D(z,r) lw|<R |1 - <Z,w>|2(n+1)
= (1 |22yt / Rndo(w) _ RP(1— |2y
B 1- <Rz,w>|2(n+1) (1 — R2|Z|2)n+1 :

This proves (1.41). The estimates in (1.42) clearly follow from (1.41). O

Recall that for any real o we have
dva(2) = co(1 = |22)® dv(2),

where ¢, > 0 is a constant. For more general @ we have the following asymptotic
estimate of v, (D(z,7)).

Lemma 1.24. For any real o and positive r there exist constants C' > 0 and ¢ > 0
such that
c(1 = [2[)"HFY S wa(D(z,71)) < O(1 = |22 Fite

forall z € B,.
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Proof. Let R = tanh(r) again and make a change of variables according to Propo-
sition 1.13. We obtain

Vo (D(z,7)) = ca/ (1 —|2*)* dv(z)

D(z,r)

— |z 2\n+14+«
:ca/ (=121 (1 — [w]?)* dv(w).

<r |1 = (z,w)[PrH1Fe)
It is clear that there exist positive constants ¢ and C' such that

all=[wl?)®
= 1= (2wt =

forall z € B, and |w| < R. O

1.6 The Invariant Green’s Formula

In this section we discuss Green’s formula for the invariant Laplacian and the asso-
ciated Green’s function.

Theorem 1.25. Suppose () is an open subset of B,,, Q C B,,, whose boundary OX) is
sufficiently smooth. If u and v are twice differentiable in Q) and continuously differ-
entiable on ), then

~ ~ _ ov ou .
/Q(uAv —vAu)dT = /asz <u8ﬁ — v@ﬁ) do,

where dT is the volume element on ) in the Bergman metric, o is the surface area
element on 0N) determined by the Bergman metric, and 0/0m is the outward normal
derivative along 0S) with respect to the Bergman metric.

We will not prove this theorem in the book, because its proof is not complex
analytic. See [41] or [102].

The volume element of 2 in the Bergman metric is simply the restriction to 2 of
the Mobius invariant measure, that is,

- dv(z)
d7(z) = (1= [2[2)nt1” (1.43)

We will only apply Green’s formula in the case when {2 is a shell in B,,. On the
surface |z| = r, 0 < r < 1, the surface area element in the Bergman metric is given
by
2nr?" =1 do(¢)

(1—7r2)n 7’

Also, for any z on the surface |z| = r, the outward normal unit vector at z in the
Bergman metric is given by

d&(TC) = ¢ €Sy (1.44)
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n=+(1- |2|2)|Z|, (1.45)
z
and, consequently,
ou ou
_=£(1—z? . 1.46
om = 112 (1.46)
Here + depends on whether or not €2 is inside or outside of |z| = r.
The function
1 1 (1 _ t2)n—1
G(z) = dt, €B,, 1.47
G =g [ : (147

is called Green’s function for the invariant Laplacian A, or simply the invariant
Green’s function of B,,. The following proposition tells us the rate of growth for
G, both at the origin and near the boundary of B,,.

Proposition 1.26. The invariant Green’s function G has the following asymptotic
behavior.

(a) As |z| — 07, we have

1
G(z) ~log
||
forn =1, and
1
G(z) ~ |2|2n—2
forn > 1.

(b) As |z| — 17, we have
G(z) ~ (1 —[z[*)"

forn > 1.

Proof. This is elementary and we leave it as an exercise. O

In particular, the singularity of G(z) at the origin is integrable with respect to
volume measure dv.

Theorem 1.27. The invariant Green’s function G(z) has the following properties.

(a) AG =0inB, — {0}.
(b) For every twice continuously differentiable function f with compact support in
Bn’

/B G(2)Af(2) dr(z) = — £ (0)
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Proof. Rewrite

1t a—t)tat
G(z) = B,..
(Z) 4n /22 tn ’ z€

By the chain rule,
oG 1 (1—|z)nt
8z An |z|2 E
for 1 < < n. Using

da—-t)"t  (n-t)Q—t)"?

dt Al tntl
and the chain rule again, we obtain
0*G (1 —1]z1%)"2 (n — |2[*)ziz;
. . = 2n (1 - |Z|2)5’L] - 2 ’
02,0z 4n|z| |z
Inserting this into the formula
~ = 0?G(2)
_ 2 Ry
AG() =41 = i) 35 (b =5

we easily check that AG(z) = 0 for all z € B,, — {0}.
If f is twice continuously differentiable and has compact support in B,,, then

/ G(2)Af(z)dr(z) = lim G(2)Af(2)dr(z).

B, r—0+ r<|z|<l—r

Fix a sufficiently small positive number r and apply Theorem 1.25 to the domain
Q={z€B,:r<|z|<1l-r}

We see that the integral

[ CEAE )

is equal to

/|z|_1r <G37~L a f@ﬁ) do — /IZI—T <Gaﬁ - f@ﬁ) do, (1.48)

where do is the surface area element in the Bergman metric and
of 2, 0f(2)
=(1- .
g = A= 12 o))
The first integral in (1.48) is zero, because f has compact support and r is sufficiently

small. Since the singularity of G at the origin is either — log |z| (when n = 1) or
1/]z|*"=2 (when n > 1), and since

oG _ (1—[z)"
on  2nlz[2n-17

it is easy to show that the second integral in (1.48) tends to — f(0) as r — 0. O
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1.7 Subharmonic Functions

In this section we collect a few results about subharmonic functions in the unit ball
that will be needed later in the book. These results are real variable in nature, so
we think of B,, as the open unit ball in the real Euclidean space R?". We are going
to make use of the following three properties of harmonic functions in several real
variables without proof.

(a) Every harmonic function has the mean value property.

(b) The maximum principle holds for harmonic functions.

(c) Suppose B is any ball with boundary sphere S. If u is a continuous function on
S, then u can be continuously extended to a harmonic function in B.

A function f : B,, — [—00, 00) is said to be upper semi-continuous if

limsup f(2) < f(z0)
z—20
for every zp € B,,. An upper semi-continuous function f : B,, — [—o0, 00) is said
to be subharmonic if

f@ < [ flatr0)do(¢) (1.49)
Sn
foralla € B, and0 <7 <1 — |al.

Theorem 1.28. Suppose f : B,, — [—00,00) is upper semi-continuous. Then the
Jfollowing conditions are equivalent.

(a) f is subharmonic in B,,.
(b) For every point a in B,, there exists some positive number € < 1 — |a| such that

fla) < /S fla+7¢)do(Q)

forall0 <r <e
(c)If B is a ball whose boundary S is contained in B,,, and if g is a harmonic
Sfunction in B that is continuous up to S, then f < g on S implies f < g on B.

Proof. It is obvious that (a) implies (b).

Assume that f satisfies condition (c). Forany @ € B, and 0 < r < 1 — |a| we
let B be the Euclidean ball centered at a with radius r. Clearly, the boundary sphere
S of B is contained in B,,. If f is continuous on B,,, then f is continuous on S, and
so there exists a continuous function g on the closure of B such that g = f on S and
g is harmonic in B. It follows that

f(a) < gla) = /S g(a+r¢)do(¢) = /§ fa+1¢) do(Q).

If f is not necessarily continuous in B,,, we then approximate f by a sequence of
continuous functions { fx} with f < fr41 < fi for all k& > 1 (it is elementary
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to check that this is possible), the above estimate still holds for f because of the
monotone convergence theorem. This proves that (c) implies (a).

To prove that (b) implies (c), we assume that there exists a ball B whose boundary
sphere S is contained in B,,, and that there exists a continuous function g on B =
B U S such that g is harmonic in B, f < gon S, but g(z) < f(z) for some z € B.
Let E be the set of points in B at which the upper semi-continuous function h(z) =
f(2) — g(2) attains its maximum value M > 0 in B. Because h < 0 on S, we must
have E C B. Also, the semi-continuity of h implies that E is closed, so there exists
some point zg € F such that no circular neighborhood of 2z is entirely contained in
E. We can then find a sequence {r} tending to zero with the properties that each
|z — 20| = 7 is contained in B,, but not entirely contained in E. The function h
satisfies h < M on each |z — zg| = 7k, with strict inequality on some nonempty
open pieces of |z — zg| = r. It follows that

/ h(zo + 1%¢) do(¢) < M = f(20) — g(20)

S n

for every k. Combining this with the mean value property for g, we obtain

/S F(zo +150) do(C) — glz0) < f(z0) — g(z0),

or

/S f(z0+71¢) do(C) < f(z0)

for all k. In particular, condition (b) does not hold. This shows that (b) implies (c),
and the proof of the theorem is complete. ad

We are going to use subharmonic functions mainly in the form of the following
two corollaries.

Corollary 1.29. If « > —1 and f is subharmonic in B,,, then
fla) < / fla+rz)dv,(z) (1.50)
B,

foralla € B, and0 <r <1—al
Proof. This follows from (1.49) and integration in polar coordinates. ad

Corollary 1.30. If f is holomorphic inB,, and 0 < p < oo, thenlog |f| and | f|P are
both subharmonic in B,,.

Proof. Fix apointa € B,,. If f(a) = 0, then obviously,

log | f(a)| < / log |f(a +r¢)| do(0).

n

and
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)P < /S [Flat Q)P do(0),

where r is any radius satisfying 0 < r < 1 —|a|.

If f(a) # 0, we can find a positive number € < 1—|a| such that f is nonvanishing
in |z — a| < e. In particular, analytic branches of log f(z) and f(z)? can be defined
on |z — a| < e. We then have

log |f(a)] = / log |f(a+rQ)|do(), 0<r<e

n

because log | f(z)| is harmonic in |z — a| < e. Similarly, the mean value property for
holomorphic functions gives

fla) = /S fla+rQPdo(Q),  0<r<e

Taking the modulus on both sides, we obtain

)P < /S Fla+ Q)P do()

forall0 <r <e.
By condition (b) in Theorem 1.28, the functions log |f(z)| and |f(z)|P are sub-
harmonic in B,,. O

1.8 Interpolation of Banach Spaces

Interpolation of Banach spaces is a powerful tool in analysis. In this section we intro-
duce the notion of complex interpolation and present a version of the Marcinkiewicz
interpolation theorem. Results in this section will be stated without proof, because
they are just tools needed later, and because the techniques required for the proof are
much different from those in the rest of the book. We refer the interested reader to
the monograph [22] for details.

The following version of the Marcinkiewicz interpolation theorem will be used
several times in the book.

Theorem 1.31. Suppose j1 is a positive measure on X, v is a positive measure on
Y, and T is an operator that associates to every v-measurable function f on'Y a
nonnegative p-measurable function T f on X with the property that

T(f+9) <Tf+Tg.

Let 1 < py < p1 < 00 and assume that there exists a positive constant C' such that

p{Tf >t} < <C‘§p°) , feLr(y,v),
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and in the case p; < o0

Cll flln, \P* ,
wirr =0 < (M) serm,
and in the case p1 = 00
ITfloo <Cliflloes € LT(Y,v).

Then for every py < p < p1 the operator T maps LP (Y, v) boundedly into LP (X, p).

Two Banach spaces X and X are called compatible if there exists a Hausdorff
topological linear space X containing both of them. In this case, we can form two
subspaces of X, Xy N X7 and Xy + X3, and they become Banach spaces with the
following norms:

%]l xonx, = max(|[z]|x,, [|#]x,),

and
2]l xo+x, = inf{|[zollx, + 21l x, : & = 20 + 21,20 € Xo, 71 € X1}

Let S = {# € C: 0 < Rez < 1} denote the open strip and S its closure. If
X and X are compatible Banach spaces, and if 6 € (0, 1), we can define a Banach
space Xy as follows. As a vector space, Xy consists of vectors x € Xy + X7 with
the following property: there exists a function f : S — Xy + X7 such that

(a) f is bounded and continuous on S.
(b) f is analytic in S.

© f(0) ==

(d) f(iy) € X, for every real y.

(e) f(1+iy) € X, forevery real y.

For every f satisfying the above conditions we write

[ f1l = max(sup || f (i) || x,, sup [ f(1 + iy)[[ x,)-
y€ER yER

The norm of 2 € X is then defined as the infimum of all such || f||.
To emphasize the dependence of Xy on X and X, we write

XG - [X()aXl]Ba

and call it a complex interpolation space between X and X;. The construction of
complex interpolation spaces is functorial in the following sense.

Theorem 1.32. Suppose Xy and X1 are compatible, Yy and Y1 are compatible, and
0 € (0,1). If a linear operator T : Xo+ X1 — Yy + Y1 maps Xo boundedly into Yy
(with norm My) and X, boundedly into Y1 (with norm M), then T maps [Xo, X1]o
boundedly into [Yy, Y1]o (with norm not to exceed Mol_eMle).
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Perhaps the most important example of complex interpolation spaces is the fol-
lowing result concerning L? spaces.

Theorem 1.33. If (X, ) is a measure space and 1 < pg < p1 < 00, then
[LPo(X), L' (X)) = LP(X)

with equal norms, where 0 < 6 < 1 and

Notes

Most of this chapter is classical. Sections 1.1 through 1.3 are adapted from [94]. Re-
sults about the invariant Laplacian are taken from [94] as well. The brief introduction
to subharmonic functions follows the presentation in [61] and [94].

There are certainly many useful families of fractional differential operators on
H(B,,). Because of Proposition 1.14, our choice of R*! here interacts particularly
well with Bergman-type kernel functions.

The invariant Green’s formula is more well known in differential geometry than
in complex analysis. Theorem 1.25 can be found in [41] and [102], for example.

There are numerous versions of the Marcinkiewicz interpolation theorem. Our
Theorem 1.31 can be found in [22] and [42]. The introductory material in Section 1.8
concerning complex interpolation (including Theorem 1.33) is from [22].

Exercises

1.1. Show that for any z € B,, — {0} and r > 0 the Bergman metric ball D(z,r) is
an ellipsoid consisting of all points w € B,, that satisfy

Pow) — e 1Qu(w)?

1
R202 R20 < 1,
where ( Rz) | |2
1-— z 1— 12
fo=tanb{r), o= 1-R2z2 7T 1 Rz
1.2. Show that
. v(D a,r "
JR()D(L(O) = lim ( ( )) — (1 _ ‘CL|2) +1

r—0+ U(D(O, ’I”))

forany a € B,,.
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1.3. Show that
det(tI + A(z)) = t" 1t + |2]?)

forall z € C™ and t € C, where I is the n x n identity matrix and A(2) = (2;2;).

1.4. Find the eigenvalues and their associated eigenvectors of the matrix A(z).

1.5. Suppose ¢ : B,, — C" is holomorphic. Show that Jrp(z) = |Jop(z)|? for all

z € B,.
1.6. Suppose f is twice differentiable in B,,. If both f(z) and its first order partial

derivatives all tend to 0 as |z| — 17, then

lim G(2)Af(z)dr(z) = — f(0).
r—1- |z|<r
1.7. Prove Proposition 1.26.
1.8. If f is a function in B,, satisfying

[t P <.

n

we can define a function G[f] in B,, by

Glf)(z) = / Glips (w)) f (w) dr(w).

This function is called the invariant Green potential of f. Show that if f is twice
continuously differentiable in B,, and continuous on B,,, then G[f] is twice contin-

uously differentiable in B,, and continuous on B,,. Furthermore, AG[ fl=finB,
and G[f] = 0on§S,,.

1.9. Show that
/ G)AA - [2[2) dr(z) = —1
Bn
for all @ > 1. Note that the case o = n is especially interesting.
1.10. Show that R** and R, ; are continuous on H (B,,).

1.11. Show that if f : B, — [—o00,00) is upper semi-continuous, then f is the
decreasing limit of a sequence of continuous functions.

1.12. Show that if f is an upper semi-continuous function on a compact set K, then
f attains its maximum.

1.13. Show that
Ra,tRath,s — Ra,ert

whenever these operators are well defined.
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1.14. If » € Aut(B,,) has an isolated fixed point in B,,, then ¢ has a unique fixed
point in B,,. For this and the next seven problems see [125].

1.15. Show that each ¢, has a unique fixed point in B, .

1.16. Show that the fixed point of ¢, is the geodesic mid-point between 0 and a in
the Bergman metric. Denote the fixed point of ¢, by m,.

1.17. Show that ,,, © p, = —pm,, foreacha € B,, — {0}.

1.18. Show that
1—/1— |af?
L=
laf?
where a is any point in B,, — {0}.

1.19. Show that the geodesic mid-point in the Bergman metric between any two
points a and b in B,, is given by

b= Pa (1 — VL=l %(b)) :

|pa(b)[?

1.20. Suppose a € B,, and f is a function in B,,. Show that f o o, = f if and only if
f = g o m,, where g is an even function in B,,; similarly, f o ¢, = — f if and only
it f = g o m,, where g is an odd function in B,,.

1.21. If J,(2) is the complex Jacobian determinant of ¢, at z € B,,, show that

(1 _ ‘a|2)(n+1)/2

PO =D e

1.22. Show that
f(z)dv(z) :n/ do (¢ f Cw) dA(w

cn 2P |wl?
whenever the integrals converge.

1.23. Suppose f and g are twice continuously differentiable functions with compact
support in B,,. Show that

/anﬁgdfz/B gAfdr.

n
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1.24. Suppose a and b are points in B,,. Show that

loo(pa(2))] = l@e(2), 2 €Bn,
where ¢ = ¢, (b).

1.25. Show that
2[1 = (z,w)| > [1 = (z,w)],

where z € B,,, w € B,, — {0}, and w’ = w/|w|.

1.26. Show that
|0a(2)] < la] + ||

for all z and a in B,,.
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Bergman Spaces

In this chapter we study weighted Bergman spaces with standard radial weights.
Main topics covered include integral representations, Bergman-type projections,
characterizations in terms of various derivatives, and atomic decompositions. The
integral representation formulas developed in this chapter, together with the frac-
tional differential and fractional integral operators introduced in Chapter 1, will play
a very important role in subsequent chapters.

2.1 Bergman Spaces

Recall that for @ > —1 the weighted Lebesgue measure dv,, is defined by

dva(2) = ca(1 — |22)® dv(2), (2.1
where r( 0
n—+aoa-+
= l(a+1) 22)

is a normalizing constant so that dv,, is a probability measure on B,,.
For « > —1 and p > 0 the weighted Bergman space A®, consists of holomorphic
functions f in L?(B,,, dv, ), that is,
AP = LP(By, dva) (| H(By). (2.3)
It is clear that AL is a linear subspace of L?(B,,, dv,,).
When the weight o = 0, we simply write AP for A?. These are the standard

(unweighted) Bergman spaces.
We will use the notation

Il = [ [ 157 aso(2)] v 04
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for f € LP(B,,, dv, ). Note that when 1 < p < oo the space LP(B,,, dv,,) is a Banach
space with the norm || ||,o. If 0 < p < 1, the space LP(B,,, dv, ) is a complete metric
space with the following distance:

p(f,9) = If —gll}

In the special case when p = 2, LQ(IB%”, dv,,) is a Hilbert space whose inner product
will be denoted by ( , ).. Regardless of what p is, we are going to call || ||« the
norm on L?(B,,, dv,,).

The following result shows how fast a function in AP can grow near the boundary
of B,,.

Theorem 2.1. Suppose 0 < p < oo and o« > —1. Then

T
PN (s

forall f € AP and z € B,,.

Proof. If f is any holomorphic function in B,,, then | f|? is subharmonic, so by Corol-
lary 1.29,

fOP < [ 1#w) duaw)
Bn
This proves the desired result when z = 0.
In general, for f € AP and z € B,,, we consider the function

(1 |zt ieedso

F(w) = fop:(w) (1 - (w, 2))2tita)p V€ B,,.

Changing variables according to Proposition 1.13, we see that

1 lp,0 = [I.f]
The desired result then follows from || F|| o > |F(0)]. O

p,o

It is easy to show that the exponent of (1 — |2|?) in the preceding theorem is best
possible. However, approximating a general function by polynomials (see Proposi-
tion 2.6), we obtain the following improved behavior of f near the boundary:

lim (1— |#2) /7 f(z) = 0

|z| =1~

forall f € AP.
The following result gives an integral representation for functions in Al. The
proofs of a large number of results in the book are based on this formula.

Theorem 2.2. Ifa > —1l and f € Aé, then
f(z) = /B ( Jlwydeatu) 25)

1— <Z, w))n-{-l-{-a

forall z € B,.
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Proof. Let f € Al. By the mean value property for holomorphic functions,

10)= [ 160 dr(@. 0<r<,
This together with integration in polar coordinates shows that
£0) = [ () dun ).
Let z € B,, and replace f by f o .. Then

f(2) = / £ 0 p2(w) dvg (w).

Making an obvious change of variables according to Proposition 1.13, we obtain

o= e ) dva(w)

L= (z,w
Fix z € B,, and replace f by the function
Fw)(1 = {w, z)" e
We arrive at the desired reproducing formula. O

For 1 < p < oo we have A2, C Al, so the integral representation in Theorem 2.2
is also valid for functions in A2 when 1 < p < oo. In particular, this integral
representation holds for all f € H.

Corollary 2.3. Suppose o« > —1,t > 0, and f is holomorphic in B,,. If neither n+«
nor n + a + t is not a negative integer, then

a,t T f(rfw) dv,, (w)
R f(z) o ,,‘liglf B, (1 — <Z,’u}>)"+1+04+t’ (2.6)
and
Raoif(z) = lim frw) dva+ (w) (2.7)

r—1-— B, (1 — <Z,w>)"+a+1 ’

In particular, the limits above always exist.

Proof. For any fixed r € (0,1) the dilation f,, defined by f,(z) = f(rz), belongs
to both A}, and A, ,. So, according to Theorem 2.2,

f’“(z):/ﬂg ( fr(w) dva (w) 2B,

1 — <Z, w>)n+1+a ’

and
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fr(2) :/B ( fr(w) dvas(w) z € B,.

1— (z,w))n+itate’

The desired results then follow from Proposition 1.14 and the facts that

REF(2) = lim R™,(2)

and
Ru.if(2) = hril Rt fr(2).
r—1-
O

Lemma 2.4. Supposep > 0, a > =1,0 < r < 1, and m = (mq,---,my) is a
multi-index of nonnegative integers. Then there exists a positive constant C' such that

amf

e )] < €Ul

forall f € AP and all z € B,, with |z| < r.
Proof. Fix some ¢ € (r,1) and apply Theorem 2.2 in the special case & = 0. We
obtain F(6w) dv(u)
w) dv(w
0z2) = , € B,.
f( Z) \/]B (1—(2,10))”"'1 z

Making a change of variables and replacing dz by z, we get

s £ (w) dv(w) .
f@)aﬁQ@<ﬁ—<awwwv el <o

We can then differentiate under the integral sign and find a positive constant C' such
that

n

o f

0T 0| < sl w < 5}
for all |z| < r. This reduces the proof of the lemma to the case |m| = 0. When
|m| = 0, the desired estimate clearly follows from Theorem 2.1. O

Corollary 2.5. For each p > 0 and o« > —1 the weighted Bergman space A?, is
closed in LP(B,,, dv,).

Proof. Suppose { f,} is a sequence in AP, and
1 [ fo = fllpe =0

for some f € LP(B,,dv,). Then some subsequence of { f,,(z)} converges to f(z)
for almost all z € B,,. Also, { f, } is a Cauchy sequence in AP, so by Lemma 2.4, the
sequence { f,(z)} is uniformly Cauchy on each set {z € B,, : |z| < r}, and must
converge to a holomorphic function there, where 0 < 7 < 1. Since 7 is arbitrary,
{fn(2)} converges to a holomorphic function g(z) on B,,. By the uniqueness of
pointwise limits, we have f(z) = g(z) for almost all z € B,,. This shows that f is
holomorphic in B,, and hence belongs to AL . ad
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It follows that the weighted Bergman space AP, with topology inherited from
L?(B,,, dv,), is a Banach space when 1 < p < oo, and is a complete metric space
when 0 < p < 1.

When p = 2, the space A2 is a Hilbert space. Moreover, if

= E amz™
m

is the Taylor expansion of f, then by (1.23),

T(n+a+1)
2 _ Pdva(z) =Y ml2. 2.8
1 £1l5 /IB,L| (=) dv m>0F n—|—|m|+a+1)|a | (2.8)

In particular, the functions

el atD) |,
em(z)—\/ m!T(n+a+1) i (2:9)

form an orthonormal basis for A2, where m = (my,---,m,) runs over all multi-
indexes of nonnegative integers.

Proposition 2.6. Suppose p > 0 and o« > —1. Then the set of polynomials is dense
in AP,

Proof. Writing the ball as

Bn:{2’2|2’|S].*E}U{ZI].7€<|Z|<1}

for a sufficiently small positive €, we easily prove that

lim ||fr — fllpa=0
r—1-—

forevery f € AP, where f,.(z) = f(rz). For any fixed r € (0, 1), the function f,. can
be approximated uniformly by polynomials, and hence each f, can be approximated
in the norm topology of A? by polynomials. a
2.2 Bergman Type Projections

Since each point evaluation in B,, is a bounded linear functional on the Hilbert space

A%, where o > —1, the classical Riesz representation theory in functional analysis
shows that for each w € B,, there exists a unique function K¢ in A2 such that

fw) = (f, K2)a /f )Ka(2)dva(z),  fe A2,

This will be called the reproducing formula for f in A% . The function



44 2 Bergman Spaces
K% (z,w) = K;(2), z,w € By,
is called the reproducing kernel of A2. When « = 0, the reproducing kernel
K(z,w) = K°(z,w)
is also called the Bergman kernel.

Theorem 2.7. For each o > —1 the reproducing kernel of A2 is given by

1

K%(z,w) = (1 — (z,w))nt1+a’

z,w € B,.

Proof. This follows from Theorem 2.2 and the uniqueness of the Riesz representa-
tion for a bounded linear functional on a Hilbert space. O

Since the function K ®(z,w) is bounded in z whenever w is fixed, we can con-
sider integrals of the form

/ F() K (w, 2) dv (2),
B,

where o > —1,5s € R, w € B, and f € L'(B,,, dvs). In particular, we will make
use of the following integral operator

Pa(f)(2) = / F)K® (2, w) dva(w),  f € LBy, dva).

Lemma 2.8. Suppose o > —1. Then the restriction of P, to L*(B,,dv,) is the
orthogonal projection from L*(B,,, dv,) onto A2,

Proof. Let P be the orthogonal projection from L?(B,,, dv,) onto A%. For f €
L?(B,,, dv,) and z € B,, the reproducing property of K and the self-adjointness of
P give us

Pf(z) = (Pf, K)o = (f, PK{)a-

Since K¢ € A2, we have PKY = K2, and so
P = (1 K)a = [ F)K*(z0) dva(w)

This shows that P is the restriction of P, to L? (B, dvg). O

The above lemma shows that the operator P, maps L? (B, dv, ) boundedly onto
the Bergman space A2. We also want to know how the operator P, acts on other
spaces such as L?(B,,, dv;). A useful tool for tackling such problems is the following
Schur’s test.
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Theorem 2.9. Suppose (X, p) is a measure space, 1 < p < oo, and1/p+1/q=1.
For a nonnegative kernel H (x,y) consider the integral operator

_ / H(z,y)f(y) du(y).
X

If there exists a positive function h on X and a positive constant C' such that

/ H(z,y)h(y)? du(y) < Ch(z)?

for almost all x € X, and

/H £,y)h(x)? dp(z) < Ch(y)?

Sor almost all y € X, then the operator T is bounded on LP (X, ) with ||T|| < C.
Proof. Given a function f € L?(X, i), Holder’s inequality gives

|Tf(:v)|§[/XH(x,y) qdu] [/Hmy — )|Pdu<y)y/p

for almost all z € X. By the first inequality in the assumption,

1/p
Tf(2)| < CVh(z) [ /. H(x,y)h(y)_plf(y)l”du(y)]

for almost all x € X. By Fubini’s theorem and the second inequality in the assump-
tion, we obtain

/ T ()P dua) < CP / F@IP du(y).
X X

This proves Schur’s test. O

We now use Schur’s test to describe the boundedness of a class of integral oper-
ators induced by Bergman type kernels on weighted Lebesgue spaces. Recall from
Section 1.3 that

dvi(2) = (1 — |22 dov(2), —00 < t < 00,
where c; is a positive constant.

Theorem 2.10. Fix two real parameters a and b and define two integral operators T
and S by

—lwl2)b
i =P [t detw

and
— lwl2)p
see) = a-l:pe [ _(<1Z w'>|,[31+a+b () do(uw).

Then for —oo <t < ocoand1 < p < oo the following conditions are equivalent:
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(a) T is bounded on LP(B,,, dv;).
(b) S is bounded on L?(B,,, dv;).
(¢c) —pa<t+1<pb+1).

Proof. 1t is obvious that (b) implies (a).
To prove (a) implies (c), let N be a large enough positive integer such that N +
b > —1 and such that the function

fn(z) = (1 -2V, z €B,,
belongs to L?(B,,, dv;). The symmetry of B,, shows that
Tfn(z) = en(1—|2]2)°, z € B,,

where ¢ is a positive constant. The boundedness of 7" on LP(B,,, dv;) then implies
that the function (1 — |2|?)® belongs to L?(B,,, dv; ), which in turn implies that pa +
t>—1,ort+1> —pa.

Ifl < p < ooand1/p+ 1/q = 1, the boundedness of T on L?(B,, dv;) is
equivalent to the boundedness of the adjoint of 7" on L4(B,,, dv;). It is easy to see
that
(1= [w]?)**

T f(2) = (1 - |Z|2)b7t/ (1 — (2, w))n+1+a+d (w) dv(w).

Bn

Combining this with the conclusion of the previous paragraph, we conclude that
t+1>—q(b—t),

which is equivalent to
t+1<pb+1).

Similarly, the boundedness of 7' on L!(B,,, dv;) implies the boundedness of T™*
on L>°(B,,). Applying T* to the constant function 1 then yields b — ¢ > 0. To see
that equality cannot occur here, consider the functions

(1 _ (Z, w>)n+1+a+b

fa(w) = 11— (2, w)[nt+itatd’ w € By

Each f, is a unit vector in L>°(B,,). If b = ¢, then

(1= |wl?)*** dv(w)
1— (Z,U}>|"+1+a+t :

IT* fulloo > [T £o(2)] = ct/

Bn

By part (2) of Theorem 1.12, the above integral tends to +o0 as |z| — 17. Thus the
boundedness of T on L!(B,,, dv;) implies that b — ¢ > 0, or t + 1 < b+ 1. This
completes the proof that (a) implies (c).

It remains to prove that (c) implies (b). The case p = 1 is a direct consequence
of Fubini’s theorem and part (3) of Theorem 1.12.



2.2 Bergman Type Projections 47
Ifl <p<ooandl/p+1/q =1, then the condition —pa < p(b + 1) implies

that the intervals .
(Av B) = < N s a>
q q

and
(©.D) = (_a-l—l—i—t b—t)
’ p p

are both nonempty; the condition —pa < t+1 implies that C' < B; and the condition
t+1 < p(b+ 1) implies that A < D. Therefore, the inequalities

—pa<t+1<plb+1)
imply that (A, B) and (C, D) have a nonempty intersection. Fix
s€e(A,B)n(C,D)

and let
h(z) = (1 —|z]?)%, z €B,.

The boundedness of .S on L?(B,,, dv;) then follows from Schur’s test in conjunction
with part (3) of Theorem 1.12. a

The following theorem singles out several very important special cases of Theo-
rem 2.10.

Theorem 2.11. Suppose —1 < a < 00, —1 <t < 00, and 1 < p < oo. Then the
operator P, is a bounded projection from LP(B,,, dv;) onto AL if and only if

pla+1)>t+1.

In particular, P, is a bounded projection from LP(B,,, dv,,) onto AL if and only if
p > 1, and P, is a bounded projection from L' (B, dv,) onto A} if and only if
a > 1.

In particular, we see that there exist a lot of bounded projections from the space
L'(B,,dv,) onto AL. This is in sharp contrast with the classical theory of Hardy
spaces.

Theorem 2.12. Suppose o > —1, 3 > —1, and 1 < p < oc. Then
(AL)" = A%

(with equivalent norms) under the integral pairing

(f. ) = / f(2)g(z)dvoy(z),  fe Al ge AL

where
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Proof. If g € Ajy and

F(f)=(f,9)y = Cv/ (1= [P f(2)(1 = |22)P ag(z) du(z), € 4B,
it follows from Holder’s inequality that F' is a bounded linear functional on AP with
IF']| < Cllgllq,3, where C is a positive constant depending on ¢, ¢g, and c,.

Conversely, if F' is a bounded linear functional on A®, then according to the
Hahn-Banach extension theorem, F' can be extended (without increasing its norm)
to a bounded linear functional on L?(B,,, dv,,). By the usual duality of L? spaces,
there exists some h € LY(B,,, dv,) such that

F(f):/IB F() dva(2),  f € LBy, dvy).

Let

H(z) = (1= |2 /in(z),  zeB,.
Y

Then H € L4(B,,, dvg) and
F(f) = / FH(2) dvy(z), | e AP,
B

It is easy to check that the condition « > —1 is equivalent to g(y + 1) > 8+ 1,
and the condition 8 > —1 is equivalent to p(y + 1) > « + 1. So, by Theorem 2.11,
P, is a bounded projection from LP(B,,, dv,) onto AP, and P, is also a bounded
projection from L7(By,, dvg) onto Af. Let g = P, (H). Then g € A} and

F(f) = (f’H>’Y = <P’Y(f)aH>'Y = (f’P’Y(H»’Y = (f’g>'Y
for all f € AP. The proof is now complete. O

A special case of the preceding theorem is when o = (. In this case, we clearly
have v = a as well.

The dual of A% for 0 < p < 1 will be identified in the next chapter after we
introduce the Bloch space.

2.3 Other Characterizations

In this section we characterize the weighted Bergman spaces in terms of various
derivatives of a function. First recall that

is the radial derivative of f at z.
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For a holomorphic function f in B,, we write

Vf(z) = (gi(z),-~-,§i(z)) (2.10)

and call |V f(z)| the (holomorphic) gradient of f at z. Similarly, we define

Vf(z)=V(f o p.)0), 2.11)

where ¢, is the biholomorphic mapping of B,, that interchanges 0 and z, and call
|V f(2)] the invariant gradient of f at z.

Lemma 2.13. If f is holomorphic in B,,, then

IVF)IP = Q= 2PV = [Rf(2)]%)
forall z € B,.
Proof. For any holomorphic function f in B,, we have

A(If)(0) = A(F?)(0) = 4V F(O) = 4V f(0) .

It follows that
V()P =4V (f o) 0))° = A(lf o 0o[))(0) = A(f)(2).  (212)
The desired result now follows from Proposition 1.17. O

Since the invariant Laplacian is invariant under the action of the automorphism
group, the relation (2.12) in the preceding proof shows that |V f| is also Mdbius
invariant, namely,

V(fo@) () =1(V)op(2)] (2.13)
for all f and all ¢ € Aut(B,,).

Lemma 2.14. If f is holomorphic in B, then
(1= 2P)Rf ()| < (1= [zP)VF(2) < IVf(2)]
forall z € B,.
Proof. By the Cauchy-Schwarz inequality for C™,
[Rf(2)] < 2V ()] < V()]

This proves the first inequality. The second inequality follows from Lemma 2.13 and
the fact that |Rf (z)| < |z||[V f(2)]. O

The following lemma is critical for many problems concerning the spaces AP,
when 0 < p < 1.
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Lemma 2.15. Let 0 < p < 1 and o > —1. Then

[ 15 = o= o) < 1l
By

Ca
forall f € AP, where c,, is the constant defined in (2.2).

Proof. Write
[F) = fPLf)P,

and estimate the second factor using Theorem 2.1. The desired result follows. O

The exponent of (1 — |z|?) in the preceding lemma is the best possible; see The-
orem 2.1. We should think of the above result as embedding the Bergman space A?,
into a Bergman L' space.

Theorem 2.16. Suppose «« > —1, p > 0, and f is holomorphic in B,,. Then the
following conditions are equivalent:

(a) f € AL,

(b) |V f(2)| is in LP(B,,, dvy,).

(c) (1= |z13)|Vf(2)]is in LP (B, dvy).

(d) (1 —|2|2)|Rf(2)| is in LP (B, dv).

Proof. Lemma 2.14 shows that (b) implies (c), and (c) implies (d).
To prove (a) implies (b), we fix § > « and observe that there exists a constant
C1 > 0 such that

Vg(O)F < & / lg(w) ? dvg (w)

Bn

for all holomorphic g in B,,; see Lemma 2.4. Let g = f o ., where z € B,, and ¢,
is the biholomorphic mapping of B,, that interchanges 0 and z, and make an obvious
change of variables according to Proposition 1.13. We obtain

|f (w)[? dvg(w)

\V, P _ |»2)nt1+8
TP <o [

An application of Fubini’s theorem and part (3) of Theorem 1.12 then gives

/B 19 £(2)P dva(2) < Cs / FEP dva(z)

n

for some constant Co > 0 and all f holomorphic in B,,. Actually, replacing f by
f — f(0), we have

/B 9 ()P dva(z) < Cs / 1£(2) = FO)P dua(2).

n
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To prove (d) implies (a), we assume that f is a holomorphic function in B,, such

that the function (1 — |2|?)Rf(2) is in LP(B,,, dv, ). Let 3 be a sufficiently large
positive constant. Then

Rf(w) dvg(w
Rf(z) = /Bn 1- 227)w>)ﬁn(+13-5’ Z € Bn,

by Theorem 2.2. Since Rf(0) = 0, we have

Rf() = /B Rf(w) ((1 ) <Z,;>)n+w _ 1) dos(w), 7€ By

It follows that

10 -0 = [ a— [ riwiLew anw),

o= [ (s mprnn 1)

where the kernel

satisfies o
L < N
| (Zaw)| = |1—<z,w)|”+ﬁ
for all z and w in B,,; see Exercise 2.24. So
(1= [wP)|Rf(w)] dvs—1(w)
< Cy .
e -sonsen [ I

If 1 < p < oo and g is large enough so that
O<a+1<ps,

then Theorem 2.10 shows that

/ [£(2) = F(O)]F dva(2) < 05/ (L= [zP)Rf(2)])" dva(2).
B,

Bn
The case 0 < p < 1 calls for a different proof. We start from the inequality

LW%ﬂWS%/ Ri(w)

[ e 0= w2y et

from the previous paragraph. Assume /3 is sufficiently large so we can set

n+1+0
D

ﬁ: 7(Tl+1),

with 3’ > o+ p > —1. By Lemma 2.15, we have
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p

RiG) "

(1= (z,w))"+7

where C7 > 0 is a constant independent of f. A use of Fubini’s theorem and part (3)
of Theorem 1.12 then gives

£(2) = FO) < & /

/ £ (2) = FO)] dva(2) < Cs/ (L= 1zP)Rf(2)])" dva(2).
B,

n

This completes the proof of the theorem. ad

Note that the proof of the above theorem actually produces equivalent norms on
AP in terms of the radial derivative, the gradient, and the invariant gradient of f.

Theorem 2.17. Suppose o > —1, p > 0, N is a positive integer, and f is holomor-
phicinB,,. Then f € AP if and only if the functions

a”’l/
-1 ), ml=N,

all belong to L? (B,,, dv,,).

Proof. The case N = 1 follows from the equivalence of (a) and (c) in Theorem 2.16.
We prove the case N = 2 here; the general case can then be proved using the same
idea and induction.

So we assume f € AP . By the equivalence of (a) and (c) in Theorem 2.16, each

function 8 f /0z; isin AL, 4+p» Where 1 < ¢ < n. This in turn implies that each function

82
(a-1=P) 0 L )
U<y

isin L?(By,, dva+p), or equivalently, each function

2 f
A= PP, 5, )

isin LP(B,,, dvy), where 1 < 4,5 < n.

The arguments in the previous paragraph can be reversed. So the desired result is
proved for N = 2. ad

It should be clear that the integral

/ FEP dva(z)
B,

is comparable to the quantity

> [l 2 [ Jo

Im|<N |m|=N

Namf

9m (2)| dva(z)

— 12"

whenever f is holomorphic in B,,.
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Lemma 2.18. Suppose neither n+ s nor n+ s+t is a negative integer. If 3 = s+ N
for some positive integer N, then there exists a one-variable polynomial h of degree

N such that
1 B h({z,w))

s,t —
T e T (1= s

There also exists a polynomial P(z,w) such that

R 1 B P(z,w)
T = (2, w) AR T (1 = (2, w))n

Proof. Recall that

1 BRCNACEDPY
(1—(z,w))* — EIT()) <Z»w>k (2.14)

for any A # 0, —1, —2, - - -. It follows from the definition of R**¢ that for 8 = s + 1
we can find a constant C' such that

: 1 —~k+n+1+s
s,t _ k
R (1—<z,w>)n+1+570§ X Fn+1+k+s+1t)(z,w)",

k=0
which easily breaks into the sum of

T(n+1+k+p+1) v CT(n+1+p+1)
C<Z,’UJ> k! <Z7w> - (1 _ <Z w>)n+1+ﬁ+t
k=0 ’

and

T(n+1+k+s+t) w Cln4+14+s)T(n+1+s+1)
C<”+1+5)kz_0 Kl (z,w)" = (1 — (2, w))n+1+s+t
Adding these up proves the desired result for R** when 3 = s + 1.

In general, if 3 = s + N, then there exists a constant Cy such that

1 p(k)I'(n+1 + k+s+t)
R = O (z,w)",
(1= (z,w))n+1+6 kzo
where p(k) is a polynomial of &k of degree N. We can write p(k) as a linear combi-
nation of
1, k kk-1), -, kk-1)---(k—N+1).
And the proof for R%* proceeds exactly the same as in the case N = 1.

To prove the result for IR ;, we use Proposition 1.14 to write

1 1
R, = R, RN :
(1 — (z,w))n 140+ it (1 = (2, w))nt+i+s+t
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We then use the commutativity of R ; and R*T%% to obtain

1

R, :
‘ (1= Gz, w)yrieae

_ s+t,N
(1 — (z,w))n+1+8+t R R

Use Proposition 1.14 again. We have

1 _ s+t,N 1
ot (L= g uprresre T (1 g e
The desired result for R, ; now follows from Proposition 1.15. O

We can use the above lemma to compare the behavior of R and RPt In fact,
in a very broad sense, R** f and R®* f are comparable for any holomorphic function
f. To see this, we write

N
h((z,w) =Y Cr(l = (z,w)"
k=0
where C, are constants. Then
N
1 1
s,t —
B e

which, according to Proposition 1.14, is the same as

1
(1= {2 w))y+149

1

R%! .
(1 = (2, w))+1+0

N
= Z CkRg_;,_t_k,kRB’t
k=0

Differentiating with respect to w, we obtain

N
R¥" = CoR™ +Y " CrRgyi 1R
k=1

It is easy to see that Cy # 0. Also, foreach 1 < k < N, the function R5+t,k7kRﬁvtf
is a k-th integral of R%*f, and so is more regular than R%f. This shows that the
behavior of R%*f and R f are often the same. Exercise 2.22 gives such an exam-

ple.

Theorem 2.19. Suppose o > —1, p > 0, and t > 0. If neither n + snorn + s+t
is a negative integer, then there exist positive constants ¢ and C' such that

c / P du(2) < / (1= [ R ()] dva(z) < C / P )

n

for all holomorphic functions f in B,,.
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Proof. First assume that f € AP If 5 = s + N, where N is a sufficiently large
positive integer, we have the integral representation

B f(w) dvg(w)

— (2 u))

Apply the operator R** inside the integral and use Lemma 2.18. We find a constant
C1 > 0 such that

|/ (w)] dvg(w)

L= (2, )|

WVWSQ/

Br

(2.15)

and so

) d
(1 — |z R f(2)| < Co(1 — \z|2)t/B | |f<(:})rLL>|1jlﬁ+<1,li)ﬁ+t’ z €B,.

If p > 1and N is large enough so that

a+1<p(B+1),

then it follows from Theorem 2.10 that

[ 0=y RS dea(z) < € [ 15 dva(2)
B

Br

for some constant Co > 0 (independent of f).
If0 < p <1, we write

n+1+a
5"ty

Here we assume that NV is large enough so that o’ > «. By (2.15) and Lemma 2.15,
there exists a constant C3 > 0 such that

p

f(w) d’l)a/ (w)

IR f(2)|P < C3 /Bn ‘(1 — (w, 2))n1 A

L ()P dvas (1)
7@/13

L= (s

An application of Fubini’s theorem in combination of Theorem 1.12 shows that

[ =L R P doa(e) < € [ 1@ dvaluw),
B, B,
where (Y is a positive constant independent of f.
Next assume that the function (1 — |2|?)! R*! f(2) belongs to L?(B,,, dvy). By
the remark following Lemma 2.18 (also see Exercise 2.22), the function
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o) = " (= P RO )

also belongs to LP(B,,, dv,). Using Corollary 2.3, Fubini’s theorem, and Theo-
rem 2.2, we check that f = Pgg. If 1 < p < oo, then Theorem 2.11 shows that
fisin AZ. When 0 < p < 1, we write f = Pgg as

Bt £ (1
L A A e

n

where Cj5 is a positive constant. We further assume that NV is large enough so that

n+1l+a
B+t= » —(n+1)

for some o/ > —1. We can then apply Lemma 2.15 to obtain

, RB:t P
Sl = CG/]B |1 —l(w, ZJ;|($-)F|1+B)P dvar (w)

for all z € B,,. Observe that
m+1+B)p=n+l1+ad —pt=n+1+a+(a —pt—a),
and that we may assume that /V is so large that
o —pt—a>0.
Using Fubini’s theorem and Theorem 1.12, we deduce that
| P < [ =l sl do o)

where C~ is a positive constant. This completes the proof of the theorem. a

When p = 2, both integrals in the preceding theorem can be evaluated using
the Taylor expansions of f and R*!f. The desired result then follows easily from
Stirling’s formula for the gamma function.

2.4 Carleson Type Measures

In this section we are interested in measures p on the unit ball with the property that
L?(B,,, 1) contains the Bergman space AP. Such measures will be termed Carleson
type measures. It turns out that the requirements on y are independent of p.

Recall that for » > 0 and z € B, the set

D(z,r)={w e B, : f(z,w) <r} (2.16)

is a Bergman metric ball at z.
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Lemma 2.20. For each r > 0 there exists a positive constant C,. such that

. 1—|al?
1< <C, 2.17
CT -1 ‘Z|2 — C ( )
and )
1 —
o< Tl g, (2.18)
11— (a,z)|

Sorall a and z in B, with 3(a, z) < r. Moreover, if r is bounded above, then we may
choose C,. to be independent of r.

Proof. Given any two points a and z in B,, with 3(a,z) < r, we can write z =
g (w) for some w € B,, with 5(0, w) < r. It follows from Lemma 1.2 that

(1= [w?)(1 = |af?)

1— |22 =
1 11— (a,w)?

Since D(0, r) is actually a Euclidean ball centered at the origin with Euclidean radius
less than 1, we can easily find a positive constant C' such that

1 = {a,w)?
C 1 | ’ <C
L—fw* ~
foralla € B,, and w € D(0,r), so
. 1—a)?
1< <
< e <C

for all @ and z with 3(a, z) < r, and (2.17) is proved.
Since z = @, (w) if and only if w = ¢,(z), we can also apply Lemma 1.2 to

obtain ) )
gz = (= al) (1 = z[%)
1—|wl® = .
1= (a,2)]?
By the previous paragraph, 1—|w|? is bounded by positive constants from both above

and below, and 1 — |a|? is comparable to 1 — |z|?, the estimates in (2.18) are now
obvious. O

Corollary 2.21. Suppose —oc0 < o < o0, 71 > 0, 72 > 0, and r3 > 0. Then there
exists a constant C' > 0 such that
Vo (D<Zv 7”1))

O (D(w, )

<C

Sor all z and w in B, with 3(z,w) < rs.

Proof. This follows from Lemmas 1.24 and 2.20. O
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Many techniques in analysis involve covering lemmas, namely, ways to decom-
pose the underlying domain into special nice pieces. We now present a useful de-
composition of the open unit ball B,, into Bergman metric balls.

Lemma 2.22. Given any positive number R and natural number M, there exists a
natural number N such that every Bergman metric ball of radius r, where r < R,
can be covered by N Bergman metric balls of radius v /M.

Proof. Fix a Bergman metric ball D(a,r) with 0 < r < R.Letd = r/M and
let {D(ax,0/2)} be any finite covering of D(a,r), where each ar, € D(a,r). Set
ay = ay and let a}, be the first of {ao, as, - - -} such that 8(aj,a}) > 6/2, if such a
term can be found. Let aj be the first term after a/, whose Bergman distance is at least
/2 from both a} and aj. After this process stops, we obtain a covering {D(aj,, d)}
of D(a,r) with §(a},a’;) > /2 fori # j.

1 g

Since the sets { D(ay,,7/(4M))} are disjoint and contained in D(a, r+r/(4M)),

we have zk:,l}(D(a;wéL;w))SU(D(G,T+4;M)).

By Corollary 2.21, there exists a constant C' > 0, independent of r but dependent on
R and M, such that

S B CICIN)
for each k. It follows that & < C, so the natural number N = [C] 4 1 has the desired
properties. ]

Theorem 2.23. There exists a positive integer N such that for any 0 < r < 1 we can
find a sequence {ay} in B,, with the following properties:

(1) B, = UkD(ak, 7“).
(2) The sets D(ay,r/4) are mutually disjoint.
(3) Each point z € B,, belongs to at most N of the sets D(ay, 4r).

Proof. Fix any r € (0, 1]. It is easy to find a sequence {ay } such that
B, = U D(ag,r)
k

and that 5(a;, a;) > r/2 for all i # j; see the first part of the proof of Lemma 2.22.
Property (2) then follows from the triangle inequality.

By Lemma 2.22, there exists a positive integer IV, independent of r, such that
every Bergman metric ball of radius 47 can be covered by N Bergman metric balls
of radius 7 /4. We show that property (3) must hold. In fact, if

N+1
z € ﬂ D(ay,,4r),

i=1
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then ap, € D(z,4r) for1l < i < N + 1. Let D(z;,r/4), 1 < i < N, be a cover
of D(z,4r). Then at least one of D(z;,r/4) must contain two of ax,, 1 < j <
N + 1. By the triangle inequality, these two points must have Bergman distance less
than 7/2, which contradicts the second assumption made on {ay} in the previous
paragraph. This finishes the proof of the theorem. O

Note that the radius 47 above is nothing special. We could have proved the result
for any fixed radius greater than r/4. We are going to call r the separation constant
for the sequence {ay}, and we are going to call {ay} an r-lattice in the Bergman
metric.

Lemma 2.24. Suppose r > 0, p > 0, and o > —1. Then there exists a constant
C > 0 such that

FOPE (e [, O el

forall f € H(B,) and all z € B,,.

Proof. Recall from Proposition 1.21 that D(0, r) is a Euclidean ball centered at the
origin with Euclidean radius R = tanh(r). So the subharmonicity of | f|” and Corol-
lary 1.29 show that

P ! w)|P dvg (w
FOF S 0,0 fo, FEF )

for all holomorphic f in B,,. Replace f by f o ¢, and make a change of variables
according to Proposition 1.13. Then

1

(1= |y
'Ua<D(07r)) A(Z,T) |f(w)|p |1 - <z’w>‘2(n+1+a)

If(z)P < dvg, (w).

The desired result then follows from Lemma 2.20. O

Note that the above result can be restated as follows:

C

TS o Dz

/‘ F)P dva(w),  z€Bn (219
D(z,r)

where f is holomorphic and C'is a constant independent of f and z; see Lemma 1.24.

Theorem 2.25. Suppose p > 0, r > 0, a > —1, and p is a positive Borel measure
on B,,. Then the following conditions are equivalent:

(a) There exists a constant C' > 0 such that
[ erae) <c [ 15ep i)

for all holomorphic f inB,.
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(b) There exists a constant C' > 0 such that
(1 _ |a|2)n+1+a
/IBn 11— (2, a)|2(nH+14a) du(z) < C

forall a € B,.
(c) There exists a constant C' > 0 such that

p(D(a,r)) < C(1 = |af*)" e

forall a € B,.
(d) There exists a constant C > 0 such that

w(D(ay,r)) < C(1 — |ag|?) T

Sforall k > 1, where {ay,} is the sequence in Theorem 2.23.

Proof. 1t is easy to see that (a) implies (b). In fact, setting

(1 _ |a|2)n+a+1 1/p
f(z)= <(1 —{(z, a>)2(n+1+a))

in (a) immediately yields (b).
If (b) is true, then

/ (1 - |a|2)n+1 d‘LL(Z) <C
D

(@ 1= (2, @)t

for all @ € B,,. This along with Lemma 2.20 shows that (c) must be true.
That (c) implies (d) is trivial.
It remains to prove that (d) implies (a). So we assume that there exists a constant
C1 > 0 such that
u(D(ag, 7)) < Cr (1 — [ag?) T

for all kK > 1. If f is holomorphic in B,,, then

o0

/ LCRTOENS [ serae)

k=1 D(ax,r)

NE

< > w(D(ax,r))sup{|f(2)|" : z € D(ag,r)}-

B
Il
—

By Lemmas 2.24 and 2.20, there exists a constant C5 > 0 such that

C

(S 2 € Do € B [ P

for all £ > 1. It follows that
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INCRTE <01022/( P duaw)
ag,aT

for all holomorphic f in B,,. Since every point in B,, belongs to at most NV of the sets
D(ay, 2r), we must have

/Bn| ()P du(> ><0102N/ WP dva(w)

for all f holomorphic in B,,. This completes the proof of the theorem. a

Since (1 — |a|?)" T+ is comparable to v, (D(a,r)), conditions (c) and (d) in
Theorem 2.25 are equivalent to

w(D(a,r)) < Cva(D(a,r)), a € B,

and
w(D(ag,r)) < Cva(D(ag,T)), k>1,

respectively.
We say that a sequence { f} in A2 converges to 0 ultra-weakly if {|| fx|/p,o } is
bounded and fj,(z) — 0O for every z € B,,.

Theorem 2.26. Suppose p > 0, r > 0, a« > —1, and p is a positive Borel measure
on B,,. Then the following conditions are equivalent:

(a) Whenever { fi.} converges ultra-weakly to 0 in AP, we have
tim [ () dutz) =0,
k—o0 B,,

(b) The measure L satisfies

(1 _ |a|2)n+1+a

A, 1= e W =0
(c) The measure . has the property that
b D@

|la]—1— (1 — \a|2)"+1+a
(d) For the sequence {ay} from Theorem 2.23 we have

lim M(D(ak? ))

k—o0 (1 — ‘ak| )TL+1+C¥ =0.

Proof. The proof is similar to that of Theorem 2.25. We leave the details to the
interested reader. O
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Once again, conditions (c) and (d) in Theorem 2.26 can be reformulated as

n(D(a,r))

lim =0,
la]—1- va(D(a, 7))
and D
11m /’L( (a’k7r)) — 0,
k—oo UQ(D(ak, ’I"))
respectively.

2.5 Atomic Decomposition

In this section we show that every function in the Bergman space A2 can be decom-
posed into a series of very nice functions (called atoms). These atoms are defined in
terms of kernel functions and in some sense act as a basis for the space AP.

Lemma 2.27. For any R > 0 and any real b there exists a constant C' > 0 such that

(1= (z,u)’
(1= (z0)°

forall z, u, and v in B, with 3(u,v) < R.

—1| < CB(u,v)

Proof. If v and v satisfy 5(u,v) < R, we can write v = ¢, (w) with |w| < r, where
r=tanh R € (0,1). Let 2’ = ¢, (z). Then by Lemma 1.3,

1— <Z,U> = 11_<,|;/L|u>a
and (1= [ul)(@ = (&, w))
L= = 0 )1 = )
So

(1= (zu)® (= (ww)’ = (1= w)"
(1= (z,0))" (1= (2" w))
Since |w| < 7, we have
1—r<|1—{w)|<2.

Also, because |[(u,w)| < rand |[(z/,w)| < 7, there exists a constant C; > 0, de-
pending on r and b, such that

(1= (u,w))® = (1= (2, w))’| < CLI(Z',w) = {u,w)| < 2C1|wl.

On the relatively compact set |w| < r, the Bergman metric is equivalent to the
Euclidean metric. Thus there exists a constant Cy > 0 such that

|’LU| < CQﬁ(Oa w) = CQﬁ(Oa @U(U)) = CQﬁ(u7U)

whenever v = ¢, (w) with 3(u,v) < R. This completes the proof of the lemma. O
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Let b = 1 in the preceding lemma and apply the triangle inequality, then let
b = —1 and apply the triangle inequality. We see that for any R > 0 there exists a
constant C' > 0 such that

ot < M=zl (2.20)

=zl T

for all z € B,, and all u and v with 3(u,v) < R. This generalizes the estimates in
Lemma 2.20.

In the remainder of this section we fix a sequence {aj} chosen according to
Theorem 2.23. Let r be the separation constant for {ay}.

Lemma 2.28. For each k > 1 there exists a Borel set Dy, satisfying the following
conditions:
(i) D(ax,r/4) C Dy C D(ag,r) for every k.
(ii) D, N D; = O for k # j.
(iii) B, = UD,.

Proof. For any k > 1 let

E, = D(ag,r) — U D(a;,r/4).
J#k

Then each Ej, contains D(a,r/4) and is contained in D(ay, ). Also, { E} } covers
B,,. In fact, if z € B, then z € D(ag,r) for some k. If z € D(a;,r/4) for some
J # k, then z € Ej; otherwise, z € EJ,.

Let D, = E; and inductively define

k
Diy1 = Epq1 — U D;, k>1.
i—1

Then { Dy} is clearly a disjoint cover of B,,. In fact, if z € B,,, then z € E}, for some
k. If k =1, then z € Dy.If k£ > 1, then either we have z € D, for some 1 < i < k,
or we have z € Dy.

For each k£ > 1 we have

Dy C E, C D(ak,r).

It is clear that D; = Ej contains D(ai,7/4). To see that each Dy contains
D(agy1,7r/4), we fix k > 1 and fix 2 € D(agy1,7/4) C Egt1. Then z ¢ E;
for any 1 < 4 < k, which implies that z ¢ D, for any 1 < ¢ < k. This shows that

k
S Ek+1 — UDz = Dk+1,

i=1

and the proof of the lemma is complete. O



64 2 Bergman Spaces

We fix a real parameter b > n and let 3 = b — (n + 1). Define an operator T" as
follows. b (i)
(1 = Jw]?)>t"
Tf(z) :/ f(w) dv(w), (2.21)
Ol e T

n

where f € L'(B,,, dvg). We emphasize that the operator 7" depends on the parameter
b.

We need to further partition the sets { Dy} in Lemma 2.28. In fact, we partition
the set D; and use automorphisms to carry the partition to other Dy ’s. To this end,
we let 17 denote a positive radius that is much smaller than the separation constant r,
in the sense that the quotient 7/r is small. We fix a finite sequence {z1,---, 2} in
D(0,r), depending on 7, such that {D(z;,n)} cover D(0,r) and that { D(z;,n/4)}
are disjoint. We then enlarge each set D(z;,7/4) N D(0, ) to a Borel set E; in such
a way that E; C D(z;,n) and that

J
DO, r) = | E
j=1
is a disjoint union; see the proof of Lemma 2.28 for how to achieve this.
Fork > land 1 < j < J we define ai; = @q, (2;) and
Dy; = Dy, N g, (EJ)
It is clear that ax; € D(ag,r) forallk > 1and 1 < j < J. Since
J
Dy = Di;
j=1

is a disjoint union for every k, we obtain a disjoint decomposition

of B,,.
We define an operator S on H(B,,) as follows.

oo J

We emphasize that the operator S depends on both the parameter b and the partition
{D4;} (and hence also on the separation constants r and 7).

The following lemma is the key to atomic decompositions for Bergman spaces,
the Bloch space, and BMOA.
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Lemma 2.29. Forany p > 0and o > —1 there exists a constant C' > 0, independent
of the separation constants r and 1), such that

|1 - <z’ ak>|b [/D(ak,Zr) |f('UJ)|p dvo‘(w)

forallr <1, z € B, and f € H(B,,), where

1
p

tanh(n)

o=n+ (tanh(r))1=2n(0-1/p)"

Proof. Without loss of generality we may assume that f € Aé. Then by Theo-

rem 2.2, Fw) ()
B w) dvg(w
1= [0 ey 2P

Since {Dy; } is a partition of B,,, we can write

- dvg(w).

[ f(w) flar;)
1 =(w)® (1= (zax))

By the triangle inequality,

1f(2) = Sf(2)| < I(2) + H(2),

where
co J
I(Z) - ;; |1 _ <Z]; akj>|b /ij |f(w) - f(akrj)| dvﬁ(w)7
and
Y 1 (1= (2 ax,)"
T35 1 et Jp, | - G )

We first estimate /(z). Forany 1 < k < ocoand 1 < j < J let

I = [ 15w = flaw)| dug(w)
ij
By a change of variables,

fo®a,;(w) = f opa,,(0)
I.: = 1—a.-2”+1+ﬁ/ | kJ * dvg(w),
kj ( | kj| ) Bx, 11— <w7akj>|2(n+1+ﬁ) B( )
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where

Ey; = Pa; (ij> C Pay; © Pay, (EJ)
C Pay; © Pay, (D(Zja n))
= Pay; (D(arj,n)) = D(0,n).
For w € Ej; the quantities (1 — |w|?)” and |1 — (w, aj;)| are both bounded from
below and from above. Also, since each ay; € D(ax,r), the quantities 1 — |ay;|>

and 1 — |ay|? are comparable. Therefore, there exists a constant C' > 0, independent
of r and 7, such that

Ty < CO= a7 [ 1f o0y, (0) = o 00, (O dufw).

In the rest of this proof, we let C' denote a positive constant (independent of r, 7, k,
and 7) whose exact value may change from one occurence to another.

Write ' = tanh(r), n’ = tanh(n), and R = ' /r’. Since ) is much smaller than
r, we may as well assume that R < é By Lemma 2.4, there exists a constant C' > 0
such that

|Vh<z>|sc< / |h<w>|pdv<w>)1/p, 2| <R,

n

where h is any function in H(B,,). Consider h(z) = g(r'z), where

9(z) = fopa,,(2), z€B,.

After a change of variables, we obtain

1/p
! V ’I”'/Z 1 w)|P dv(w
r | g( )| < c <(7~/)2n / (0.1 |g( )| ( ))

for all |z| < R. Equivalently,

1/p
C p
\ZC T ( /| o o) dv<w>>

forall z € D(0, 7). For any w € Ey; C D(0,n), the identity

g(w)—g(O)z/O (Zmﬁi(tw)) dt

leads to
lg(w) — g(0)| < n"sup{|Vg(u)| : u € D(0,n)}.

So, going back to Ij;, we have

Iy < Cn' (1 — Jag|*)" 4P 0(Ey) sup{|Vg(u)| : u € D(0,n)}.
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Combining this with the earlier estimate on the complex gradient of g, we obtain

1/p
Cnf 2\n+1+8 p
T € oyt (U 0 ([ gt )

By a change of variables again,

1 — |ag:[2)"! do(w
/ lg|P dv =/ Fwyp o) 2<n+<1))'
D(0,r) D(ar;r) 11— (w, a;)|

By Lemma 2.27, the quantities 1 — |ay;|? and |1 — (w, ay;)| are both comparable to
1—|ax|?, where w € D(ay;, ). This along with the fact that D(ay;,r) C D(ag, 2r)
shows that

C
g|P dv < / f)|P dv(w).
/D(O,r) o (1 — |ag[?)"*1 D(ak,2r) e )

Since 1 — |ag|? is comparable to 1 — |w|? for w € D(ay, 2r), we have

C
glP dv < / F(w)|P dvg (w).
Lo s i [P du )

Combining this with the estimate in the previous paragraph, we obtain

1/
5 S oty (= a0 ([ pean, ;
R — (,,J)H—(Qn/p) J D(ay,2r)

Since

and
J J
v(D(0,r)) = Zv(Ej) > w(D(z;,n/4)) > CI(n)*",

where the last inequality follows from Lemma 1.23, we have

<

> w(EBry) < Co(D(0,7)) = C(r')*".

Combining this with the estimate in the previous paragraph, we obtain

Cn/ 1/p
2 b—n—1—«
ZIM : (r')1=2n+(2n/p) (1= lax*)® " (/Dm.zr) o dva) .
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For each k > 1 and 1 < j < J it follows from Lemma 2.27 that |1 — (z, ax;)|" is
comparable to |1 — (z, az,)|°. Therefore,

o) < c (1 — |ag|2)@b-n—1-a)/p ) 1/p
(2) < (r')1=2n-+(2n/p) 11— (2, ax)|? [fIPdva] .
=1 )y Ok D(ay,2r)

To estimate H (z), we let
(1-(z, akJ

ij:/% (- (zw

fork>1land1 < j < J.ByLemma2.27 and (2.17),

b

\ 1/ ()] dvp(w)

ey < CofL~ )’ [ 15w dow).

kj

For every w € Dy,; we use Lemma 2.24 to get

1/p
Fw) <C ((1 P If(w)lpdva(w)> .

Then

1/p
Hyj < On(1 — |ag|?)?~ 0Py Dy ) (/D |fw)l? dva(w)> :

(ak,27)
Since

J
Zv(ij) = v(Dx) < v(D(ag,r)) < C(1 — |ax[*)"*,

we deduce that

J 1/p
> Hig < Cnt =[Py (O pduate) )
j=1 D(ag,2r)
— (2, ax;)|® is comparable to |1 — (z, ay)[°. It follows
that
o 1/p
|ak| )pbfnflfa)/p /
fw)|? dvg (w .
Z L= (2, agl? ooy @I ()
This completes the proof of the lemma. ad

We can now prove the main result of this section.
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Theorem 2.30. Suppose p > 0, « > —1, and

1 1
b > nmax (1, ) + ot . (2.23)
p p

Then there exists a sequence {ar} in B, such that AP, consists exactly of functions
of the form

e 1 _ |ak| pb—n—l—a)/p

Z (2 ar))p ., z€B,, (2.24)

k=

where {ci} belongs to the sequence space IP and the series converges in the norm
topology of AP.

Proof. First consider a function f(z) defined by (2.24), where {ay} is an r-lattice in
the Bergman metric whose existence is guaranteed by Theorem 2.23. We show that
f must be in A2 . To this end, we write

(1 _ |ak|2)(pb7n717a)/p

(1= (z,a))
The assumption on b implies that pb > n + 1 + « for all p > 0. Thus {f} is a
bounded sequence in AP, by Theorem 1.12. Recall that the norm in L?(B,,, dv,) is

denoted by || [|p.a-
If0 < p <1, then

fe(z) =

I1f

p,a”

S
Do <D lelPIl full?
k=1

Since {ci} € I? and {f;} is bounded in AZ, we see that f is in AZ.
When p > 1, we let { Dy} denote the sets from Lemma 2.28 and consider the
function

e}
—1/9
:Z|Ck|va<Dk) /pXk;<Z)7 < EBna
k=1
where ), is the characteristic function of Dy. It is clear that

o0
IR 0 =D lewl” < oo
k=1

The assumption on b implies that

1
b>n+aJr , or, plb—n)>a+1,
p

when p > 1. By Theorem 2.10, the operator T' defined in (2.21) is bounded on
LP (B, dvy).

Since F' is defined as a sum of nonnegative functions, we can apply 7' to the
function F' and integrate term by term. The result is
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o 2)b7n71

TF(z) = Z|Ck|va(Dk)71/p/D (1|1_|w<|z w)[P dv(w).

k=1
By Lemmas 1.24 and 2.20,
va(Di) ~ (1 = [ag[*)" 1+
and
1f|w|2~17|ak|2, w € Dy.

Also, (2.20) tells us that |1 — (z, w)| is comparable to |1 — (z, a)| when w € Dy. It
follows that there exists a constant § > 0 such that

1— |ak|2)(pb—n—1—a)/p

SN
2)25,;|Ck| 11— (z,ar)[’

for all z € B,,. By the triangle inequality, we have
1
lf(2)] < 5TF(2), z € B,.
Since F' € LP(B,, dv,) and T is bounded on LP(B,,, dv,) (see Theorem 2.10), we
conclude that f € AP with

[ P dnt) <0 Yol
Bn k

for some positive constant C' independent of f.
The above proof, after some obvious minor adjustments, still works if {ax} is
replaced by {ax; }. In fact, if

)(pb—n—1-0)/p

(1- |akJ|
ZZ ok —(za))t

k=1 j=1

then we can use the facts that 1 —|ag;|* ~ 1 —|ax|? and |1 — (z, ax;)| ~ |1 —(z, ax)|
to obtain a constant C' > 0 such that

1— |ak|2)(pb7n717a)/p

o
k=1

where
J
dk = Z |Ck]’|.
j=1

By Holder’s inequality,
J

|di|P < PN fers [P
j=1
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Therefore, the sequence {dy } is in [P and it follows from the earlier proof that f €
AP,

We have now completed the first part of the proof of the theorem, that is, every
function defined by (2.24) belongs to A2, provided that we use a sequence {ay}
guaranteed by Theorem 2.23 or an associated sequence {ay;} constructed before
Lemma 2.29. Note that so far we have not made any assumption on the separation
constants r and 7).

To show that every function f € AP, admits a representation given in (2.24), we
fix an r-lattice {a } in the Bergman metric and consider the (almost) n-lattice {ax; }
and the corresponding finer partition {Dy;} of B,, described before Lemma 2.29.
Then by Lemma 2.29 and the first part of this proof, there exists a constant C; > 0
such that

|f(2) = SF(2)|F dva(z <01<7”Z 2)[P dva(2),
J. ,

(ag, 27‘)

where ¢ is the constant given in Lemma 2.29. Since each point of B,, belongs to at
most of N of D(ay, 2r), we have

[ 116 = S5 duatz) < Vo [ 5GP (o)

B, By

If 1 is small enough so that Cy No? < 1, then the operator I — S on AP has norm
less than 1, where I is the identity operator. In this case, it follows from standard
functional analysis that the operator .S is invertible on AZ. Therefore, every f € AP
admits a representation

1_‘ak| (pb n—1l—a)/p

ZC’“ (1= (zar)

where
v3(Dkj)g(ak;)
1— |akj |2)(pb—n—1—oc)/p

Ckj = (
and g = S~!f. By Lemma 1.24,
v3(Drj) < vp(Dr) ~ (1= |ag[*)" 7+ = (1 — |ay|?)".

Since 1 — \akj |2 is comparable to 1 — 2, we can find a constant Cy > 0, indepen-

dent of f, such that

D lerg? < Co Yy (1= Jawl*) g (any) P
ki k.j

Applying Lemma 2.24 to each g(ay;), using the facts that 1 — |ag;|? is comparable
to 1 — |ax|? and that D(ax;,r) C D(ax,2r), we obtain another constant C5 > 0
such that
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§:|ckj|p<ca<f§j/ P dva(2).
D(ay, 27")

Since every point of B,, belongs to at most N of the sets D(ay, 2r), we have

Z lexj|P < Cg,JN/ 2) P dvg(2).

This completes the proof of the theorem. a

The proof of Theorem 2.30 tells us that if {cy} € [P and if f is given by the
series representation (2.24), then

/ P dva(z) < C S fexl?
k

n

for some positive constant C' independent of f. On the other hand, for any f € A2,
the proof of Theorem 2.30 tells us that we can choose a sequence {cy} to represent
f as in (2.24) which also satisfies

Sl <€ [ 1)

where C' is a positive constant independent of f. It follows that

/ |f(2)|P dvg(z) ~ inf {Z lek|P : f satisfies (2.24)} . (2.25)

k

n

We state two special cases of the preceding theorem. The first case is whenp > 1
andb=n+1+o.

Corollary 2.31. For any a > —1 and p > 1 there exists a sequence {ay} in B,, such
that AP, consists exactly of functions of the form

1 _ (n+1+0)/q
Z ck |“k ) : (2.26)
Z ak>)n+1+a
where 1/p+1/q=1and {c;} € IP.
The next case is forp =1and b= 2(n + 1 + «).

Corollary 2.32. For any o > —1 there exists a sequence {ay} in B,, such that A,
consists exactly of functions of the form

(1 = Jag[?)"rire

ZCk 1 — <Z ak>)2(n+1+a) ’ (227)

where {cy} belongs to I*.
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Another consequence of the atomic decomposition is the following.

Corollary 2.33. Suppose o« > —1 and p > 0. If r and q are positive numbers such
that
1 1 1
= +

p q T

then every function f € AL admits a decomposition

)

f(z) =) gr(2)hi(z),  z€By,, (2.28)
k

where each gy, is in A% and each hy, is in AL,. Furthermore, if 0 < p < 1, then
Z 19k
k

where C'is a positive constant independent of f.

q7a||hk||r,a < CHf

P> (2.29)

Proof. 1f f is nonvanishing in B,,, then we have the factorization f = gh, where g =
fP/91sin A% and h = fP/" is in A7,. In general, we use the atomic decomposition
of f,

k

where 2o (n1a)/
1— ay —(n+1+a)/p
fulz) = Ck( |ak|*) b
(1= (z,a))
is either identically zero (when ¢ = 0) or nonvanishing on B,, (when ¢, # 0). When

cx # 0, we simplify factor each f; = f]f/q ,f/r. 0

2.6 Complex Interpolation

In this section we show that when 1 < p < oo, the weighted Bergman spaces A?,
interpolate just like the LP spaces do. An extension to the case p = oo will be
discussed in the next chapter.

Theorem 2.34. Suppose o > —1 and 1 < pg < p1 < o0. If
1 1-6 6
= +
p Po p1

for some 0 € (0,1), then
(A, Ay = A%

with equivalent norms.
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Proof. First assume that f € AP. For any complex parameter ¢ with Re ¢ € [0, 1]
we consider the function

) — f(2) . p(l,f(erIfl) .
()= 1) 1762) . seB.

Fix some 3 > « and let f; = Pg(h¢). It is clear that f¢ is continuous in ¢ when
0 < Re( <1 and analyticin ( when 0 < Re( < 1.
By Theorem 2.11, Pg is a bounded projection from L9(B,,, dv,) onto A% for any
1 < ¢ < oo. In particular, there exists a constant C' > ( such that
1fclipe.a < Clirclizo.a = ClIG.q

Po,x — Pbo,x

for all Re { = 0, and

el a < Clibclipy o = CIFIR

P11, — p1,& b,

for all Re ¢ = 1. This shows that the function f = fp belongs to [AZ°, AP1]y with

[1flle < CllflIp.a-
Next assume that f € [AR°, AP']y. Then f is holomorphic and

f €L (B, dvy), LP* (B, dv,)]e = LP (B, dvy,).

This shows f € AP and completes the proof of the theorem. ad

Notes

The theory of Bergman spaces has been a central subject of study in complex analysis
during the past few decades. This theory is especialy well developed for the unit disk
in the complex plane; see [124], [51], and [32].

Most of the material in Sections 2.1 and 2.2 is from [39] and [94]. In particular,
the idea of using Schur’s test to prove the boundedness of Bergman type projections
seems to have originated in [39]. Schur’s test has become a standard (and very effec-
tive) tool for dealing with the boundedness of various operators, including Hankel
operators on the Bergman space.

Theorem 2.1 in its present form first appeared in [115], although a less precise
form can be found in [94]. Theorem 2.10 was proved in [130] in the case of the unit
disk, but the proof there works in the higher dimensional case as well. Theorem 2.12
is due to Ruhan Zhao [120].

Carleson type measures for Bergman spaces was first introduced in [50], and
has since been studied in numerous papers, including [65] and [122]. Theorem 2.23,
which is a useful covering lemma, was essentially proved in [21] and [19].

The theorems in Section 2.3 are probably well known to the experts, although
complete proofs are difficult to locate in the literature (except certain special cases).
Lemma 2.15 is a key estimate for the study of Bergman spaces A2 when 0 < p < 1;
it will be needed several times later in the book.
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Atomic decomposition for Bergman spaces was due to Coifman and Rochberg
[30]. Our proof here is modified from the original one in [30]. An alternative ap-
proach to the problem based on duality can be found in [67].

Complex interpolation of Bergman spaces is certainly well known to experts,
although a precise reference is difficult to find. The one-dimensional case appeared
in [124] as an exercise.

Exercises

2.1. Show that if ¢ # j and f is holomorphic in a neighborhood of the closed unit
ball B,,, then
of of
%z, (2) — z; 02 (2)
belongs to L2(B,,, dv,) © AZ.

2.2. Suppose 0 < p < 0o, « > —1, and f is holomorphic in B,,. Show that

/ Rf(2)[P dvg (2) < oo
B,

if and only if
/ [V f(2)|P dva(z) < oo.

n

2.3. Show the every f in AP, can be approximated in norm by its Taylor polynomials
if and only if p > 1. See [128].

2.4. Suppose ais real, 0 < p < o0, § +« > —1, and [ is holomorphic in B,,. Show
that

[ Q= ERPIRAGIP dua(2) < o

n

if and only if
/ [VF(2)|P dva(z) < co.

n

2.5. Characterize Carleson type measures for A? in terms of the Koranyi approach
regions Q.-(¢) (see Section 5.5 for definition).

2.6. Suppose o > —1, p > 0, and ¢ > 0. Show that a holomorphic function f is in
AP if and only if the function (1 — |2|?)*R! f(2) belongs to LP(B,,, dv,,).

2.7. Show that for any fixed o > —1, the norm of P,, on LP(B,,, dv,) is comparable
to csc(m/p). See [137].
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2.8. For real parameters a, b, and c define two operators S = S, . and T = T p

as follows:
— w|?)? f(w) dv(w
jf(z) (1 |Z|2)G/B (1 |(1| )<Z (w;)(z ( )a

and
— U}2 b’ w vlw

Suppose c is neither a negative integer nor 0. Then the following conditions are
equivalent for any real £ and 1 < p < oo:

(a) T is bounded on L?(B,,, dv;).
(b) S is bounded on L?(B,,, dv;).
(©)—pa<t+l<pb+1l)andc<n+1l+4+a+b.

See [63].
2.9. Fill in the details of the proof of Proposition 2.6. Prove Theorem 2.26.

2.10. If {ay} is a sequence from Theorem 2.23, show that there exist positive con-
stants ¢ and C' such that

[ 1P duae) < S 15@)P - Py <0 [ (5@ vt
k Bn

forall f € AP. Such a sequence {ay} is called a sampling sequence for AZ.

2.11. Suppose &« > —land p > 0. If f € AL and f(0) = 0, show that there exist
functions fj, € A2, 1 < k < n, such that

F) =) zfi(z),  z€B,.
k=1

2.12. Suppose 1 < p < oo and o > —1. Show that there exists a positive constant
C > 0 such that

[ @R ) <0 [ )P dua(z)

B, B

for all holomorphic functions f in B,, with f(0) = 0, where u(z) = Re f(2).
2.13. For any f € L'(B,, dv) define

f(w) dv(w)

12 uypoty € B

Bf(2) = (1 - o))"+ /

n

The function B f is called the Berezin transform of f. Show that the Berezin trans-
form is bounded on LP(B,,, dv) for 1 < p < co.
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2.14. Show that the Berezin transform B is one-to-one on L' (B,,, dv).

2.15. Show that the Berezin transform B satisfies B f = f for all M-harmonic func-
tions f in L'(B,,, dv). Recall that f is M-harmonic if A f = 0.

2.16.If 1 < n < 11, show that Bf = f if and only if f is M-harmonic. Show that
this fails when n > 11. See [3].

2.17. Find sharp growth estimates for the Taylor coefficients of functions in AP.

2.18. If { f;} is an orthonormal basis for A2, show that

Ka(z,w) = 3 i) fu(w)
k=1

for z and w in B,,.

2.19. Suppose o > —1,¢ > 0, and a > 0. Show that there exists a function F'(z, w),
holomorphic in z, conjugate holomorphic in w, and bounded in B,, x B,,, such that

Rj*t{ 1 ] F(z,w)

(1= (zw))] = (1= ()

for all z and w in B,,. Furthermore, if ¢ is a positive integer, then F'(z,w) is a poly-
nomial in z and w. See the proof of Theorem 3 in [136].

2.20. Suppose —1 < a < 3. Show that there exists a constant C' > 0 such that

Bz, w)(1 = |w|*)*

< _ 2 afﬁ
5. 1= (g uppin W< CL=ED

forall z € B,,.

2.21. Suppose 1 < p < oco. Show that the operator 7" defined by

Bz, w)(1 — [w]?)

B, |1 _ <Z,w>|n+1+a

Tf(z) = f(w) dv(w)

is bounded on LP(B,,, dv;) ifand only if p(a + 1) >t + 1 > 0.

2.22. Suppose t > 0, > —1,0 < p < 00, and 8 = s + N, where N is a positive
integer. If R** is well defined and f is holomorphic in B,,, show that R*!f € AP if
and only if R%*f € AP,

2.23. Show that

where K is the (unweighted) Bergman kernel of B,, and ¢ € Aut(B,,).



78 2 Bergman Spaces

2.24. Show that the kernel

Lizw) = / [(1 sy =1

c
1= (z,w)|"+F’

where C' is some positive constant independent of z and w.

satisfies

|L(z, w)| < z,w € B,

2.25.If 1 < p < oo, show that ultra-weak convergence in A? is the same as weak
convergence, which is the same as weak-star convergence.

2.26.1f p = 1, show that ultra-weak convergence in A’ is the same as weak-star
convergence but different from weak convergence.

2.27. Suppose 0 < p; < pa < oo and
n+1+ao _n—l—l—i—ag

- )

p1 D2

where @y > —1 and az > —1. Show that AR} C AE2, and that the inclusion is
continuous.

2.28. Suppose 0 < p < 00, p # 2, and o > —1. Show that & : AZ> — AP isa
surjective linear isometry if and only if

®(f)(2) = M 0 p(2) (Jep(2))*'7,
where ¢ € Aut(B,,) and A is a unimodulus constant. See [59].

2.29. Suppose f is continuous on the closed unit ball. Show that

lim [f(2)P dva(z /|f )P do(¢
a—1— B,

2.30. Suppose f is continuous on B,,. Show that

. [ / ) If(Z)Ipdva(Z)] " sup{|f(2)| : = € B,.}.



3
The Bloch Space

In this chapter we study the Bloch space 55 and the little Bloch space By in B,,. We
prove various characterizations of B and focus our attention on the following three
properties.

The Bloch space can be thought of as the limit case of the Bergman spaces AP,
as p — oo. In particular, B can be naturally identified with the dual space of A’ .

The Bloch space is intimately related to the Bergman metric; it consists exactly
of those holomorphic functions that are Lipschitz from B,, with the Bergman metric
to C with the Euclidean metric.

The Bloch space is prominent among Mobius invariant function spaces. In fact, it
is the largest possible space of holomorphic functions whose (semi-)norm is invariant
under the action of the automorphism group.

3.1 The Bloch space

In classical geometric function theory of the open unit disk ID in the complex plane
C, the Bloch space is a central object of study and several outstanding problems
remain unresolved. In the one dimensional case, the Bloch space consists of analytic
functions f in D such that

sup(1 — [z[*)] f'(2)] < co.
z€D

This definition can be generalized to higher dimensions in several possible ways.
The following two elementary generalizations are natural and will be shown to be
equivalent:

sup (1 — [2[2)|V /(2)] < oo,

2€B,
and

sup (1 — [2[*)|Rf(2)] < oo,

z€EB,
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where |V f(z)| is the holomorphic gradient of f at z and R is the radial derivative
of f at z. However, these definitions are not invariant under the action of the auto-
morphism group. Our approach is to use a Mobius invariant (although less straight-
forward) definition based on the invariant gradient or the invariant Laplacian, and
then show that it is equivalent to the elementary definitions above.

For a holomorphic function f in B,, we define

(V[ (2),w)]
V{B(2)w,w)

where B(z) is the Bergman matrix introduced in Section 1.5 and ( , ) is the natural
inner product in C™. All vectors in C" are considered column vectors. The following
result will enable us to define a Mobius invariant semi-norm on the Bloch space in
several equivalent ways.

Qf(z)sup{ :wE(C”{O}}, z € B, 3.1

Theorem 3.1. For z € B, and f holomorphic in B, the following quantities are all
equal:

(a) Q(2).

(b) ( B(z)"1Vf(2), V£(2))""".
e 5 [A1rRE] "

(d) |V£(2).

1/2

(e) [(1 =z (IVF(2)]? = [Rf(2)*)]

Proof. 1t follows from Lemma 2.13 and (2.12) that the quantities in (c), (d), and (e)
are the same.
We can replace w by B(z)

(VF(2), B(z)/?w)|

|w|

~1/24y in the definition Q f(z) to obtain

Qf(Z)Zsup{ :weIB,,L—{O}}
sup{ (BG)12V5(2).w)

|w|

:wE(C”—{O}}

|B2) 12V £(2)|

1/2

= (B(2)"1V f(2),Vf(2))

This shows that the quantities in (a) and (b) are equal.
From (b) and the formula for B(z)~! in Proposition 1.18 we easily deduce that

Qr(2) = [ = [zP)(IVF(2)I* = |Rf(2))]

So the quantities in (b) and (e) are equal. O

1/2
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We now define the Bloch space of B,,, denoted by 3, as the space of holomorphic
functions f in B,, such that

£l =sup{|Vf(2)| : z € B} < 0. (32)
This is only a semi-norm, with || f||g = 0 if and only if f is constant.

Proposition 3.2. The semi-norm || || is complete and invariant under the action of
Aut(B,,), that is,

Ifoels=Ilfls (3.3)
Sforall f € Bandall ¢ € Aut(B,,).

Proof. The Mobius invariance of the semi-norm || f||z follows from that of the in-
variant gradient; see (2.13).

To show that || ||z is complete, assume that { fx } is a sequence of functions in B
with the properties that each fj(0) = 0 and that for any € > 0 there exists a natural
number IV such that

Ifr — fillB <€ (k> N,l> N).

Since (see Lemma 2.14)

(L= 2PV < IV,

it follows that for each 1 < ¢ < n the sequence {Jf;/0z;} is uniformly Cauchy
on every compact set in B,,. This together with the assumption that each f(0) = 0
shows that there exists a holomorphic function f in B,, with f(0) = 0 and

Ofx 0
Jm f2) = 1), tm 9= 0 o),

uniformly on every compact set in B,,, where 1 < ¢ < n.
If we write the norm || ||z using part (¢) of Theorem 3.1, then

=12 (Ve — )P = |R(fx — fi)(2)]?) <€, k>N,I>N.
Let [ — oo and then take the supremum over z € B,,. We conclude that

If = frlls < e
for all £ > N. This shows that BB is complete in the semi-norm || || 5. O

Lemma 3.3. Suppose (3 is a real constant and g € L' (B,,, dv). If

[ swdw)
ORI LS

n

then
l9(w)| dv(w)
1—{z, w>|ﬁ+§

T )] < V21811 - o)} /

n

forall z € B,.
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Proof. Fix a € B,, and make the change of variables w — ¢, (w) in

[ gwduw)
Joal2) / (1~ (palz), w))?"

‘We obtain

oo () g ° @q(w) W) dvlw
fopalz) / (1 (a(2), galw)y)s 7o () B000):

where
(1= la[*)"*
11— (w,a)[(n D)
is the Jacobian determinant. Recall from Lemma 1.3 that
(1= lal)(1 = (z,w))
(1= (z,a))(1 = (a,w))

Jo(w) =

1- <90a(z)7§0a(w)> =

So

—(z,a))? — (a,w))”
powue) = (U n [ oo el dot).

Differentiating in z at 0 using the product rule then produces

a,w))?
= [ M e e et o,
Make the change of variables w — ¢, (w) again. We get
(va(w) — a)g(w) dv(w)
=5, au)?
Fral<ia [ |1_a<';ggu>>|gdv<w>.

It is easy to check that

o _ (L= laP)(lw* = [(w,a)[?)
1= (a,w)[?

(1= lal)(1 = [{w, a)|?)

<
- 1 —({a, w)? ’

l¢a(w) — al
the desired result then follows from the obvious estimate

1= [{w,a)* = (1 + [{w,a))(1 = [{w, a)]) < 2[1 — (a,w)].
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Note that Lemma 3.3 is interesting only when n > 1.
The Bloch space B becomes a Banach space with the following norm:

A= 1A O+ flls,  feB.

The Bloch semi-norm || ||z is M&bius invariant, but it is usually inconvenient for
us to verify that a certain function belongs to the Bloch space by using the definition.
The following theorem gives us several conditions that are equivalent to but more
easily verifiable than the definition.

Theorem 3.4. Suppose o« > —1 and f is holomorphic in B,,. Then the following
conditions are equivalent:

(a) fisinB.

(b) (1 — |2|2)|V f(2)] is bounded in B,,.

(c) (1 —|z|?)|Rf(2)| is bounded in B,,.

(d) f = Pyg for some g € L*™(B,,).

Proof. By Lemma 2.14, condition (a) implies (b), and condition (b) implies (c).
To show that (c) implies (d), suppose (1 —|z|?) Rf(z) is bounded in B,,. Consider
the function

g(z) _ Ca+1 (1 _ ‘z|2)/B ( f(w) dva(w) 2 €B,.

Ca 1 — (z,w))nt2ta’

We can rewrite

o) =) [T S ) dua(w

o (1 _ <Z7w>)n+2+a

and break the integral into two. The result is that

g(z) = 1 [(1 1P +

Ca

1— 2

(1~ sP)RS(2) o
n+1l+a

Since the boundedness of (1 — |z|?)Rf(z) in B, together with

" Rf(t2)
0 t

dt

shows that f grows at most as fast as —log(1 — |z|?), it follows that g is bounded
in B,,. By Fubini’s theorem and the reproducing property of P, and P, 1, we easily
check that f = P, g. This proves that (c) implies (d).

Finally, we assume that f = P,g for some @ > —1 and g € L*°(B,). By
Lemma 3.3, there exists a positive constant C' such that

(1 = Jw[*)* dv(w)
o 1= (2 w) [ tets

V() < Cllglloell - [22) /

forall z € B,,. We deduce from Theorem 1.12 that |V f(z)| is bounded in B,,. So (d)
implies (a) and the proof of the theorem is complete. O
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The Bloch space can also be described in terms of higher order derivatives, and
more generally, in terms of fractional radial derivatives.

Theorem 3.5. Suppose N is a positive integer, t > 0, and f is holomorphic in B,,.

If a is a real parameter such that neither n + o nor n + o + t is a negative integer,

then the following conditions are equivalent:

(1) f € B.

(2) The function (1 — |z|?)! R¥! f(2) is bounded in B,,.

(3) The functions

AN
ozm

(1= 21*) (2),  |m[=N,

are bounded in B,,.

Proof. If f € B, then by Theorem 3.4 there exists a function g € L°°(B,,) such that

(w) dvg(w)
flz) = /]B (1 i <Z,w>ﬁ)n+1+ﬁ'

n

Here § = a + K and K is a large enough positive integer so that 3 > —1. By
Lemma 2.18, there exists a one-variable polynomial h such that

Rt =, [ M50 don)

B, (1= (z,w))ttote
An application of Theorem 1.12 then shows that the function
(1= =)' R f(2)

is bounded in B,,. A similar argument (using differentiation under the integral sign)
shows that the functions

amf
A= 1P™ @), ml =N,
are all bounded in B,,.

Next assume that the function (1 — |2]?)! R*! f(z) is bounded in B,,. By the
remark following Lemma 2.18, the function

g(z) = T (1= ) RO (2)
cs
is also bounded in B,,, where 0 = a + K is as in the previous paragraph. A use
of Fubini’s theorem and Theorem 2.2 reveals that f = Pgg, so f € B in view of
Theorem 3.4. This proves that conditions (1) and (2) are equivalent.
Finally, if the functions

aN
1120 L@, =N,
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are all bounded in B,,, then successive integration shows that the functions

0
a-1P, @, 1sk<n

are all bounded in B,,, and so f belongs to the Bloch space. Therefore, conditions

(1) and (3) are equivalent. O

The Bloch space can also be characterized in terms of the Bergman metric. In
fact, they are related to each other in a very precise way.

Theorem 3.6. If f is holomorphic in B,,, then

|f(2) = f(w)]
Bz, w)

where (3 is the Bergman metric on B,,.

||f||38up{ :z,weman,z#w},

Proof. First assume that f € B. Fix any two points z and w in B,, and let
v=9(), 0<t<l,
be a geodesic from w to z in the Bergman metric. Then
O N Y
)= fw) = [ (; Wty (7(0)) dt.
From the definition of @)y we see that

n

> 5h0,5) ()] < QGOWVBGON 0.0,
k=1

It follows that

1f(2) = f(w)] < HfHB/O VIBO)Y (1), 7)) dt = | flls 5=, w).

This shows that
|f(2) = f(w)]
S“p{ B(z,w)

for all holomorphic functions f in B,,.
Next assume that

;z,wemn,z¢w} < 1£lls

£ (2) = f(w)]

c=me{

:z,wGIB%n,z#w} < 0.

In particular,
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and so
[f) =) ¢ 1+l

< 0
|z 20z 71—

for all z € B, — {0}. If w is any unit vector in C", then taking the directional
derivative of f at 0 in the u-direction yields

n a
>t

This shows that Q(0) < C. But the Mobius invariance of the Bergman metric
implies that

1 1
<C lim lo + 1zl =

=
1m0+ 2)2] 81— |2

|fow(z) = fop(w)
B(z,w)

for any ¢ € Aut(B,,). We conclude that
Q(2) = Qfop.(0) < C
for all z € B,,. This shows that f € B with || f||z < C. O

C:sup{ :z,weﬂ%n,z;«éw}

Corollary 3.7. A holomorphic function f in B,, belongs to the Bloch space B if and
only if there exists a constant C > 0 such that

|f(2) = fw)] < CB(z,w)
forall z and w in B,,.

A consequence of Corollary 3.7 is that every function f in B grows at most
logarithmically near the boundary of B,,, that is, there must exist a constant C' > 0
such that

1) = FO) < Clog |, (3.5)

for all z € B,,. In particular, B C A? for all p > 0 and o > —1. The logarithmic
growth rate is actually achieved by the following functions in B,

fa(z) =log(1 — (2, \)), z € By,
where ) is any point from S,,.

Corollary 3.8. Suppose o > —1, p > 0, and f is holomorphic in B,,. Then f € B if
and only if there exists a constant C' > 0 such that

/B|fosoa<z>—f<a>|pdva<z>sc, o € By, (3.6)
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or equivalently,

| - s Aoy <C acB, G
L (2, s re) Wal2) S C. . G

Proof. That the two integrals are equal follows from a change of variables; see
Proposition 1.13.
If f is in the Bloch space, then there exists a constant C' > 0 such that

|f(2) = f(w)| < CB(z, w)

for all z and w in B,,. So
/ 1 0 galz) — F@) dva(z) < CP / B(¢a(2), a)? dva(2)
B, B,
=cr L0)P dug(2).
/Bnﬁ(z P dva(2)

Since

/ B(z,0)? dv,(2) < o0,
B,

we see that f € I3 implies that

sup /Bn |fowa(z) — fla) dva(z) < oo.

a€By,

To prove the reverse implication, recall from Lemma 2.4 that there exists a con-
stant C' > 0 such that

Vo <€ [ 192) = 9O dua2)
for all holomorphic g in B,,. Replacing g by f o ¢,, we obtain
FH@P <C [ 1fopuls) =~ f@P dual:)

for all @ € B,,, and the desired result follows. O

Not only can the Bloch norm be defined using the Bergman metric, the following
result shows that the Bergman metric can also be recovered from the Bloch semi-
norm.

Theorem 3.9. For any z and w in B,, we have

B(z,w) = sup{|f(z) — f(w)] : [|fllz < 1}.
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Proof. According to Theorem 3.6,
1f(2) = fw)] < £l Bz, w)
for all f € 3 and all points z and w in B,,. It follows that
sup{[f(2) — f(w)| : [[fls < 1} < B(z,w)

for all z and w in B,,.
To prove the reverse inequality, we fix any z € B,, — {0} and consider the fol-
lowing function in B,,.

2| + (w, 2)
h(w) = _ log , w € B,
2] = {w, z)
Since o el
ZE|Z
= 1<k<
R

a calculation using part (e) of Theorem 3.1 shows that

2 _ 2P0 = [wP)(I2* = [(w, 2)*)

1212 — (w, 2)2*

|Vh(w)|

for all w € B,,, or

Shuypt = (O A= [ )
‘1 — (w,z’)Q‘
for all w € B,,, where 2z’ = z/|z|. By the triangle inequality, we have
L= |wl* <1 —(w,2)?], 1-Kw,2)? <[1—(w,2)?.
So |[Vh(w)|? < 1 for every w € B,,, or |||z < 1. It follows that

1 1+ |z|
- ] -

< sup{|f(z) = FO)] : [ flls < 1}.

|h(2) = h(0)]

By Mobius invariance, we must have

Bz, w) < supf[f(z) = f(w)] - [|flls <1}

for all z and w in B,,. O
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3.2 The Little Bloch Space

The Bloch space is not separable. In this section we discuss a separable subspace of
the Bloch space, the little Bloch space.

First recall that C(BB,, ) is the space of all continuous functions on the closed unit
ball, and Cy(B,,) is the closed subspace of C(B,,) consisting of those functions that
vanish on the boundary S,,.

The little Bloch space will be denoted by By. It consists of functions f € B such
that B

Jim [T =0,
Since |V f(z)| is clearly continuous in B,,, the above condition simply says that
the function |V f(z)| belongs to Co(B,,). Theorem 3.1 immediately gives several
equivalent definitions of By. In particular, it follows from part (e) of Theorem 3.1
that if f is holomorphic in a neighborhood of B,,, then f belongs to By.

Proposition 3.10. By is a closed subspace of B and the set of polynomials is dense
in B(].

Proof. It is obvious that By is closed in B. Given f € By, we have || f — fr]lzs — 0
asr — 17, where f.(z) = f(rz). Since each f, can be uniformly approximated
by polynomials, and the sup-norm norm in B,, dominates the Bloch norm (see Exer-
cise 3.5), we conclude that every f € By can be approximated in the Bloch norm by
polynomials. O

The following is the little oh version of Theorem 3.4.

Theorem 3.11. Suppose o > —1 and f is holomorphic in B,,. Then the following
conditions are equivalent:

(a) [ € By.

(b) The function (1 — |2|?)|V f(2)| belongs to Co(B,,).

(¢) The function (1 — |z|*)Rf(2) belongs to Co(B,,).

(d) There exists a function g € Co(By,) such that f = Pyg.

Proof. By Lemma 2.14 we have that (a) implies (b), and (b) implies (c).
Recall from the proof of Theorem 3.4 that f = P, g whenever f € B, where

ot [y ey a4 (L~ FRRIE)
9@ = [T ERIE T

Every function in B grows at most logarithmically near the boundary S,,, so the
function (1 — |2|?)f(2) is in Co(B,,) for every f € B. Thus condition (c) implies
that g € Co(B,,), that is, (c) implies (d).

If (d) holds, then f = P,g for some g € Co(B,) C C(B,). By the Stone-
Weierstrass approximation theorem, every function in C(B,,) can be approximated
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uniformly on B,, by finite linear combinations of functions of the form h(z) =
2mzm Ttis easy to check that P, h is a polynomial, and hence is in the little Bloch
space. Since P,, maps L>°(B,,) boundedly into the Bloch space, and the little Bloch
space is closed in B, we conclude that f = P, g belongs to Bj. a

The following theorem shows that the space Co(B,, ) can often be replaced by the
space C(B,,) in the study of the little Bloch space.

Theorem 3.12. Suppose o > —1 and f is holomorphic in B,,. Then the following
conditions are equivalent:

(a) f belongs to the little Bloch space.

(b) |V f(2)| belongs to C(B,,).

(c) (1 —12|*)|Vf(2)| belongs to C(By,).

(d) (1 — |z|*)Rf(2) belongs to C(B,,).

(e) f = Pagforsome g € C(B,,).

Proof. 1t is trivial that (a) implies (b). It follows from Lemma 2.14 that (b) implies
(c), and (c) implies (d).

That (d) implies (e) follows from the same construction used in the proof of
Theorems 3.4 and 3.11.

The last part of the proof of Theorem 3.11 actually shows that (e) implies (a). O

Recall that the ball algebra A(B,, ) is the space of all holomorphic functions in B,,
that are continuous up to the boundary. The above result shows that the ball algebra
is contained in the little Bloch space.

In terms of higher order derivatives and fractional derivatives, we have the fol-
lowing analog of Theorem 3.5 from the last section.

Theorem 3.13. Suppose N is a positive integer, o is real, and t is positive. If neither
n+ o nor n+ o+t is a negative integer, then the following conditions are equivalent
for a holomorphic function f in B,,:

(a) f € Bo.
(b) (1 — |2|2)! R f(2) is in Co(B,,).
(¢) (1= |2[2) Rt £(=) s in C(B,,),

N
(d) (1— |z|2)Ngf L (2) isin Co(By,) for every multi-index m with [m| = N.
Z’V
N
(e) (1— |z|2)Ngf . (2) is in C(By,) for every multi-index m with |m| = N.
Z’V

Proof. The proof is similar to that of Theorem 3.5. We omit the details. ad



3.2 The Little Bloch Space 91

Approximating a function f by polynomials, we find that every function f in the
little Bloch space satisfies

1
lim f(z)/log e =0. (3.8)

|z| =1~
The next result strengthens Theorem 3.9 of the previous section.

Theorem 3.14. For any z and w in B,, we have

B(z,w) = sup{[f(z) = f(w)| : [[flls <1, f € Bo}.

Proof. The proof is the same as that of Theorem 3.9, except that we use the functions

1
h,(w) = _ log 2] + r{w, 2)

b) EBTL7
2% 2| = r(w,z)” "

where z € B,, — {0} is fixed and r € (0, 1), instead of

Each function A, is in the little Bloch space, and
Vhe(w)* = (1 = [w]*) [1|VA(rw)? — |Rh(rw) ]
< (1= [w*)[[Vh(rw)]* — |Rh(rw)|?]
= |Vh(rw)|?.
So ||h-|lg < ||h|lg < 1 (see the proof of Theorem 3.9), and

hr(2) = he(0)] < sup{|f(2) = F(O)] : f € Bo, | flls <1}

Letting 7 — 17~ then yields

B(2,0) <sup{[f(z) = F(0)| : f € Bo, [l flls < 1}.

This together with Mobius invariance gives

B(z,w) <sup{[f(z) = f(w)| : f € Bo, [Iflls < 1}.
The reversed inequality follows from Theorem 3.9. a

We mention a trick that is often useful for constructing non-trivial functions in
the Bloch space or the little Bloch space of B,,. If n’ is any integer with 1 < n/ < n,
and if f is a function in the Bloch (or little Bloch) space of the unit ball of C"', then
the function
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f(zla"'azn’a"'azn):f(zla"'azn’)

belongs to the Bloch (or little Bloch space) of B,,. This clearly follows from con-
dition (b) or (c) in Theorems 3.4 and 3.11. In particular, functions in the Bloch (or
little Bloch) space of the unit disk can be lifted to functions in the Bloch (or lit-
tle Bloch) space of B,,. The following is a classical way of constructing non-trivial
Bloch functions in the unit disk D using lacunary series.

Theorem 3.15. Suppose {ny} is a series of positive integers satisfying ng+1 > Ang
for all k > 1, where X\ is a constant greater than 1. Consider an analytic function f
in D whose Taylor series is of the form

f(z)= Z apz™", z € D. (3.9)
k=1
Then f belongs to the Bloch space of D if and only if {ay. } is bounded; and f belongs
to the little Bloch space of D if and only if ar, — 0 as k — oo.
Proof. Recall that f is in the Bloch space of D if and only if
sup{(1 — [2[*)|f'(2)| : z € D} < 003
and f is in the little Bloch space of D if and only if

lim (1—|z]*)f'(z) = 0.

2] —1-
When
(o)
flz)= Z apz”

k=0

is in the Bloch space of D, we easily check that
tr = (0+2) (1= ) () dA(z)
D

for all & > 0, which implies that the sequence {ay} is bounded. Similarly, when
f is in the little Bloch space of D, an elementary argument shows that the Taylor
coefficients of f must converge to 0.

If {ay} satisfies |ag| < M forall k > 1 and {ny} satisfies ny+1 > Any for all
k > 1, then the lacunary series (3.9) defines a function in the Bloch space of . In
fact, the constant C = \/(X — 1) satisfies 1 < C' < oo and

N1 < C(Npg1 — ng),s E>1.
It follows that

M| € Ol = ma) o547 < Ol 4+ 2™
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for all kK > 1. Itis easy to see that
nilem T SO+ Ja] 4o+ 2T,

Thus
MC

/ ngp—1 1
e Sl < me S = M

k=1 1=0

for all z € D, and f is in the Bloch space of D.
Similarly, if f is defined by a lacunary series whose coefficients tend to 0, then f

belongs to the little Bloch space of D. a

In particular, we now know how to construct unbounded holomorphic functions
in the little Bloch space of B,,. We mention this point here because in the next section
we are going to consider limits of the form

lim f(rz)g(rz) dva(z),

r—1-— B,

where f is in the Bloch space B,, and g belongs to Al . The limit is necessary because
f might be unbounded, even when f is in the little Bloch space.

3.3 Duality

In this section we think of the Bloch space as a Banach space and will use norms,
but not semi-norms, on it.

Theorem 3.16. Suppose o > —1. The Banach dual of By can be identified with A,
(with equivalent norms) under the integral pairing

(fi9)a = lim f(2)g(rz)dva(z),  f€Bo,ge Al

r—1-— B,
In particular, the limit above always exists.

This theorem is a special case of Theorem 7.5 in Chapter 7. Also, the next theo-
rem is a special case of Theorem 7.6 in Chapter 7. Since the proofs for these special
cases are not any easier, we will not include them here. Be assured that no circular
arguments exist in the book.

The space A? is not a Banach space when 0 < p < 1. However, we can still
consider its dual space. In fact, we define the dual space of AP, for 0 < p < 1in
exactly the same way as we do for p > 1. Thus the dual space of AP consists of all
linear functionals ' : A?> — C such that

ENOI<Clfllpas [ €AG

where C'is a positive constant depending on F'.
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Theorem 3.17. Suppose 0 < p < 1, « > —1, and

1
s:n+ JrOéf(n+1).

p

Then we can identity the dual space of AP, with B (with equivalent norms) under the
integral pairing

(f.9)s = lim f(rz)g(z)dvs(z),  fe Ah,g€B.

r—1— B,
In particular, the limit above always exists.

A special case is worth mentioning here. When p = 1, we have s = «, and so the
dual space of Al can be identified with B under the natural integral pairing ( , ).

3.4 Maximality

Let X be a linear space of holomorphic functions in B,, equipped with a semi-norm
(including the case of a norm) || ||. A functional F' : X — C is continuous (or
bounded) if there exists a constant C' > 0 such that |F'(f)| < C||f|| forall f € X.
In this book we use the term Mobius invariant Banach space to denote a semi-
normed linear space X of holomorphic functions in B,, with the property that

Ifoell=Ifl feX, peAut(B,).

By considering its completion if necessary, we will always assume that X is already
complete in the semi-norm. We further assume that the mapping

(013 B 0n) = f(zleiela B Zneian)
is continuous from [0, 27]™ to X.

Lemma 3.18. Suppose (X, || ||) is a Mébius invariant Banach space. If X contains
a nonconstant function, then X contains all the polynomials.

Proof. Let f be a nonconstant function in X. If
flz)= Z amz™
m

is the Taylor expansion of f, then there exists some nonzero multi-index m such that
am # 0. Fix such an m = (myq, - - -, my,) and consider the function

1 2m 2m ) ) )
F(2) — L i1 . . 0n)p—i(miO1+4mnbn) g0 .. db,,.
(2) (2m)" /0 ; f(z1et, - zpe e 1
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Since X is Mobius invariant, it follows easily that the above integral converges in the
norm topology of X and || F||x < ||f]/x. But an easy computation with the Taylor
expansion of f shows that F'(z) = a,,2™, so X contains the monomial z™.
Composing z™ with all possible unitary transformations and using the Mobius
invariance of X, we conclude that X contains all homogeneous polynomials of de-

gree |m/|. In particular, for each ¢ € Aut(B,,), the function z‘lml o ¢ belongs to

X.
Let ¢ = ¢4, where a = (A, 0,---,0) with |A] < 1. We have

, \— 2 |m|
zlnlogp<1_)\;) . (3.10)

It is clear that for each nonnegative integer [ (the special case [ = 1 is enough for our
purpose) we can find some A such that the Taylor coefficient of z! of the function
in (3.10) is nonzero. By the argument used in the first paragraph of this proof, the
function 2} is in X for each [ > 0. Combining this with the remarks in the previous
paragraph, we conclude that X contains all polynomials. O

We now show that the Bloch space is maximal among Mobius invariant Banach
spaces.

Theorem 3.19. Suppose (X, || ||) is a Mobius invariant Banach space in B,,. If X
possesses a nonzero bounded linear functional L, then X C B and there exists a
constant C > 0 such that ||f||g < C||f|| for all f € X. If L further satisfies L(1) #
0, then X C H*(B,,) and there exists a constant C > 0 such that || f||cc < C| f]|
forall f € X.

Proof. Let L be a nonzero bounded linear functional on X with

ILHI<CIfIL - feX.
We first consider the case where L(1) # 0. For any f € X, it is easy to see that

1

:27r

f(0)L(1) A WL(f(e”z))dt.

It follows from the boundedness of L on X that

FOILM)] < ClFI-
Replace f by f o ¢, and use the Mobius invariance of X. We obtain

IFILM)] < S]]
for all z € B,,. This shows that f € H>(B,,) and

C

Il < |y

171l
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Next we assume that L(1) = 0. Clearly, we may assume that X contains a non-
constant function. By Lemma 3.18, X must contain all the polynomials. We show
that there exists some ¢ € Aut(B,) such that the linear functional L, : X — C
defined by L, (f) = L(f o ) satisfies L, (z1) # 0. In fact, for any 0 < r < 1, the

involution ¢,, where a = (r,0, - - -, 0), is given by
r—2z V1—71229 V1—1r2z
SDG«(Z): y T sy Ty T " ) (311)
1—rz 1—rz 1—rz
so that -
T — Zl k— k
210 a(2) = T =r+(r2—1);r 1k,

If L,(z1) = 0 forall ¢ € Aut(B,,), then applying L to the above equation shows
that

Z rF LR =0
k=1

for all r € (0,1). It follows that L(2¥) = 0 for all k > 1. Replacing L by L., shows
that L, (2¥) = 0 for all k& > 1. This implies that L(z™) = 0 for every multi-index
m = (mq,---,my) of nonnegative integers with |m| > 0. Combining this with
L(1) = 0, we conclude that L = 0 on H(1B,,), a contradiction.

So we may assume that L(z1) # 0. For f € X we consider

1
o

F =y [ Lt

The continuity of L on X shows that |F(f)| < C||f|| for all f € X. On the other
hand, a calculation using the homogeneous expansion of f shows that

F(H) =Y Lz ) 0)
k=1

Rewrite this as

F(P) =8 wn ) ©)=6(910).u),
k=1

where ¢ is a positive constant independent of f andw = (wy, - - -, wy, ) is a unit vector
in C™. For every 1 < k < n there exists a unitary matrix Uy, such that Uy (w) = ey,
where {ey, - -, e,} is the standard orthonormal basis of C". We have

F(foUk) = 6(V(f o Ux)(0), w) = 6 UV £(0), w)

= 5 (V1(0). U =5 7 (0)
2k

for every f € X. It follows that
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|F(f o @oUy)l

o(fo C C
202|222 < Cytapoti = i

8zk

forall f € X, p € Aut(B,,), and 1 < k < n. Therefore,

1) = 9 (7 0 p2)(0) < 1)

for all f € X and z € B,. This shows that f belongs to the Bloch space and
I fllz < C'|| f]| for some positive constant C”. O

3.5 Pointwise Multipliers

A function f is called a pointwise multiplier of a space X if for every g € X the
pointwise product f g also belongs to X . Thus we often denote a pointwise multiplier
fofaspace X by fX C X.

In this section we characterize the pointwise multipliers of the Bloch space and
the little Bloch space. Throughout this section we use the following norm on B:

lgll = 19(0)] +sup{(1 — |2[*)|Vg(2)| : = € B}, g€B.

Lemma 3.20. Suppose X is a Banach space of holomorphic functions in B,,. If X
contains the constant functions and if each point evaluation is a bounded linear
Sfunctional on X, then every pointwise multiplier of X is in H*.

Proof. Suppose f is a pointwise multiplier of X. Since X contains the constant
function 1, we have f € X. In particular, f is holomorphic. An application of the
closed graph theorem then shows that T' = M, the operator of multiplication by f
on X, is bounded on X.

The adjoint of T, T, is a bounded linear operator on X *. We consider the action
of T on each e, where z € B,, and e, is the point evaluation at z. By assumption,
eache, € X*.

For each z € B, and g € X, the definition of X* and T™* gives

T*(e=)(9) = e=(Tg) = g(2)f (2) = f(2)e=(9)-
This shows that T*e, = f(z)e,, and hence |f(z)| < ||T*| for all z € B,,. 0

In particular, if f is a pointwise multiplier of B or By, then f must be bounded in
B,.

Theorem 3.21. For a holomorphic function f in B,, the following conditions are

equivalent:

(a) fB C B.
(b) fBy C By.



98 3 The Bloch Space

(c) f € H>®(B,,) and the function
(1 - [2P)VF () log |
1—|z[?
is bounded in B,,.

Proof. Suppose fB C B. Then f € H*(B,,) and there exists a positive constant
C > Osuch that || fg|| < C|g|| for all g € B. Since

V(f9)(z) = f(2)Vg(2) + 9(2)V[f(z),  z€Bn,

we have
gV F()IQ = |2*) < [ fllssllgll + Cllgll

forall g € B and z € B,,. Taking the supremum over all g € B with ||g|| < 1 and
g(0) = 0, and applying Theorem 3.9, we conclude that the function

1
(1= 121V f(z)log | 122

must be bounded in B,,. This shows that (a) implies (c), and, with the help of Theo-
rem 3.14 instead of Theorem 3.9, it also proves that (b) implies (c).
Next suppose that f satisfies the conditions in (c). For every g € B we have

(L= 2PV ()] < [F()IQ = [2*)[Vg(2)] + g1 = [2[*) [V f (2)].

The first term of the right hand side above is bounded in B,,, because f € H*(B,,)
and g € B; the second term is bounded in B,, because of the inequality in (c) and the
fact that g grows at most as fast as — log(1 — |z|?). This shows that (c) implies (a).
Note that if g is in the little Bloch space, then

. 9(z)
lim =0.
|zl—1- log(1 —|2]?)
So the above argument also shows that (c) implies (b). O

3.6 Atomic Decomposition

In this section we show that the Bloch space also admits an atomic decomposition
similar to that of the Bergman spaces.

Fix a parameter b > n and fix a sequence {ay} satisfying the conditions in
Theorem 2.23. The sequence {ay} induces a partition {Dy} of B,, according to
Lemma 2.28. We shall also need to further partition each Dy, into a finite number of
disjoint pieces Dy, - - -, Dy s. See the description of all these following Lemma 2.28.

We are going to use two operators from Section 2.5. The first operator acts on
LY(B,,, dv,), where « = b — (n + 1), and is denoted by T',
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_ ’U.)2 b—n—1
rie = [ O )

n

The second operator acts on H(B,,) and is defined by
oo J
Va(Dk;) f(ar;)
Sf(z) = o BT )
22 (1 o)
Here {ay;} is a finer “lattice” in the Bergman metric than {ay }.

Lemma 3.22. There exists a constant C' > 0, independent of the separation constant
r for {ai} and the separation constant 1 for {ax; }, such that

[f(2) = Sf(2)] < CoT(|f])(2)
forall f € H(B,,) and z € B,,, where o is the constant from Lemma 2.29.
Proof. Letp =1 and o = 0 in Lemma 2.29. We obtain

0o 1 _ ‘ak| )b (n+1)

£) - SR <0 Z e [ e

According to (2.20), we can find a constant C; > 0 such that

(=) - Sz |<claZ/

Since each point of B,, belongs to at most N of D(ag, 2r), we must have

1 _ |w|2)b7(n+1)

(ag,2r) |1_<Z’w>|b

|f (w)] dv(w).

— |wl|? b—(n+1)
£(2) - 5f(2)| < CiNo / (1= fwl) | ()| dv(aw),

5, 11— (zw)
which is the desired estimate. O
We can now prove the main result this section.

Theorem 3.23. For any b > n there exists a sequence {ay, } in By, such that the Bloch
space B consists exactly of functions of the form

f2)=> e ((1 ~ lax?)” 3.12)

- 1—(z,ag))b’

where {ci} € 1°° and the series converges in the weak-star topology of B when B is
identified as the dual space of AL forao=b—n — 1.
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Proof. Let {ay} be a sequence satisfying the conditions of Theorem 2.23 and let f
be a function defined by (3.12).

First observe that the series in (3.12) converges uniformly on every compact sub-
set of B,, whenver {c} is bounded. In fact, by Lemmas 1.24, 2.20, and 2.21, there
exists a constant C; > 0 such that

Slent— ) < Y / ) du(z)

D(ay, r/4
< C/ — 2]*)* dv(z) < 0.

Next observe that if {cy} is bounded, then the series in (3.12) actually converges
in the norm topology of AL. In fact, by part (2) of Theorem 1.12, there exists a
constant C's > 0 such that

dve(z) 2
1— |ag|? b/ N <C 1—Jax*)’1 :
%]cu( ) | e S zzkj|ck|< o) log | o

It follows that for any b’ € (n, b) there exists a constant C5 > 0 such that

dvy(z /
) ICkI(lflakIQ)b/ - ( )>|b <Cs ) ferl(1 = farl’)” < oo
& B, Z, QL ©

where the last inequality follows from the estimate in the previous paragraph.
Let g be a function in H°°, which is dense in A(ll. Then

<g,f>a:/Bg() 2 dvalz) = 3 1~ oxf glon).

By Lemmas 2.24 and 1.24, there exists a constant Cy > 0 such that

g, fal < 042/ ) dva(2) < Callglra-

D(ay, r/4

This shows that f induces a bounded linear functional on Al under the integral
pairing ( , ). According to Theorem 3.17, we must have [ € B.

It is easy to see that, with some obvious minor adjustments, the above argument
also works when the sequence {ay,} is replaced by the more dense sequence {ay; }.
See Exercise 3.23.

To prove the other half of the theorem, we consider the space X consisting of
holomorphic functions f such that

| £llx = sup{(1 — |2|*)|f(2)] : 2 € B, } < o0.

It is easy to see that X is a Banach space with the norm defined above.
Let S and T be the operators corresponding to the parameter b + 1. If f € X,
then by Lemma 3.22,
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*11)2 b—n w v(w
If(Z)*Sf(z)lécg,a/B (1= |w]?)> =" f (w)] dv(w)

1= (z,w)|**!

n

for all z € B,,, where Cj5 is a positive constant independent of the separation constant
r for {ay} and the separation constant 1 for {ax; }. By Theorem 1.12, there exists
another constant Cg > 0 such that

If = SFlx < Ceollfllx, feX

If we choose the separation constants 1 and r so that Cso < 1, then the operator
I — S has norm less than 1 on X, where [ is the identity operator, and so the operator
S is invertible on X.

Given any f € B, we consider the function g = R*! f, where

a=b—(n+1).

Since R*! is a differential operator of order 1 with polynomial coefficients (see
Proposition 1.15), we have g € X. With h = S~'g € X we then have the represen-
tation

oo J
9(z2)=> Z (vﬁ(D’”)h(a’”) (3.13)

1= (2, ak;))"*0

where
B=0b+1)—(n+1)=b—n.

Apply the inverse of R*!, R, 1, to both sides of (3.13) and use Proposition 1.14.
We arrive at the representation

(1- |a;€j| )’
ZZ% (z,a15))b"

k=1 j=1
where
e — U8 (Drs)la;)
T Py

Since h € X and

v3(Dyj) < va(Dy) ~ (1 — |ag|>)" 1P
=(1- ‘ak|2)b+1 ~(1- ‘akj|2)b+1,

we have {cy;} € [°° and the proof of the theorem is complete. O

It is clear from the proof of the above theorem that the Bloch norm of a function
f is comparable to

inf{||{ck}||oo : f is represented by (3.12)}.

We can also adopt the proof of the preceding theorem to obtain an atomic decompo-
sition theorem for the little Bloch space.
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Theorem 3.24. For any b > n there exists a sequence {ay} in B,, such that By
consists exactly of functions of the form

where ¢, — 0 as k — oo.
Proof. By the proof of Theorem 3.23, there exists a constant C' > 0 such that

> (11_&'; )

< C'sup |el,
= E>1

where || || is the norm in B. It follows that if ¢;, — 0, then
Jim|f ]l =0,

where f is given by the series (3.12) and {fn} is its partial sum sequence. Since
each fy is obviously in By, we see that f € By whenever ¢, — 0.

To prove the other direction, we consider the action of the operator S (corre-
sponding to the parameter b + 1) on the space

Xo={f € HB,): (1 |2*)f(2) € Co(Bn)}-

The differential operator R>1 is a bounded invertible operator from 5y onto Xj.
When the seperation constant r for {ay } is small enough, S is invertible on X, and
the proof of Theorem 3.23 shows every function f € By admits a representation

24 2M (1 (2, )
with
o — vg(Drj)h(ak;)
T Jag )
where h € Xj. Since
vg(Dr;) < v(Dy) ~ (1 — [ag|*)"H!

and 1 — |ay;|? is comparable to 1 — |ay|?, the condition
lim (1 — |ax;]?)h(ar;) =0
k—o0

implies that ¢; — 0 as k — 0o, and the proof is complete. O
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3.7 Complex Interpolation

In this section we give further evidence that the Bloch space behaves like the limit of
AP when p — oo. We illustrate this behavior with the complex interpolation between
B and the weighted Bergman spaces A?.

Theorem 3.25. Suppose a > —1 and
1 1-6

where 6 € (0,1) and 1 < p’ < co. Then

«

[Ag’ : B} = AP
0
with equivalent norms.

Proof. Fix some real number [ such that 3 > «. According to Theorem 2.11, Pg
is a bounded projection from L4(B,,, dv,) onto A% for any 1 < ¢ < oco. Also, by
Theorem 3.4, Pg maps L>°(B,,) boundedly onto 5.

If f € A2 C L?(B,,, dv, ), then by the well-known complex interpolation of L?
spaces, there exists a family of functions h¢ in

LP(B,,dv,) + L= (B,,) = LP(B,,, dv,)

such that

(a) h¢ depends on the parameter ¢ continuously in 0 < Re{ < 1 and analytically
in0<Re( < 1.
(b) he € LP (By,, dvg) for Re¢ = 0 and h¢ € L*°(B,,) for Re ¢ = 1, with

sup{||h¢llys o : ReC =0} < [IA]} .,
and
sup{[|i[oc : ReC =1} < [|A[[p,a-
©) f = hy.

Let f = Pgh¢. Then f¢ € Agl forRe( =0, fc € BforRe( =1, and fo = f.
Appropriate norm estimates also hold for Re ¢ = 0 and Re { = 1. This shows that
f e [A? Bl

Conversely, if f € [AZ, By, then there exists a family of functions f; in

AP +B = AP,
where the parameter ( satisfies 0 < Re { < 1, such that

(i) f¢ depends on the parameter ¢ continuously in 0 < Re ¢ < 1 and analytically in
0<Re(¢<1.
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@) || fellpr,a < |Ifllo forallRe¢ =0 and || f¢||g < || f]lo for all Re { = 1.
(iil) f = fo.
Define Rfu(2)
_ a1 2 ¢\z
@) = - 1) (1) + D),

where 0 < Re ( < 1. By Theorem 2.16,

Ihcllpra < Cllfellpras  Re(=0,
and by Theorem 3.4,

lh¢lloo < Cllfells,  Re¢=1.

By the complex interpolation for L? spaces, we have hy € LP(B,,dv,). Since
fo = Pghg (see the proof of Theorem 3.4), we conclude that f belongs to A?.
This completes the proof of the theorem. ad

Notes

The Bloch space of the unit disk plays an important role in classical geometric func-
tion theory. Several excellent surveys exist, including [7], [8], [14], [15], and [124].

Serious research on the Bloch space of the unit ball began with Timoney’s papers
[111] and [112]. In particular, Theorem 3.4 was proved in [111], although the proof
here is less technical and more constructive. Theorems 3.6 and 3.9 are from [134].

The integral representation for the Bloch space and the duality between Al and
B can be found in many different papers, including [99] and [100], and any attempt
to find their first appearance would prove difficult. The explicit identification of the
Bloch space as the dual of A2, 0 < p < 1, using an appropriate weighted integral
pairing, was done in [133].

Pointwise multipliers of the Bloch space was characterized in [9] and later, in-
dependently, in [123]. The maximality of the Bloch space among Mobius invariant
function spaces was proved in [93] and [113].

Atomic decomposition for the Bloch space can be found in [30] and [91]. The
complex interpolation spaces between the Bloch space and a Bergman space A2,
1 < p < o0, have been well known to be just the Bergman spaces A%, p < ¢ < oo,
although a precise reference for the result is lacking.

Exercises

3.1. Suppose m = (my,---,m,) is any given multi-index of nonnegative integers
with |m| > 0. Show that a holomorphic function f in B,, belongs to the Bloch space
if and only if

8 zm

Sup{‘am(fo 2 (0)} g€ Aut(IB%n)} < .
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3.2. Suppose L is any nonzero linear functional on H (B,,). If a holomorphic function
f in B,, satisfies
sup{|L(f 0 )] : ¢ € Aut(B,)} < ox,

then f belongs to the Bloch space. If, in addition, L(1) # 0, then f belongs to
H>(B,).

3.3. Construct an unbounded function in By and a bounded function not in 5.
3.4. Show that the Bloch space is not separable.
3.5. Show that H>* C B with || f||5 < || f]]co-

3.6. Show that for every point ¢ € Sy, the function f(z) = log(1 — (2, ()) belongs
to the Bloch space, but not to the little Bloch space.

3.7. Suppose s > 0 and f is holomorphic in B,,. If the function
9(z) = (1= |22 £ (2)
belongs to C(B,,), show that g actually belongs to Co (B, ).
3.8. Show that for any real a and b there exists a positive constant C' such that

(1 =]z (1= (w,u))

YT ) (1 ()

< CB(z,w)

for all z, w, and u in B,, with 5(z, w) < 1.

3.9. Suppose f is holomorphic in B,, and ¢ > 0. Show that f € B if and only if the
function (1 — |2|?)!R! f(z) is bounded in B,,.

3.10. Suppose f is holomorphic in B,,, ¢ > 0, and
g9(z) = (1= [ R f(2).
Show that f € By if and only if g € Co(B,,) if and only if g € C(B,,).

311.If @ : By — By is alinear operator satisfying | 2(f)||z = || f|| forall f € B,
show that there exists some ¢ € Aut(B,,) such that

D(f) = fop— flp(0)), f € Bo.
See [62].

3.12. Show that the Taylor coefficients {a,,} of a function f € B are bounded.
Similarly, if f € By, then its Taylor coefficients {a,, } tend to 0 as |m| — oo.
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313.1f f € Band a = (a1, -+, ay,) € B,. Show that there exist functions fj € B,
1 < k < n, such that

n

f(2)=fla) = (z—an)fu(z),  z€Bn.

k=1
Do the same with I3 replaced by By.

3.14. Show that

n+1
(VI s <13 = 50" o,
for every z € B,,.

3.15. Show that there exists a function f in By such that f cannot be approximated
by its Taylor polynomials in the norm topology of B.

3.16. For any b > 0 there exists a positive constant C' with the following property. If
h is any bounded function of the form

h(z)=(1—|z*)"f(2),  z€By,
where f is holomorphic in B,,, then
|h(2) — h(w)| < C|h]locB(2, w)
for all z and w in B,,.

3.17.Let & = b — (n + 1) and define an operator A on B as follows.

Af(Z) _ Z va(Dk)h(ak)

(1 ()
where R
he) =Tl (f0+ T )

Show that A is invertible on B when the separation constant r for {ax} is small
enough. Use this to give an alternative proof of the atomic decomposition of 5.

3.18. Show that
(1= lal®)(|2[* = [{z,a)?)

lpa(z) —al” = 11— (z,a)|?

for all ¢ and z in B,,.
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3.19. For any p > 0 there exists a constant C' > 0 (depending on p) such that

1 :|P/2

[ 1560p aso) < it o

forall f € B with f(0) = 0.

3.20. Show that a holomorphic function f in B,, belongs to 5 if and only if

[f(2) = F)I(1 = [=[»)2(1 ~ Jw]*)!/?
w = Pu(z) = (1= [w[*)/2Qu(2)]

where the supremum is taken over all z € B,, and all w € B,, — {0}. Recall that P,
is the orthogonal projection from C™ onto the one-dimensional subspace spanned by
w, and Q,, is the orthogonal projection from C" onto the orthogonal complement of
w. See [72].

sup < 00,

3.21. Show that

tim sy ) = sup{|9(2) 17 < 1)

woz |2 — W]
forall z € B,,.

3.22. Let M be the Banach space of all finite Borel measures p on B,, equipped with
the norm ||p|| = |p|(B,,). Then M is the Banach dual of C(B,,). Show that A} is
weak-star closed in M.

3.23. Reprove the first part of Theorem 3.23 when the sequence {ay} is replaced by
the more dense sequence {a; }.

3.24. For any o > 0 formulate and prove an atomic decomposition for the space
A~ consisting of functions f € H(B,,) such that

1£ll-a = sup{(1 = [2[*)*|f(2)] : z € Bn} < co.
Show that this cannot be done for H>(B,, ).
3.25. Formulate and prove a duality theorem between A% and A=,
3.26. Is the Bloch space isomorphic to H>°(B,,)?

3.27. Suppose ¢ is holomorphic in B,,. Show that the following two conditions are
equivalent:

(a) p € B.
(b) There exists a constant C' > 0 such that

/IPa(<pf)(Z)|2dva(Z)§C/ [ (2)]* dva(2)
Bn

Bn

forall f € AZ.
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3.28. Suppose ¢ is holomorphic in B,,. Show that the following two conditions are
equivalent:

(a) p € B.
(b) There exists a constant C' > 0 such that

/ 0(2)F(2) = Pl () dva(z) < C / £ dua(z)
B

Bn

forall f € AZ.

3.29. Formulate and prove the little oh versions of Problems 3.27 and 3.28.
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Hardy Spaces

In this chapter we study holomorphic Hardy spaces and the associated Cauchy-Szego
projection. Main topics covered include the existence of boundary values, the bound-
edness of the Cauchy-Szegd projection on L?(S,,, do) for 1 < p < oo, Littlewood-
Paley identities based on the the radial derivative and the invariant gradient, embed-
ding theorems, and complex interpolation. Since the boundary behavior of functions
in Hardy spaces are usually studied via the Poisson integral, the first section of the
chapter contains the basic properties of the Poisson transform.

4.1 The Poisson Transform
The Bergman kernel plays an essential role in the study of Bergman spaces. Two

integral kernels are fundamental in the theory of Hardy spaces; they are the Cauchy-
Szego kernel,

1
and the (invariant) Poisson kernel,
_ =P
P(z,¢) = 1 (2020 (4.2)

Note that the Poisson kernel here is different from the associated Poisson kernel
when B,, is thought of as the unit ball in R2", unless n = 1.
The following result will be referred to as Cauchy’s formula.

Proposition 4.1. If [ belongs to the ball algebra, then

f(2) = / C(z.0)f(C) do ()

Sn

forall z € B,
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Proof. For any given z € B,, the Cauchy kernel C(z,() is bounded in { € §,,.
Approximating f by f, uniformly on B,,, and then approximating each f, uniformly
by its Taylor polynomials, we reduce the proof of Cauchy’s formula to the case where
f is a monomial.

When f(z) = 2™, where m = (mq,---,m,) is a multi-index of nonnegative
integers, we have

("do(Q) _ Tk miy A do
/sn (1= (z, )" _kzo T (n) /SnC (2,()" do(C)

Iml' L'(n
Since |
(2, Q)M = Z |m||' 22¢°
ol
la|=|m|
by the multi-nomial formula, where @ = (v, - - -, @) is a multi-index of nonnega-

tive integers, we have

¢mdo(C) 7F(n+|m| |m| 2 o
/sn 1—(z,¢)»  |m['T(n / I¢™ " d

An application of Lemma 1.11 then gives us
/ "o (Q) _
Sn (1 - <27<>)n

As a consequence of Cauchy’s formula we obtain the following Poisson integral
representation for functions in the ball algebra.

a

Proposition 4.2. If f is in the ball algebra, then

f(z) = /S P(z.0)f(¢) do ()

forall z € B,.
Proof. Fix f in the ball algebra and z in B,,. The function
g(w) = f(w)C(w, 2), w € B,,

also belongs to the ball algebra. Applying Cauchy’s formula to g at the point z, we

obtain
HONNS / £(¢)do (<)
Q=[P Js, 1= (2O

or

f(2) = /S P(z.0)f(¢) do(0).

which is the desired integral representation. ad
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For every function f € L'(S,,do) we can define a function P[f] on B, as
follows.
PUIE) = | Pla0F(Qdoc). @3)
Sn
The function P[f] will be called the Poisson transform, or the Poisson integral, of f.
More generally, if u is any finite complex Borel measure on S,,, we define

Pl(z) = /S P(z.0)du(C),  z€B,. (4.4)

The function P[y] is called the Poisson transform, or the Poisson integral of .
The Cauchy transform of a function in L' (S,,, do) is defined as

Clf)(z) = /S CzOf(Q)do(¢), =z €By, “.5)

and more generally, the Cauchy transform of a finite complex Borel measure p on
S,, is defined as

Clhl(z) = / O(2,Q)du(¢), = € By 4.6)

Sn

The Cauchy transform will be studied in Section 4.3.

In this section, we prove several fundamental properties of the Poisson trans-
form, including the Mobius invariance and the existence of boundary values almost
everywhere on S,,.

First recall that every automorphism ¢ is the composition of a unitary U and a
symmetry @,. It is clear from the definition that each ¢, extends holomorphically
to the closed unit ball. Furthermore, the restriction of ¢, to the unit sphere S,, is a
homeomorphism. The same can be said for each unitary and hence for each auto-
morphism of B,,.

The following result states that the Poisson transform is invariant under the action
of the automorphism group.

Theorem 4.3. If f € L'(S,,,do) and ¢ € Aut(B,,), then
P[f o ¢l(2) = P[fl(¢(2))
forall z € B,.

Proof. By an approximation argument, we may assume that f is continuous on the
unit sphere S,, .
Write ¢ = U,, where U is a unitary and a = o~ 1(0). By Lemmas 1.2 and 1.3,

It follows that
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/ P(o(rn). 0()) do(n) = P(2(0), 9(0))

Sn

for ¢ € Aut(B,), ¢ € S,, and 0 < r < 1. Replacing ¢(¢) by ¢ in the above
equation, and then using Fubini’s theorem, we obtain

PO = [ PLAp(r6)) do(0)
forall 0 < r < 1. For f continuous on S,,, it is easy to see that

lim P[f](¢(r¢)) = f((C))

r—1-

uniformly for ¢ € S,,. Thus

or
Pf(¢(0)] = P[f o ¢](0).
In general, we apply the above identity twice to obtain
Plfl(¢(2)) = Pfl(¢ e ¢=(0)) = P[f o ¢ 0 0:](0)
= P[f o ¢l(p=(0)) = P[f o ¢](2).
This proves the Mobius invariance of the Poisson transform. ad

Corollary 4.4. If f € L'(S,,, do), then we have the change of variables formula

/ fop(()do(¢) = / P(a,O)F(C) do(¢) @)
Sn S

for every ¢ € Aut(B,,), where a = ¢(0).
Proof. Simply set z = 0 in Theorem 4.3. ad

It follows from Corollary 4.4 that for any fixed z € B,, the Poisson kernel
P(z,() is the real Jacobian determinant of the mapping

Pzt Sn - Sn

with respect to the surface measure o. In particular, we have

/ foa(0)do(¢) = / P(z,0)£(C) do(¢) 48)
Sn

S’VL

for f € LY(S,,do) and z € B,,.
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Corollary 4.5. If f is in the ball algebra, then

F)P < /S Pz, Q) F(C)P do(C)

n

forall z € B, and 0 < p < oo.

Proof. The special case z = 0 follows from the subharmonicity of | f|P. For a general
z € B,, we apply the special case to the function

g(w) = fop,(w), w € By,

and make a change of variables according to (4.8). The desired result then follows.
O

We proceed to show that the Poisson transform of any finite Borel measure on S,,
has a very strong boundary value at almost every point of S,,. This will be used in the
next section to show that every function in any Hardy space must have a boundary
value at almost every point of S,,.

We begin with some geometric considerations and several notions of maximal
functions.

The first maximum function is defined for Borel measures on S,, in terms of a
so-called nonisotropic metric on S,,. Thus for z and w in B,, we define

d(z,w) = |1 — (z,w)|*/2. (4.9)
Elementary calculations (see Exercise 4.1) show that
d(z,w) < d(z,u) + d(u,w) (4.10)

for all z, w, and u in B,,. Furthermore, if z and w are points on S,,, then d(z, w) = 0
if and only if z = w. It follows that the restriction of d on S,, is a metric.
For ¢ € S,, and § > 0 we let

Q(¢,6) ={n €Sy, :d(¢,n) <6} (4.11)

be the nonisotropic metric ball at ¢ with radius d. It is obvious that Q((,d) = S,
when § > /2.

Lemma 4.6. There exist positive constants Ay and As (depending on n only) such

that 5
4 < 0@ _
H2n
forall ¢ €S, and all § € (0,/2).
Proof. The result is obvious when n = 1. Also, it follows from symmetry that

o(Q(¢,0)) is independent of (.
So we may assume that n > 1 and ¢ = e;. Applying (1.13), we obtain
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(QC.8) = (n— 1) /E R aa),

where
E(0)={z€eC: |z|<1,|1—z|<62}

and dA is the normalized area measure on C. From
1=z = (1= 21+ |z]) <201 —|2))

and the definition of F(J) we deduce

H@(G8) < (-2 [ (1= ) dAG)
E(9)
< (n—1)27 262D A(E(5))
< (n—1)2"25246% = (n — 1)2" 267",
On the other hand, for § < v/2, the set E (0) clearly contains
Q@) ={1+7re?:0<r <60 —n| <7/4}.
For z = 1 4 re? € Q(6), we have
1—|z]? =r(—=2cosb —r) >r(v2 1),

SO

o(QC.8) > (n—1) /Q IO ERRZE

" 1/ r”*Q(\/Qfl)"*Qrdr

2 0

n—1
— 2 _ 1 n—2 2n.
o, (V2-1)"7%

This completes the proof of the lemma.
We will need the following elementary covering lemma on several occasions.
Lemma 4.7. Suppose N is a natural number and
N
E = Q¢ o).

k=1
There exists a subsequence {k;}, 1 < i < M, such that
(a) The balls Q(C,, Ok, ) are disjoint.
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(b) The balls Q(Ck,, 30k, ) cover E.
(c) The inequality

[

I
A

K2

holds for
_ a(Q(C¢,30)) }
C sup{ #(Q(C,8)) (€S, >07.

Proof. First notice that C is a finite positive constant in view of Lemma 4.6.

Without loss of generality we may assume that the finite sequence {dy} is non-
increasing. We let k1 = 1 and construct a subsequence {k; } inductively as follows.

Suppose ¢ > 1 and k; has been chosen. If Q((y,, 0k,) intersects Q(C, dx) for
every k > k;, we stop. Otherwise, let k;;; be the first index k after k; such that
Q(Chisr» Oy ) is disjoint from Q(C,, Ok, ). Since the original collection is finite,
this process stops after a finite number of steps, and we obtain a subsequence {k;}
satisfying (a).

If k; <k < kit1, then & < 0y, and Q(x, dx) intersects Q(Cx, , Ok, ). It follows
from the triangle inequality that

Q(Cr, 0r) C Q(Cr,»30%,)-

Similarly, if kp; < k, then

Q(Clm 5/€) C Q(Ckl\/f ) 361€M)'
This proves (b). Part (c) follows from (b) and the definition of C. O

We now introduce the first maximal operator.
For a complex Borel measure £ on S,, we let |11| denote the total variation of i,
so |u| becomes a positive Borel measure on S,,, and we write ||u|| = |u|(S,). The

function
L IH@(G5)
=3 o 0))

is called the maximal function of i on S,,. It is clear that 4 and || have the same
maximal function.

When du = fdo, where f € L'(S,,do), we use M f to denote the resulting
maximal function. Thus

CESy, (4.12)

1
M = d Sn.- 4.13
(M£)(C) SUD Q. 6)) /Q(mlfl o, (€ (4.13)
For each fixed § > 0 the function
lu[(Q(C, 9))

)
C7 Q)
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is lower semi-continuous on S, . It follows that M 1 is always lower semi-continuous,
that is, the set

{Mp >t} ={¢eSn: (Mp)(C) >t}

is open in S,, for every ¢.

Lemma 4.8. There exists a constant C > 0 such that

o> < €

for every complex Borel measure 1 on S, and every t > 0.

Proof. Fix pand t > 0. If K is a compact subset of the open set {Mpyu > t},
then K is covered by a finite collection ® of open balls Q@ = Q(¢,d) such that
|1|(Q) > to(Q). Let &g be a subcollection of ® chosen according to Lemma 4.7.

Then
(Ue) <oy e
P e
and so o Cllul
I
o(K)<C Y o@ < D @<,
Qedo QEDy
where the disjointness of @ was used in the last inequality above. Taking the supre-
mum over all compact K in {Mp > ¢} gives the desired result. ad
If du = fdo is absolutely continuous with respect to o, then the preceding
lemma states that
to(Mf>t)§C’/ |f|do (4.14)
Sn

for all t > 0. In general, a measurable function g on S,, satisfying

sup(to(lg] > 1)) < oo
t>0

is said to belong to weak L'(S,,, do).

Theorem 4.9. For each p € (1, 00) there exists a constant Cy, > 0 such that

/S|Mf|ff’dasop/S PP do

Sorall f € LP(S,,, do).
Proof. 1t is obvious that the maximal operator M is sub-additive, that is,
M(f+g)<Mf+ My.

It is also obvious that M maps L>°(S,,) into L>°(S,,). The desired result then follows
from (4.14) and the Marcinkiewicz interpolation theorem. O
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The second maximal operator we will introduce makes use of certain approach
regions in B,, near S,,. Thus for ¢ € S,, and « > 1 we let D, (¢) denote the set of
points z in B,, such that

1= (2,0l < ==,

If @ < 1, the above condition defines the empty set. For any fixed ¢ € S,,, the regions
D, (¢) fill B,, as o« — oc.
For o > 1 and f continuous in B,,, we define a function M, f on S,, by

(Maf)(C) = sup{[f(2)] : 2 € Da(C)}- (4.15)

Since the continuity of f implies that { M, f < t} is closed in S,, for every ¢, the
maximal function M, f is lower semi-continuous.

Theorem 4.10. For every a > 1 there exists a constant C = C,, > 0 such that
Mo Plp) < CMp
for every finite complex Borel measure i, on Sy,.

Proof. Since M |u| = My and |Plu]| < P[|u|], we may as well assume that g is
positive. By Lemma 4.6, there exists a positive constant C' such that o(Q((,d)) <
Cé?" forall¢ €S, and § > 0.

Fix a point { € S,, such that M u(¢) < oo, and fix a point z € D,(¢). Let
r=|z|,t =8a(l —r),and

Vo={neS,:[1-{n Q| <t}
For 1 < k < N, where N is the first natural number with 2Vt > 2, define
Vi={ne€S,: 21t <1 - (n,¢)| < 2kt}.
Since Vi, C Q(C, V2Ft), we have
p(Vi) < p(Q(C, V251)) < Mpu(Q)o(Q(C, V24t)) < C(2)"Mp(C)  (4.16)

for0 < k< N.
Since P(z,n) < 2™(1 —r)~", we have

v P(z,m)du(n) < (21M<:,/;),3 <

For any n € S,,, we have

c (1 Qtr)n Mpu(¢) = C(160)" Mpu(C)-

11— (20l < 3(1 —l2P) a1 = |2]) < afl = (z,n)],

or
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d(z,¢) < Vad(z,m).
It follows from the triangle inequality for the nonisotropic “metric” d on B,, that
d(¢,m) <d(¢,2) +d(z,n) < (14 Va)d(z,n) < 2Vad(z,n).

If1 <k < Nandn € Vg, then

|1 - <<777>| < 40é|1 - <Zan>|7

(4at)™ 16a\"
P < = (1)

This along with (4.16) shows that

/Vk P(z,m)dp(n) < (ﬁ‘;‘)nu(v,@) <C (126;‘)”]\4#(()

forl1 <k <N.
From the decomposition

/P(zm)du(n):/Pzndu +Z/ (2,m) dp(n)

n

and so

we now deduce that

| Pemntn) < 20160 2u(0)

n

Since z € D,(() is arbitrary, we conclude that
Mo P[p)(¢) < 2C(160)"™ M pu(Q),
completing the proof of the theorem. a

Corollary 4.11. For every 1 < p < oo and o > 1 there exists a constant C > 0
such that

[ tartpas<c [ irpdo

Sn Sn

Sorall f € LP(S,,,do).

Proof. This is a direct consequence of Theorems 4.9 and 4.10. a

We need two Lebesgue differentiation type results before we can prove the exis-
tence of boundary values of the Poisson transform of a measure on S,,. The phrase
“for almost every ¢ € S,,” always refers to Lebesgue measure o, unless otherwise
specified.
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Lemma 4.12. If f € L(S,,, do), then

1
li - do =0 4.17
B @y oy O @17)

for almost every ¢ € S,,. Consequently,

f(¢) = lim

1
d 4.18
2 5(Q(C, 5)) /W) fdo (-18)

for almost every € S,

Proof. Define

. 1
Ty(©) =tmsup o 5))

For any € > 0 we can find a function g, continuous on S,,, such that

/ F—fOldo, €S
Q(¢,9)

||fng1:/S f —gldo <.

Leth=f—g ThenTy <T,+ Ty, T, = 0, and Ty, < |h| + Mh. It follows that
Ty < |h| 4+ Mh, and so for any ¢ > 0, {Ty > ¢t} is a subset of

Et{|h|>;}U{Mh>;}.

t t
hldo > h .
/Sn| | 0_20(| |>2)

Combining this with (4.14), we find a constant C' > 0, independent of ¢ and €, such
that

Note that

_ Cllnlh _ e

o () t Tt

This implies that

o(Ty > 1)< ©°

Since € is arbitrary, we must have o{Ty > ¢t} = 0 for any ¢ > 0. Since ¢ is arbitrary,
we conclude that T (¢) = 0 for almost every { € S,,. O

Corollary 4.13. If f € L'(S,, do), then |f(C)| < M f(C) for almost every ( € S,,.

Proof. Since

< M f(Q),

1
o(Q(C.5)) /Qm) fdo

the desired inequality follows from (4.18) in Lemma 4.12. O
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Lemma 4.14. Suppose 1 is a finite Borel measure on S,,. If  is singular with respect

to o, then (Q( )
. w(Q(C,90))
R TT0)

for almost every ¢ € S,,.

Proof. Without loss of generality we may assume that g is positive. Define

, n(Q(¢,0))
Du(¢) = limsup ,
( §—0 O—(Q(Ca 6))
For any positive number € we can decompose ;1 = p1 + p2, where py is the
restriction of ;4 to some compact set K with o(K) = 0 and ||uz2|| < e. Off the
compact set K, we have Dy = 0, or Dy = Dys. It follows that for any positive
number ¢,

C € Sn-

KU{Du>t}=KU{Dpus >t} C KU{Mpg > t},

so the o-measure of the last set is at most C||u2|| /¢, where C'is the positive constant
from Lemma 4.8. Since ||u2|| < € and € is arbitrary, we must have o{Dp >t} =0
for any ¢ > 0. Letting ¢ — 0, we conclude that Dy (¢) = 0 for almost every ¢ € S,,.

O

For any finite complex Borel measure i on S,,, we consider the Lebesgue decom-
position du = f do + dpus, where f € L(S,,, do) and p; is singular with respect to
0. Combining (4.18) and Lemma 4.14, we conclude that

mQ(¢,9))

%Ln(l) a(Q(¢,6)) = f(¢) 4.19)

for almost every ¢ € S,,.
In what follows we are going to write

iy MQ(C9))
-0 0(Q(C, )

for { € S,,, whenever the limit exists. If dy = f do + dus is the Lebesgue decom-
position of yu, then

dp

s (4.20)

(€) = Du(¢) =

dp
do f

4.21)
almost everywhere on S,,.
Suppose f is a function on B,,. We say that f has K-limit L at some ¢ € S,,, and
write
Klimf(¢) = L,

if for every o > 1 we have

flz) =L

lim
2—(,2€Da(C)

We can now prove the existence of boundary values of the Poisson transform of
any finite complex Borel measure on S,,.
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Theorem 4.15. If 11 is a finite complex Borel measure on S,, then

KlimP[u)(¢) = (¢)

for almost every point € S,,.

Proof. First assume that p is positive and ¢ € S,, is a point such that

dup, .
T =o.

For any € > 0 we can find a positive number . such that

mQ(¢;9)) < ea(Q(C,9))

forall § € (0,d.). Let u. be the restriction of u to Q((,d.) and let v = p — pe. It
is clear that P[v] has K-limit 0 at ¢ and M p(¢) < e. If a sequence {2z} C D, (Q)
converges to (, then by Theorem 4.10,

lim sup P[u](zx) = limsup (P[v](zx) + Plpe](2x)) < Ce.

k—o0 k—o0

Since ¢ is arbitrary, we must have
Klim o P[u](¢) = 0. (4.22)

Since | P[p]| < PJ|u|], a combination of this and Lemma 4.14 proves the theorem in
the case when p is singular.

Next assume that p is absolutely continuous with respect to o, say, du = f do.
By Lemma 4.12,

1
I ~ f(O)|do =
1 0(Q(¢,8)) /Q<<,5>'f f(Q)ldo =0

for almost every ¢ € S,,. Fix a point { € S,, such that the above limit is zero and
define a finite positive Borel measure p’ on S,, by

"E) = — do.
W (E) / If — f(Q)]
By Lemma 4.12, we have

du’

4o M =11 ) = (O]

for almost all 7 € S,,. It follows that

du’

=0
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and

Pl/)(z) = | P(z,m)du'(n)

n

P(z,n)|f(n) — f(Q)ldo(n)

n

> [P[f](z) = F(QI-
Combining this with (4.22), we see that the K-limit of P[f] — f(¢) at { is 0, that is,

KlimP[f](¢) = f(C)-

The general case then follows from the Lebesgue decomposition of (. ad

— o—

Corollary 4.16. If g € L'(S,,,do) and f = Plg|, then

Klimf(¢) = g(¢)

for almost every ¢ € S,,. If v is a singular measure on'S,, and f = P[], then
Klimf({) =0

for almost every ¢ € S,,.

4.2 Hardy Spaces

For 0 < p < oo the Hardy space H? consists of holomorphic functions f in B,, such
that

1712 = sup / FrO)IP do(C) < oo. 4.23)
0<r<1Js,,

We begin with the maximum rate of growth for a function in H? near the bound-
ary of B,,.

Theorem 4.17. Suppose 0 < p < oo and f € HP. Then

1£1lp

Sorall z € B,,. Furthermore, the exponent n/p is best possible.

Proof. Fix f € HP and z € B,,. For any 0 < r < 1 consider

(1= [2*)m/

Er(w) = frle=(w)) [ yy2nse’

w € B,
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where f.(w) = f(rw) forw € B, and ¢, is the involutive automorphism of B,, that
interchanges 0 and z. By the subharmonicity of |F;.|P and the change of variables
formula (4.8), we have

F (O] < /S F QP do(C) = /S £ do(C) < 1712,

The desired result then follows from letting » — 17 O

It is easy to see that the exponent n/p in the theorem above is best possible.
However, by approximating functions in H? by polynomials (see Corollary 4.26) we

can show that )
10 =0( (o) =1

forevery f € HP.

As a consequence of Theorem 4.17 we see that point evaluations are bounded
linear functionals on each of the Hardy spaces. Actually, point evaluations are uni-
formly bounded on compact subsets of B,,.

Corollary 4.18. Suppose 0 < p < oo and K is a compact subset of B,,. Then there
exists a constant C' > 0 such that

IF < Clfllp
forall f € HP and z € K.
Next we show that the Hardy spaces are all complete.

Corollary 4.19. If 1 < p < o0, the Hardy space HP is a Banach space with the
norm || ||p- If0 < p < 1, H? is a complete metric space with the distance function

d(f,g) = lf —alp.

Proof. 1t suffices to show that each H? is complete in || ||,. So assume that {f;}
is a Cauchy sequence in HP. By Corollary 4.18, the sequence { fi.(z)} is uniformly
Cauchy on every compact subset of B,,. It follows that { f } converges to a holomor-
phic function f in B,,, and the convergence is uniform on every compact subset of
B,,.

Given any € > 0 there is a natural number /N such that

Ifr = fillp <, k> N,l > N.

For any 0 < r < 1 we have
[ 1) = £00)P do(©) = fim [ 1760 ~ Q)P do(e) <
Sn - Js,

whenever k > N. It follows that f, — f € HP forall k > N, so f € HP, and

e = fllp <€
for all £ > N. This shows that H? is complete . O
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We are going to prove two Littlewood-Paley type idenities for H? in terms of the
radial derivative and the invariant gradient. Thus for 0 < p < oo and f holomorphic
in B,, we introduce the integral means

f)= <j£n|f(r<>V’da(<)>1/p,

where 0 < r < 1. We shall see that Mp(r, f)P, as a function of r, is differentiable
on [0,1).

We begin with the case n = 1.

Let f be a nonconstant analytic function in the unit disk D with f(0) = 0 and
p > 0. Fix any » € (0,1) such that f does not have any zero on |z| = r. Let
{#z1,+*,2m} be the zeros of f in 0 < |z| < r. Define

m
Q:Qez{zeD:|z|<r}—{z€D:|z|§e}—U{ze]D):|z—zk|§e},
k=1

where € is a small enough positive number such that the disks being removed from
|z| < r to form ). are disjoint.
The classical Green’s formula states that

ou ov
Au — uA = —
/Q(v u — ulAv) dzdy /BQ (Uan uan) ds,

where u(z) = |f(2)|P, v(z) = log(
have

o >
AlfIP) 1 dx dy = pl
[ catseyio | deay= [ (O vox T <11 ) o
. o] , O )
Lq(% o8 || ~IIP oy log
" ofr v
ZL%4<%I%M|NGM%0@

), and z = x + dy. Since Av = 0 in 2, we

k=1
On the circle |z| = r, with z = re'? . we have
0 1
log " =0, log (R , ds =rdb.
|z on H r

It is easy to see that

P
lim o/ log " —|fI? 0 log " ds =0,
|z|=e on 2]

e—0 on |z

andforl <k <m,
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P
lim <8|f| log \f|” log > ds = 0.
|z—z|=¢€ on | | | |

e—0

Since
2

NG =4 0 1P = PIr PP

whenever f(z) # 0, and since the singularity of | f'(2)|?|f(z)|P~2 at each zero in D
is integrable with respect to area measure, we let € approach 0 and conclude that

2T
P PO o8 [ dedy = [ it

We established this under the assumption that f is nonvanishing on |z| = r. A con-
tinuity argument then shows that the above identity holds for every r € [0, 1). Using
polar coordinates on |z| < r, we can write

I 0 p " T o N 6 |p—2
0\ |p _ 1 ! 7 0\ |p—
A N L AT PR

2 r 2T
_p logr/ tdt/ 7 () 2| f (t9) P2 dB
27T 0 0

pz T 1 27 ) )
+ /tlog dt/ |/ (te®) 2| f (te'®)|P~2 db.
2w 0 t 0

Differentiating with respect to r, we arrive at

i (e [ Vietpan) =70 [ @RI A

We now generalize this formula to higher dimensions.
Theorem 4.20. Suppose f is holomorphic in B,, and f(0) = 0. Then

Py =0 [ REPIE ) @

forall0 <p<ooand( <r < 1.

Proof. We have just proved the case n = 1. When n > 1 and f is holomorphic in
B,,, we consider the slice functions

fc(w):f<w<-)7 weDaCESn-

Each f¢ is then an analytic function in the open unit disk ID. We apply the one-
dimensional result to each slice function to obtain

d 27
rantror =1 [ e [ 1P ice )yt
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It is easy to see that

wfi(w) = (Rf)(w(), weD,(ES,.
It follows that
d 2 T dt 27 4 4
gy Mo JO" = ;r/o ¢ /O |RF(tCe™) 2| (tCe™) [P~ db.

Integrate both sides of the above equation over { € S,, with respect to the measure o
and apply Lemma 1.10. We obtain

d "d
Pty =0t [ [ R RIS a0 P2 o)

By Lemma 1.8, the above identity can be rewritten as

2
P Mo = [ RIGPU el )

This completes the proof of the theorem. ad

Corollary 4.21. If 0 < p < oo and f € HP, then the integral means My(r, f) are
increasing in r, and

1£llp = l,_l_ig{ My(r, f).

Proof. Obvious. O
Theorem 4.22. Suppose 0 < p < co. Then

1f = FOI = pQ/B RF)PIF(2) = FOP 2|z log | du(z)

2n |z
forall f € HP.
Proof. Without loss of generality we may assume that f(0) = 0. In this case, we

divide both sides of the equation in (4.24) by r and then integrate with respect to r
from O to ¢, where 0 < ¢ < 1. The result is

p_ PP [Tdr p-2|,|-2n
Mgy = [0 RSP o).

By Fubini’s theorem,

Mt gy =4 [ R [

2n 2| T

2

_ / FEP RG] log ||
|z|<t

d .
2n 2] v(z)

Let t — 1 and the desired result follows from Corollary 4.21 and the monotone
convergence theorem. a
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Note that a consequence of the theorem above is that a holomorphic function f
in B,, belongs to H? if and only if

dv(z) < o0,

[ IRFGPI@P > g |
Bn |2

which is clearly equivalent to
/IB [RF()PIF(2)P2(1 = [2]*) du(2) < oo.

We now derive a similar representation of the HP norm in terms of the invariant
gradient of f.

Theorem 4.23. Suppose 0 < p < 0o and f is holomorphic in B,,. Then
p_ p p\? Vi 2 p—2
171 =170P +(5) | WF@PIEP26E ), @29

where G is the invariant Green function.

Proof. Tt suffices to prove the result for f holomorphic up to the boundary; the
general case then follows from an approximation argument. Note also that Theo-
rems 4.23 and 4.22 are the same when n = 1. So we assume n. > 1.

For any € > 0 we consider the function

f@2)=(fP +e??,  z€B,.

It is clear that f. is real-analytic on B,,. If r is a small enough positive number, we
apply the invariant Green’s formula (see Theorem 1.25) in the shell » < |z| < 1 —r

to write the integral
/ GAf.dr
r<|z|<l—r

Joor o) o= [ (0~ t) o

where 7 is the unit outward normal vector in the Bergman metric and & is the surface
area element in the Bergman metric; see Section 1.6. Let 7 — 07 and use the same
arguments from the proof of Theorem 1.27. We obtain

/Bn G&fEdT/Sn fedo — f.(0),

as

or

/S (F QP + /2 do(¢) = (FO) + P + / G(2)Afu(z)dr(z). (4.26)

IB?’I,

A straightforward computation shows that
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|2|f(2)|2 +2¢/p

K1) = (5) s + o Gpp 1 207,

SO

lim Af.() = (p)2 ()P 2T £ ()

e—0t 2

for almost every z € B,,. Let ¢ — 0 in (4.26) and use Fatou’s lemma. We conclude
that

[ Fr@PIeI 266 are) < .

n

It is easy to see that

SR/ _ (2
FEPE+e = <p’1)

for all z € B,,. Since f is assumed to be holomorphic up to the boundary, for every
p > 2 there exists a constant C' > 0 such that

0<Af(2) <CIVF(2)?, 2€B,0<e<l.
For every 0 < p < 2 there exists a constant C' > 0 such that
0<Af(2) <CIVIR)PIF(2)IP2, 2€B,0<e<l.

Since
[ 6ORs@R ) <o [ RSP 6E () < o
we can let € — 0 in (4.26) and apply the dominated convergence theorem to obtain
[ ora@=iror+ (5)° [ Frepseree )

This completes the proof of the theorem. a

A consequence of the preceding theorem is that a holomorphic function f in B,
belongs to H? if and only if

[ Rf@PI@P 6@ ) <, (4.27)
which is clearly equivalent to
= 5 du(2)
| w2 M, <. (4.28)

n

Also notice that if we replace f by f — f(0) in Theorem 4.23, then the identity (4.25)
becomes



4.2 Hardy Spaces 129

1=l =(5) [ FIEPIC) - 026 ar) @)

for all holomorphic functions f in B,,.
The following result is the generalization to B,, of the classical Hardy-Littlewood
maximal theorem.

Theorem 4.24. For every o > 1 there exists a constant C = C(a) > 0 such that

/S Mo fIPdo < C|fII,

forallp > 0and f € HP.

Proof. Fix some p € (0,00) and f € HP.
For g = | f|P/? we can apply Corollary 4.5 to obtain

g(z) < /S P(zQ)gr(Q)do(¢), =€ By, (4.30)

where g,(2) = g(rz) for r € (0,1) and z € B,,. Since {g,} is a bounded set in
L?(S,, do), Alaoglu’s theorem tells us that there exists a sequence {7z} C (0, 1),
increasing to 1, such that {g,, } weakly converges to some h in L2(S,,, do). Further-
more, Fatou’s lemma gives

/|h|2da§hminf/ |gr, | do = || fIIP.
S, k—o00 Sn

For any fixed z € B, the function ¢ — P(z,() is in L%(S,,do), so we can
replace r by 7 in (4.30) and let £ — oo. The result is

o(2) < /S P(z.Oh(()do(¢),  z€B,.

n

Since | M, f|P = |M,g|?, we have

| Mo fIP < |MoPh]|?

on S,. By Corollary 4.11, there exists a constant C' > 0, independent of p and f,
such that

[ asirds < [ pPRPds <c [ bR o=,
This completes the proof of the theorem. O

We now show that functions in Hardy spaces have K -limits almost everywhere
on S,,, and each HP can naturally be identified with a closed subspace of L?(S,,, do).
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Theorem 4.25. Suppose f € HP with 0 < p < oco. Then the limit
fH(¢) = Klimf(¢)

exists for almost all { € S,,. Moreover,

1= [ £ dotc)

and

lim /S 1) = £ do(6) =0

r—1-—

Proof. We prove the case p > 1 here. The case p < 1 is more involved and less
complex analytic; we refer the reader to [94] for a full proof.

Ifl < p < coand f € HP, then the set {f, : 0 < r < 1} is bounded
in LP(S,,do), where f,.(() = f(r¢) for ( € B, and 0 < r < 1. By Alaoglu’s
theorem, there exists a sequence 7 that increases to 1 such that the sequence

fk(g):fm(C)a ¢ €Sy,

weakly converges in LP(S,,,do) to some g € LP(S,,, do). For each fixed z € B,,,
the function

¢— P(2,0)
isin L4(S,, do), where 1/p + 1/q = 1. Therefore,

Jim Pfi](2) = Plgl(=)

for every z € B,,. Since P[fy](z) = f(rrz), we obtain f(z) = P[g](z) for every
z € B,,. Furthermore, Theorem 4.15 tells us that

Klimf(¢) = g(¢)

for almost all { € S,,.
If p = 1, the above argument can be modified to produce a finite complex Borel
measure p such that f = P[u]. According to Theorem 4.15, we still have

Klimf(¢) = 9(¢)

for almost every ¢ € S,,, where g do is the absolutely continuous part of .
Since each region D,,(¢) contains r¢ for r sufficiently close to 1~, we have

T £,(0) = 9(0)

for almost every ¢ € S,,. Fatou’s lemma then gives ||g[, < || f]l,-

It is easy to see that |f.| < M,f for r sufficiently close to 1. According to
Theorem 4.24, M, f € LP(S,,do). So we can apply the dominated convergence
theorem to obtain

lim /S 170 (O do(6) = 0.

r—1-

This completes the proof of the theorem for 1 < p < oco. ad
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Let HP(S,,) denote the space of all functions f*, where f € HP. Since H? is
complete, and the mapping f — f*is an isometry from H? into L?(S,,do), we
conclude that HP(S,,) is a closed subspace of L”(S,,, do).

Corollary 4.26. Suppose 0 < p < oo and f € HP. Then
T [1fy Sl =0.
Also, the set of polynomials is dense in each HP.

Proof. The first assertion follows from Theorem 4.25. The second assertion follows
from approximating each f, uniformly by its Taylor polynomials. a

Recall that the ball algebra A(B,,) consists of holomorphic functions f in B,, that
are continuous up to the boundary. Let A(S,,) denote the space of functions that are
restrictions of functions in A(B,,) to the sphere S,,. By the maximum principle, the
space A(S,,) is a closed subspace of C(S,,) with the sup-norm.

Since each function in HP can be approximated by functions in the ball algebra,
we see that the space HP(S,,) is the closure of A(S,,) in LP(S,,, do).

Corollary 4.27. Suppose p > 1 and f € HP. If f* is the boundary function of f,
then = P|f*] = C[f").

Proof. Forr € (0, 1) consider the dilation f,.(z) = f(rz), z € B,,. Then by Propo-
sitions 4.1 and 4.2, we have f, = P[f,] = C[f,] forall » € (0,1). The kernels
C(z,¢) and P(z, () are bounded in ¢ for any fixed z € B,,. Since

r—1-

lim /S HO - QP o) =0

we can let r — 1 and take the limit inside the Poisson and Cauchy integrals to obtain

f=Pf]1=Clf] O

From now on, we are going to use the same symbol f to denote a function in H?
and its boundary function in LP(S,,).

4.3 The Cauchy-Szego Projection

Since H? can be identified with a closed subspace of L*(S,,, do), there exists an
orthogonal projection from L2(S,,,do) onto H?. We denote this projection by C
and call it the Cauchy-Szeg0 projection.

As a Hilbert space of holomorphic functions in B,,, H? has every point evaluation
in B,, as a bounded linear functional; see Theorem 4.17. Therefore, H? possesses a
reproducing kernel, that is, for every z € B,,, there exists a function K, € H? such
that f(z) = (f, K,) forall f € H?, where (, ) is the inner product in H2.
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Proposition 4.28. The Cauchy-Szegi kernel is the reproducing kernel of H* and the
Cauchy-Szego projection C : L*(S,,do) — H? is simply the Cauchy transform,

that is,
N = [ 000 = [ fQ) do ()

Qg @D

where f € L*(S,,do) and z € B,,.

Proof. Recall from Proposition 4.1 that the Cauchy-Szego kernel reproduces func-
tions in the ball algebra. Since the ball algebra is dense in each H?, the Cauchy-Szego
kernel also reproduces functions in H*. In particular, the Cauchy-Szego kernel repro-
duces functions in H2. By the uniqueness of reproducing kernels, the Cauchy-Szego
kernel is the reproducing kernel of H?.

For each z € B,, let

Then h, € H?, and for f € L2(S,,,do), we have
(Cf)(Z) = <Cf’ hz> = <f7 Chz> = (f’ hZ))

where (, ) is the inner product in L2(S,,,do). This shows that the Cauchy-Szego
projection C' is given by

(Ch)(z) = /S (2.0 f(C) do(().

a

Our goal in this section is to show that the Cauchy transform maps L?(S,,, do)
boundedly onto the Hardy space H? when 1 < p < oo. This will be done via the
maximal operator M, introduced in Section 4.1.

Recall from Section 4.1 that d denotes a certain nonisotropic metric on S,, and
D, (¢) is a certain approach region in B,, for each ¢ € S,, and o > 1. We begin with
a few technical estimates of the Cauchy-Szego kernel.

Lemma 4.29. Suppose (, n, and w are points on S,, satisfying
d(w,n) <6, d(w, () > 26,
where ¢ is some positive number. Then
C(z,1) = C(z,w)| < (160)"16]1 — (¢,w)|~"T1/2
forall z € D,(Q).

Proof. Write z = 21 4 22 and n = 11 + 12, where 21 and 7; are parallel to w, while
zo and 12 are perpendicular to w. Then
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(z,m) — (2,w) = (22,m2) + (21, — w),

and so
[(z,m) — (2,w)| < 22][n2] + Im — wl.

Since
22]” = [2* = |z1]? < (14 [21)(1 = |21]) < 2[1 = (z1,w)| = 2|1 = (z,0)],

and similarly,
n2|? <21 = (n,w)],

we have
[(52m) = (0] <201 = (&, @)[F[1 = ()] +[1 = (0],
From the assumption d(7), w) < ¢ we then deduce that
) = () < (2L - )P + 1= w)P) s @32)
By the proof of Theorem 4.10, we have
1= {Gw) <dall = (z,w)|, [1=(Cn)| <4all = {(z,m)]. (4.33)
On the other hand, the triangle inequality gives
L= (G2 = 1= ()2 = L= (w,m)| /2 =26 =6 =56,
so by the triangle inequality again,
11— (G2 < L= (G2 + (1 = (o)
<L ={¢,mI'? 46 < 21— (¢ )2
It follows that
11— (¢ w)| < 4|1 — (¢ m)| < 16afl — (z,m)]. (4.34)
Also,

1
1= Gl <all = zw)l

Combining this with (4.32), we obtain

1-(nw)<d <

(z,m) — (z,w)| <62+ Va)|l — (z,w)|? <36Vl — (z,w)|2.  (4.35)

It is clear that

C(z,n) Z ~ (zw) . (4.36)

G e
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Applying (4.35) first, then applying (4.33) and (4.34), we obtain

n—1

30v/a Y (16a)F+ (da)nh2

_ k=0
|C(Za77) C(Z7w)| S |1 _ ((j,w>|”+§

An elementary estimate of the above series then completes the proof of the lemma.
O

Lemma 4.30. There exists a constant C > 0 such that

/ do(n) c
d(n,¢)>2r |1 - <<777>|n+1/2 oo
forall( € S, andr > 0.

Proof. Let I(r) denote the concerned integral.
If n = 1, it is easy to see that

7T _ 3/2 9
I(r) = 2/ 11— €| ~3/2d < (”) .
4r2 2 T
If n > 1, we can apply (1.13) to obtain
1— 2\n—2
0 =@-n [ O aae)
B(r) |1—2["F2
where
E(r)={z€C:|z| <1,|]1 — 2| > 4%}

is a subset of the unit disk in the complex plane. Estimate the numerator of the
integrand of I(r) by

L= [z = 1+ ]2))(1 — [2]) < 21 - 2],

and then evaluate the resulting integral via 1 — z = te’. We get

oo 2n—2 -1
I(r) <2"%(n— 1)/ t3/2dt = (n—1),
4r2 r
This completes the proof of the lemma. ad

Corollary 4.31. For( € S, w € S,,, a > 1, and § > 0 let
A(Gw, a,6) = sup{|C(z,n) — C(z,w)| : 2z € Da(C), d(n,w) < 6}
Then there exists a positive constant C = C(«) (independent of w and §) such that

/ A(C w0, 8)do(C) < C
d(¢,w)>26

forallw € S,, and § > 0.
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Proof. This follows directly from Lemmas 4.29 and 4.30. O

The following covering lemma will be important for our next maximal theorem,
which in turn gives the boundedness of the Cauchy-Szeg6 projection on LP(S,,, do)
forp > 1.

Lemma 4.32. Suppose p is a finite complex Borel measure on'S,, and t > ||j1||. Then
there exists a constant C' > 0, d-balls )y, and disjoint Borel sets Vi, C Qy, such
that

(a) {Mp>th cUQr =UVk.
(b) o(Qr) < Ct~Hul(Qr).

(c) 32 0(Qr) < Ot~ .

(d) [u|(Vi) < Cto(Vy).

Proof. Without loss of generality, we may assume that y is positive. Let

o(Q(¢,4r))
a(Q(¢,r))

By Lemma 4.6, C'is a finite positive constant.

For any ¢t > ||p|| we write By = {Mp > t}. Each point ¢ € E; gives rise to a
largest r such that

C’sup{ :7’>0,C€Sn}.

w(Q(¢, 1)) = to(Q(C,7)). (4.37)
Since t > ||p||, we have Q((,7) # S, and so
p(Q(C,4r)) < ta(Q(C, 4r)). (4.38)

Thus FE; is covered by a collection I'y of balls Q(¢, ) that satisfy (4.37) and (4.38).

Let R, be the supremum of the radii of the members of I';, and choose a ball
Q(¢1,71) from T’y such that r; > 3Ry /4. Discard all members of I'; that intersect
Q(¢1,71) and call the remaining collection I's.

Let Ro be the supremum of the radii of the members of 'y and choose a ball
Q(Ca,12) from Ty such that 7 > 3Ry /4. Discard all members of T’y that intersect
Q(2, r2) and call the remaining collection I's.

We continue this process infinitely or until some I';, becomes empty. The result
is a sequence {Q((k, rx)} of disjoint balls satisfying (4.37) and (4.38). For each k
we let Qr = Q((k, 4rk), and choose a set Vi, between Q((x, ) and @y such that
UV =UQg and VNV, = O for k # 1.

If some @ € T’y was discarded at the k-th stage, then @ intersects Q(Cx, %) and
the radius of @, 7(Q), is less than 47y, /3. Since 1 +4/3+4/3 < 4, we have QQ C Q.
Thus E; C UQy, and (a) is proved.

Next, by (4.37), we have

o(Qr) < Co(Q(Gr, k) < Ct i(Q(Ck, 7k)).
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This proves (b), and (c) follows from adding the inequalities in (b) and the fact that
{Q} are disjoint.
Finally, it follows from (4.38) that

(Vi) < u(Qr) < to(Qr) < Cta(Q(Ck, k),
which proves (d). O

Before we prove the general maximal theorem for Cauchy transforms of func-
tions in LP(S,,, do), we establish the following special case first.

Lemma 4.33. For any « > 1 there exists a constant C > 0 such that

/ IMLC[f)2 do < C / P do
Sn Sn

forall f € L*(S,, do).

Proof. Given f € L2(S,,do), we write f = g + h, where g € H?(S,) and h L
H?(S,,). For any fixed z € By, the function ¢ — C(z,() is in H2(S,). It follows
that C[h] = 0, so C[f] = C[g] = g (see Corollary 4.27). By Theorem 4.24,

/|Mpmww=/WMwas0/hﬁwsc/Wﬂ%a
Sn Sn Sn Sn

a

We are now ready to prove the crucial weak L' estimate for the Cauchy trans-
form.

Theorem 4.34. For every o > 1 there exists a constant C' > 0 such that

C
o{MoClu)] > t} < Tm (4.39)
for all finite complex Borel measures j,on'S,, and all t > 0.

Proof. We fix a finite complex measure p on S,, and fix a positive number ¢. We
may assume that ¢ > ||u]|, because (4.39) clearly holds with C' = 1if ¢ < ||u||. Let

Choose {Qx} and {V}} in accordance with Lemma 4.32. For each k let ¢;, =
1(Vi)/o (Vi) and define a measure G by

6k(E) = (;L - CkO')(Vk n E)

Let 6 = Zk ﬂk

Let du = fdo + dus be the Lebesgue decomposition of g into its absolutely
continuous and singular parts with respect to o. Let g be the function on S,, that
takes value c; on each Vj and equals f on S,, — UVy. By considering the cases
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E C Vi and E N (UV) = 0 separately, with u5(E) = 0 in the latter case as ps is
concentrated on £y C UV}, we easily check that

u(B) = [ gdo+p(E)
E
for every Borel set E C S,,. Therefore, we arrive at a new decomposition
dp = gdo + dp,

where g is good in the sense that it is not too large and (3 captures the bad part of p.
We now estimate the maximal function of the Cauchy transform of g and [,
respectively.
Since M f < Mpu, Corollary 4.13 implies that |f({)| < t almost everywhere
outside E;, which implies that |g|? < t|f| outside E, so

[ lspdr < [ 1sldo <
Sn_Et Sn,

By part (d) of Lemma 4.32, |cj| < At for each k, where

o(Q(¢,4r))
a(Q(¢, 7))

Part (c) of Lemma 4.32 then implies that

3 /V 9P do = 3 lenPo(Vi) < 422 " 0(Qi) < A%t
k k k

k

A:sup{ :CGSH,T>O}.

Therefore,
/S g2 dor < (1+ 4%)||ult.

By Lemma 4.33, there exists a constant C; > 0, independent of  and ¢, such that

/S (M, Clg))? do < O [ut.

Since
o {MaClg] > 1} < t12 /g) (M. Clg)? do,

n

we conclude that

J{MQC[g] > ;} < Cl!”u, (4.40)

which is the desired estimate for the Cauchy transform of g.
To deal with the bad part 3, we let

3 /
Q{Mac[ﬁ]>2}a W:LICJQIm
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where Q) = Q(wg, 20x) if we write Q = Q(wk, 0x). Clearly,
QCWUQ-W)C WU (U(Q-Q%).

By part (c) of Lemma 4.32,

2
SZ o(Q) < A Zk: AHMH

k

Since each [, is concentrated on Vj, C ()i, we have

ClaI) = [ (Clen) = Clan)) (o).
k
Using the notation introduced in Lemma 4.31, we have

IC[Bk](2)] < A(C, whs v, 1) | Bl

forallk > 1,( € S,, and z € D, ((). Taking the supremum over z € D, ((), we
obtain

M@C[ﬁk](g) S A(Ca WE, &, 6k)||ﬁk”
fork > 1and ¢ € S,,. By Lemma 4.31, there exists a constant Co > 0 such that

[ el < caal
Qs
forall k > 1. Since Q —W C S,, — Q}., we can add the above inequalities and obtain

MaC[Bldo < C2 )" |1Bs]l-
k

Q-W

Recall that co (Vi) = (Vi) so || x|l < 2|p|(Vi) for each k. Thus

D 1Bkl < 2)ull.
k

It follows that

Mo CI[5] do < 2C3]|u.
Q-W

The above integrand exceeds ¢/2 at every point of 2, so

ACs |||

o(Q-W) < ;

Combining this with an earlier estimate for o (1), we find a positive constant C

such that o
o {anacig > 5 ) < P,
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which is the desired estimate for the Cauchy transform of 3.
It is easy to see that

MyClp) < M, Clg] + M,C[3].

The desired estimate (4.39) for ;1 now follows from our individual estimates for g
and f. ]

As a consequence of the above weak L! estimate, we now derive the Koranyi-
Vagi maximal theorem for the Cauchy transform.

Theorem 4.35. For any o > 1 and 1 < p < oo there exists a constant C > 0 such
that

[ cinpio<c [ i
Sn Sn
forall f € LP(S,,, do).

Proof. Since the mapping f — M,C|[f] is subadditive, the case 1 < p < 2 fol-
lows from Lemma 4.33, Theorem 4.34, and the Marcinkiewicz interpolation theo-
rem. Also, since

IC[f1(rQ)] < MaC[f](C)

for all ¢ € S,,, where r € (0, 1) is sufficiently close to 1 (depending on «), the
Cauchy transform maps LP(S,,) boundedly onto HP when 1 < p < 2.

Suppose 2 < p < oo with 1/p+ 1/q = 1. Let X be the vector space consisting
of all finite linear combinations of functions of the form (™ "™ where m and m’
are multi-indexes of nonnegative integers. If f and g are functions in X, then they
are bounded, and their Cauchy transforms are polynomials. By the already proved
L2 case,

/ 9(Q)CIIQ) do(¢) = / Cla(Q)F(0) dor(©).

Sn Sn
Since 1 < g < 2, we have

/|c ) do(O) <0/ 19(0)]7 o (C),

and so an application of Holder’s inequality gives

| st i ‘<C’|ng||f||p

Since X is dense in L4(S,,, do), we deduce from the standard L? duality theory that

ICIAllp < C 1L -

Since X is also dense in L?(S,,, do), the Cauchy transform maps LP(S,,, do) bound-
edly into H?. Now an application of the Hardy-Littlewood maximal theorem (Theo-
rem 4.24) completes the proof of the theorem. O
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The proof of Theorem 4.35 also gives the following.

Theorem 4.36. If 1 < p < oo, the Cauchy transform C maps LP(S,,, do’) boundedly
onto HP.

It is well known that the Cauchy transform C' is unbounded on L' (S,,, do). In
fact, the boundedness of C' on L'(S,,,do) would imply the boundedness of C' on
L*°(S,,) by duality. To show that this is not possible, consider the bounded function

f(¢) =2iarg(l — ¢1) = log(1 — (1) — log(1 — ¢1)

on S,,, a calculation shows that

Clf1(z) = log(1 — z1),

which is clearly unbounded.
The following corollary is now almost obvious and will be used many times later
in the book, sometimes without even being mentioned, because it is so natural.

Corollary 4.37. If 1 <p < ooand 1/p+ 1/q = 1, then

/Sn C(f) gdo = /S f Cloydo

holds for all f € LP(S,,,do) and g € L1(S,,, do).

Proof. The desired result clearly holds for f and g in C(S,,), because C is an orthog-
onal projection on L?(S,,, do). The general case then follows from approximating f
and g by functions in C(S,,) and using the boundedness of C' on L?(S,,, do) and
L4(S,,,do), respectively. O

Another consequence of the boundedness of the Cauchy-Szego projection on
LP,1 < p < o0, is the following result concerning complex interpolation of Hardy
spaces.

Theorem 4.38. Suppose 1 < pg < p1 < 00 and

1 1-6 0
= + s
p Po P1

where 6 € (0,1). Then [HP°, HP']p = HP with equivalent norms.

Proof. We prove the case 1 < pg. When py = 1, the proof is much more involved
and makes use of several real variable methods; we refer the reader to [36].

If we identify each HP with a closed subspace of LP(S,,), then the inclusion
[HPo, HPt]y C HP follows from the complex interpolation of L? spaces; see Theo-
rem 1.33.

To prove the other inclusion, fix a function f € H? C LP(S,,) and use Theo-
rem 1.33 to choose g¢, 0 < Re¢ < 1, such that g; depends on ¢ continuously in
0 <Re( <1 and analyticallyon 0 < Re( < 1, g9 = f,
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¢ > ; =Y,
[ ladmds <islz Rec=0
Sn

and

/S lgclP do < |2, Re¢=1.

Let fo = C[gc]. Then fg = f, fc € HP° for Re( = 0, and fy € HP* forRe( =1,
so f € [HPo, HP1]y. O

4.4 Several Embedding Theorems

In this section we prove several embedding theorems for the Hardy spaces. In par-
ticular, one of these results will be used in the next section when we characterize
bounded linear functionals on H? when 0 < p < 1.

We first discuss restriction and extension operators defined on holomorphic func-
tions. Thus for any integer k satisfying 1 < k& < n we define an operator

by
Rk(f)<zlvazk) = f(zlv"'vzkvoa"',o)' (441)

Similarly, we define an operator
Ek N H(Bk) — H(Bn)

by
Ek(f)<zla"'azn):f(217"'azk)- (442)

Theorem 4.39. Suppose 1 < k < nand 0 < p < oo. Then the operator Ry, maps
HP? boundedly onto the weighted Bergman space A? _, | (By,) of the unit ball in C*.

Proof. Let f € HP = HP(B,,). For 2 € C" we write z = (w,u), where w € C*
and u € C"%. By (1.15),

o =c [ @y ) [ i v/ ol QP doi )

Sn—k
where
. (n—1)!
C(k=D!n -k
Since

/S [f(w, V1= w2 Q) doy-1(¢) 2 |f(w,0)P = |Rif (w) ],
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we see that Rj, maps H?(B,,) boundedly into A? , . (By).

To see that Rj, maps H”(B,,) onto A? , | (By), let f € AP _, | (By). Since
f = RiEx(f), it suffices for us to show that Fyx(f) belongs to H?(B,,) of B,,.
This follows from applying the identity at the beginning of this proof to the function
Ei(f); see Lemma 1.9 as well. |

Corollary4.40. If 1 < k < nand 0 < p < oo, then the operator Ey maps the
weighted Bergman space AY _, | (By,) into H? (B,,).

Proof. This follows from the proof of Theorem 4.39. ad

Theorem 4.41. Suppose t > 0 and « is real. If neither n + a norn + a +tis a
negative integer, then
5t 1
R**HP C Agt_l

for2 < p < oo, and
Ro Ay, C HP

for 0 < p < 2. When p = 2, the operator R%' is a bounded, invertible operator
from H? onto A3,_,.

Proof. First assume that 0 < p < land f € A}, ,.Letb be a positive number large
enough so that Theorem 2.30 (atomic decompositoin) holds for Agt_l and so that
pb > pt+n.If f € AV, ,, then by Theorem 2.30, there exists a sequence {c} in

(P such that
(1 — |ag|?)Po—n=—rt)/P

FE=2 " (17 ayy

k
For each k£ we use Lemma 2.18 to find a constant C; > 0 such that
1

/Sn (1 - <€’ak>)b

Since 0 < p < 1, we obtain

- (1~ fax 204 o ()
[ 1Rass@pante) < 3 lewr [T

p p

! 4o (C).

Ras (1~ (Coa))t

do(¢) < Cy /

Sn

According to Theorem 1.12, each of the above integrals is comparable to the constant
1. This shows that R,, ; maps A}, ; (boundedly) into H” when 0 < p < 1.

A computation using Taylor expansion shows that R*? is a bounded and invert-
ible operator from H? onto A3, ;. This shows that the linear operator 7', defined
by

Tf(z) =1~ [e/)'R*'Cf(2),  z€By,

is bounded from L%(S,,, do) to L(B,,, du), where

dnlz) = 1di)(lzz)|2’
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and C is the Cauchy-Szego projection. On the other hand, if f is bounded on S,,,
then we can differentiate under the integral sign in

I dolo)
Ofz) = /S A= (0

and use Theorem 1.12 to show that C'f belongs to the Bloch space. Combining this
with Theorem 3.5, we see that the operator 7' maps L>°(S,,) into L>°(B,,). So, by
complex interpolation, the operator 7" maps LP(S,,, do’) boundedly into L?(B,,, du)
for all p € [2, 00). In particular, by restricting 7" to holomorphic functions, we have
shown that T" maps H”(S,,) boundedly into L?(B,,,du) for 2 < p < oo. Equiva-
lently, R*" maps H” boundedly into A7, | for2 < p < oo.

Finally, we assume 1 < p < 2 and f € Agt_l. We need to show that R, . f €
H?. Obviously, we may assume that f vanishes at the origin to a sufficiently large
degree so that the function | f(2)|?|z|?P(®*1) is integrable near the origin.

If ¢ is a unit vector in H9, where 1/p+ 1/¢q = 1, then a computation with Taylor
series shows that

/ Raf gdo = C/ PRt (2) (1 — 22)* 7220 do(z),
S B,

or
2(a+1)d
| Rastade=c [ =Py -tk A
Sn By, -

where o/ =t 4+ o and
T(n+1+a+2t)

T al@HT(n+1+a)
Since 1 < p < 2, we have 2 < ¢ < 00, S0

IR gllas, , < C”llgll s,

qt—1 —

where C’ is a positive constant independent of g. By the duality of L? spaces,

:/ lg|?do = 1}.
Sn

/ Roifgdo :/ Roif Clg]do,

Sn Sn

| R flltr = sup{‘ / Rosfgdo
Sn

Since

where C/[g] is the Cauchy transform of g, and since the Cauchy transform maps
L1(S,,) boundedly onto H?, we can find a constant C' > 0 such that

Mgl = 1}.

This shows that R, ; f belongs to H?. The proof of the theorem is now complete.
O

||Ra,tfHHP < Csup {’/ Ra,tfgda
Sn
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As a consequence of Theorem 4.41, Theorem 2.30, and Proposition 1.14, we
obtain the following partial decomposition theorem for functions in Hardy spaces.

Theorem 4.42. Suppose p € (0, 00) and

1
by = nmax (1, ) .
p

There exists a sequence {ay} in By, such that

(a)If2 < p < occand b > by, then every function f € HP admits an atomic
decomposition
) n/p

1—Wﬂb
Z Ck b
(z,ar))

where {ci} € IP.
(b) If 0 < p < 2 and b > by, then for every sequence {cy} € IP the series

)b n/p

1*MM
Z “ (z,ar))?

defines a function in HP.

Proof. First assume that 2 < p < oo and f € HP. Fix some b with b > by and
fix some ¢ > 0 such that the operators R, ; and Rt are well defined, where o =
b— (n+ 1). By Theorem 4.41, RYUf € Ath’ which, according to Theorem 2.30,
implies that there exists a sequence {cy} € IP such that

w5y N g, (L a2 oo
R f(Z) - ch (1 o <Z,ak->)bl 9

k

where
V=b+t=n+1+a+t.

It follows from Proposition 1.14 that

(1 — |ag|?)@o—m)/p

= Ry R™* =
F&) = RoeB0E = D0 (2 gy
Next assume that 0 < p < 2 and
1 — |ak| )(pb=n)/p
Z k (z,ap))t 7

where {ci} € [P and b > by. Write b = n + 1 + « and choose ¢ > 0 such that R**
and R, ; are well defined. Then by Proposition 1.14,
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(1- ‘ak| Yp(ott) = (ntpt)]/p

R tf Z (2, ap))brt

k

By Theorem 2.30, the function R%!f belongs to Agt—r It follows from Theo-
rem 4.41 that the function f = R, ;R*"f is in H?. O

Our next goal is to obtain an optimal embedding of the Hardy spaces in weighted
Bergman spaces without taking any derivatives.

Lemma 4.43. Suppose p, q, and r are from (0, 00| and satisfy
1 1 1

+ +
p q T

If f € LP(X,du), g € LYX,du), and h € L"(X,dp), then the product fgh
belongs to L*(X, dp) with

‘/nghdu’ﬁ </X|f|”du>1/p (/. |g|qdu)1/q (/thr“du)l/

Proof. If any of p, ¢, and r is infinite, the result is just the classical Holder’s inequal-
ity. So we assume that they are all finite.
By Holder’s inequality,

’/X fghdu’ < (/X Ifl”du>1/p (/X |ghl?’ du)l/pl,

where 1/p+1/p’ =1, 0r

=1

1 1

+
q/v" /P
Using (4.43) and applying Holder’s inequality again to the integral

/ gl |l dp,
X

we obtain the desired inequality. O

=1. (4.43)

Naturally, the above lemma will also be referred to as Holder’s inequality. It
should be obvious that it can be generalized to the case of a product of k functions,
where k is any positive integer.

Lemma 4.44. For f € L*(S,, do) define

[ Qdet)
Tf(z>/gn,|1<z,<>|n’ < B

Then forany 1 < p < q < oo there exists a positive constant C such that

1/
( / ITf('rC)quJ(C)> " <o —ynaa) )
Sn

forall f € LP(S,,,do) and0 <r < 1.
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Proof. Choose s > 1 such that

Since

ITf(2)] < /S FOIK (20| do ()

= [ (i oresore) (@) (K o) deo).

an application of Lemma 4.43 shows that |7 f(z)| is less than or equal to the follow-
ing product:

[ weorsare] [ rorae) [ weorao]

By Theorem 1.12,
| 1K Qoo < -y
for all z € B,,, where C' is a positive constant, so
Tf(2)]* <C(1— IZIQ)’Q’”(S’”/C||f||,’§q/b/S K (2, QPP (OI do(C).
Write z = rn, integrate with respect to 7, and use Fubini’s theorem. We obtain
/ |Tf(rn)|? do(n) < C?*(1 — 7“2)_‘1”(5—1)/C—n(s—l)||f||g+pq/b7
Sn

and hence

1/q
(/ |Tf(r§)|qda(C)) < C2/(1 — 2y =D/ | 7 pO/041/0),

n

This proves the desired estimate. a
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Since the Poisson transform P[f] and the Cauchy transform C/[f] satisfy

[P <2°T|fI(2),  [CIAI2I <TIfI(z), 2z €Bn,

we obtain the following corollary as a consequence of Lemma 4.44.

Corollary 4.45. If 1 < p < q < oo, then there exists a positive constant C' such that

1/q
( /S PO dcr(o) < O -2y g,
and
1/q
( | et da<<>) < O(1— )01 1|,
forall f € LP(S,,,do) and0 <r < 1.

The following result significantly strengthens Lemma 4.44.

Theorem 4.46. Suppose that 1 < p < q < oo and that T is the operator defined in

Lemma 4.44. Then there exists a constant C' > 0 such that

"
(/ |Tf(z)|(I<1 _ |Z|2)(17L(1/P—1/‘J)—1 dU(Z)) ! < OHfHIJ
B,

forall f € LP(S,,, do).

Proof. For every function f € L(S,, do) we define

st ==y ([ n IO a0 0)) M oaran

It is obvious that S is subadditive, that is, S(f + g) < Sf + Sg.
For any s € [1,¢) and any ¢ > 0 we apply Lemma 4.44 to obtain

{re©1):5f) >t {re©n):C—r) s, >t}
={re(0,1): (1 —r*)" < (Cst™|flls)°},
where C' is a positive constant. If we define
dp(r) = 2nr(1 — )" tdr = —d(1 — r*)"

on (0, 1), then

uss o< | d=(1=1)"] = (. f].)

A=r2)n<(CslIflls/t)*

forall f € LP(S,,do), where the last equality follows from the change of variables

x = (1 — r?)™ and the fundamental theorem of calculus.
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In particular, we can find a constant C' > 0, dependent on p and g, such that

C
p(Ss >0 <1l

W(Sf>1) < (C”tf”S)s

forall t > 0, where s = (p + ¢)/2. By the Marcinkiewicz interpolation theorem, the
operator S is bounded from L?(S,,, do) into L”((0, 1), du), that is,

. /
/O (1 —p)rt=mwla gy </S ITf(r¢)| do(())p ' <c /S |fIP do

forall f € LP(S,,do), where C' is a positive constant depending on p and g. Write

and

P_1

{ / n ITf(TC)I"dU(C)] " { / n ITf(TC)I"dU(C)] { / n ITf(TC)I"dU(C)] "

and estimate the second factor above by Lemma 4.44. We then obtain

1
/ (1= ) /p=1/0-1 g / IT4(rC)|7 do(C) < C"| FIIS.
0 Sn

The desired result now follows easily from polar coordinates. a

Once again, since the operator 7' dominates the Poisson transform as well as the
Cauchy transform, Theorem 4.46 gives rise to the following.

Corollary 4.47. If 1 < p < q < oo, there exists a constant C' > 0 such that

1/q
(/ |P[f]<z>|%1|z|2>qn<1/p—1/q>-1dv(z)) < Clfl

n

and Y
q
< [ i@ - s dv(z)) <clfl
B,
forall f € LP(S,,,do).

We are now ready to prove the following imbedding of Hardy spaces into
weighted Bergman spaces.

Theorem 4.48. Suppose 0 < p < ¢ < oo and

1 1
anq< - >1”q(n+1).
p q b

Then HP? C A and the inclusion is continuous.
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Proof. For f € H? we let g = |f|P/?. Then g € L?*(S,,do) and g < P|g] on B,,,
because g is subharmonic. In Corollary 4.47, if we replace f by g, p by 2, and ¢ by
the number r = 2¢/p, the result is

1/r
([ 1P - Ryemm-tae) - <l

n

where C'is a positive constant independent of g. Since |g| < P[g], we also have

1/r
(/B lg(2)|"(1 = |2?)rr /2= dv(z)) < Cllgll2;

which is the same as

[ 1 = a0t augs) < 2o g,

n

This completes the proof of the theorem. O

The following embedding result will be crucial in the next section when we iden-
tify the dual space of H? for 0 < p < 1.

Corollary 4.49. Suppose 0 < p < 1 and
n
a= —(n+1).
» ( )
Then HP C A(lx. Furthermore, there exists a constant C' > 0 such that

/ ) dva(z) < ClIf
B,

forall f € HP.

Proof. Let ¢ = 1 in Theorem 4.48. O

4.5 Duality

In this section we give a characterization of the bounded linear functionals on the
Hardy spaces H? for p # 1. The case of 1 < p < oo is a consequence of the
boundedness of the Cauchy-Szegd projection on LP(S,,, do ), and will be in terms of
the natural integral pairing using the surface measure o on S,,. The case 0 < p < 1
will be handled by using the weighted volume measures to form a pairing; another
more natural pairing using the surface measure will be discussed in the chapter on
Lipschitz spaces. The dual space of H' can be identified with BMOA using the
natural pairing; this will be proved in the next chapter.
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For 0 < p < oo, the dual space of HP, denoted (HP)*, consists of all linear
functionals ' : HP — C such that

IEOI<Clfllp

for all f € HP, where C'is a positive constant dependent on F' and p.

For F' € (HP)*, we use || F|| to denote the smallest possible constant C' above.
It follows from general functional analysis that (H?)* is a Banach space equipped
with this norm, even in the case 0 < p < 1 when HP itself is not a Banach space.

Theorem 4.50. Suppose 1 < p < coand1/p+1/q = 1. Then the dual space of HP
can be identified with HY (with equivalent norms) under the integral pairing

(f.9) = /S £(0) 9(¢) do(©),

where f € HP and g € H1.

Proof. 1t is obvious that every function g € HY induces a bounded linear functional
F on HP via the formula

F(f>:/S fgdo,  feH”.

By Hélder’s inequality, || F'|| < ||gl|q-

On the other hand, if F' is a bounded linear functional on HP, then I’ can be
extended to a bounded linear functional on L?(S,,, do) (without increasing its norm)
by the Hahn-Banach extension theorem. So there exists a function h € LI(S,,, do)
such that

F(f):/S fhdo,  fe HP.

Since f = C(f), where C'is the Cauchy-Szegd projection, an application of Corol-
lary 4.37 gives

(= [ romds e

Let g = C(h). Then g € H? by Theorem 4.36, and

F(f>:/S fgdo,  feH”.

Furthermore,
lglly < Cllhllq = ClIF]|,

with C being the norm of the Cauchy transform on L4(S,,, do). This completes the
proof. ad

The following result shows that the dual spaces of HP, 0 < p < 1, are all
isomorphic to each other. Also, the dual space of H? is isomorphic to that of AY for
0 < p < 1, although the spaces H? and A? are not isomorphic.
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Theorem 4.51. Suppose 0 < p < 1 and
n
a= —(n+1).
» (

Then the dual space of HP can be identified with the Bloch space B (with equivalent
norms) under the integral pairing

(f,9) = lim [ f(rz)g(z) dva(2),

r—1— B,
where f € HP and g € 5.

Proof. If ¢ € B, then ¢ = P,h by Theorem 3.4, where h is some function in
L>(B,,), and ||h||c < C||gl||, where C' is a positive constant independent of g and

llg|| is the norm of g in the Bloch space 5. Since P, is self-adjoint with respect to
the integral pairing induced by dv,,, we have

/ frg dva = / fr Pahduy = / Pofyhduy = / Sy hdue
B, B, B, B,

for every holomorphic f in B, and 0 < r < 1. If f € HP, then f € L'(B,,, dv,) by
Corollary 4.49, and so

lim f,«gdva:/ fhdvg.
B, B,

r—1-—

This shows that the limit

F(f) = lim : frgdva, [ e HY,

r—1-

always exists and defines a bounded linear functional on H?. In fact,

[ENOI< N[hllooll fl1,0 < Clighll £l

with C' being a positive constant independent of f.
Conversely, if F' is a bounded linear functional on H?, then

F(f)= lim F(f,), feH".

r—1-—
Define a function g € H(B,,) by

1
=F, , €B,.
SO R P —
Differentiating inside F), gives

dg
ow k

p

|Ck|P do ()

1= (¢, w)[plrt2te)

(w)

<(n+1+ a)p||FH”/
s

n
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forw € B, and 1 < k < n. This together with Theorems 1.12 and 3.4 shows that g
is in the Bloch space. Since each f,. is in H*°(B,,), we have

fr(z):/B ( fr(w) dva (w) z € B,.

1— <Z, w>)n+1+o¢ ’

n

Taking F' inside the integral, we obtain

F(f,) = /B frgdve.

This shows that

r—1-—

F(f) = lim . f'rgdvow f € HP,

completing the proof of the theorem. ad

Notes

Standard references for the theory of Hardy spaces in one complex variable are [33]
and [42].

Our coverage of the (invariant) Poisson transform, estimates of various maximal
functions, the existence of K-limits for functions in Hardy spaces, and the bound-
edness of the Cauchy-Szegd projection on LP(S,,,do) (1 < p < 00), all follow the
presentation in [94].

Theorems 4.20, 4.22, and 4.23 are not as well known as they should be; see [73]
and references there. In particular, Theorem 4.22 comes in handy when we identify
the dual space of H! as BMOA in the next chapter.

Theorems 4.39, 4.40, and 4.41 are from [6]. The proof of Theorem 4.48 is from
[18]. Corollary 4.49, which first appeared in [69], is critical for Theorem 4.51, which
explicitly identifies the dual space of H?, 0 < p < 1, as the Bloch space under a
certain weighted volume integral pairing; see [133].

Exercises

4.1. Show that the function
d(z,w) = |1 = (z,w)|"/?
satisfies the triangle inequality on B,,.

4.2. Show that the invariant Poisson kernel P(z,() is M-harmonic in z € B,, (for
every fixed ( € S,).

4.3. Suppose —1 < a < oo and 1 < k£ < n. Show that the restriction operator Ry,

maps A% (B,,) boundedly onto A? =, (By).
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4.4. If 11 is a finite complex Borel measure, then the function C[u] belongs to H? for
O<p<l.

4.5. Suppose 0 < p < oo and f is holomorphic in B,,. Show that

[ 1ter )
Bn
is equal to

1 (1 _ t2)n—1<1 _ t2n)

$2n—1 dt.

Fop+ 7 / S £ P2 dr(2) /

2n 2|

4.6. Suppose 0 < p < oo and f is holomorphic in B,,. Show that

[ 116 - 1P stz

n

is equal to

1
2 2 _ p—2|.|—2n 2n—1 3
p / RFGPIF(2) — O[22 dolz) /| 2 1og ' at.

n

4.7. Derive similar formulas for the norm of f in AL, where oo > —1.
4.8. Show that M, (r, f)? is equal to

T (1 _ t2)n71

$2n—1 dt’

s+ (5) [ ep e [

|2]
where 0 < r < 1 and f is holomorphic in B,,.

4.9.Let 0 < p < oco. Show that for any multi-index m = (mq,---,m,) of non-
negative integers and any compact set K in B,, there exists a constant C' > 0 such
that

o f
‘ ozm
forall f € HP andall z € K.

<z>\ < ClIfIn

4.10. If f is holomorphic on the closed unit ball, show that

/ IV f(2)2G(z) dr(z) < 0.

B’Vl

411.If f € C(S,,) and F = P|[f], show that F' extends to a function in C(B,,),
which we still denote by F', with F' = f on S,,.
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4.12.If f € LP(B,,,do), where 1 < p < o0, and F' = P[f], show that the functions
F,., where
F.(¢) = F(r(), 0<r<1,(€S,,

satisfy the inequality || F}.||, < ||f]|p, where || ||, is the norm in LP(S,,,do). If 1 <

p < oo, then we also have

i |F,— 7, =0.

4.13. If p is a finite complex Borel measure on S,, and P[u(z) = 0 for all z € B,
show that ;1 = 0. Therefore, the Poisson transform is one-to-one.

4.14. Suppose (i is a finite complex Borel measure on S,, and F' = P[u]. Show that
[|1E-]|1 < ||p|| for all # € (0, 1), where ||| is the total variation of p. It is also true
that

lim F,.do =du

r—1-

in the weak-star topology of the dual space of C(S,,).

4.15. Suppose t > O and f(z) = >, amz™ is holomorphicin B,.If 2 < p < oo,
show that f € HP implies that the function

Z |m|tamzm
belongs to A7, . If0 < p <2, then f € A}, , implies that the function
> ol 1y
z
t
2 (| +1)
belongs to HP.

4.16. Show that the converse of Theorem 4.42 is false unless p = 2.

4.17. Show that
)P < / P O F QI do(©)

n

forall f € HP and z € B,,.

4.18. Suppose p # 2 and ® : H? — HP is surjective linear isometry. Show that
there exists some ¢ € Aut(B,,) such that

(1 _ |a|2)n 1/p
(1- <Zva>)2”)

forall f € HP, where a = ©(0) and ) is a unimodulus constant. See [94].

B()(z) = M o o(2) (
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4.19. Suppose a = (a1, -+, a,) € B, and f € HP, where 0 < p < co. Show that
there exist functions f; € HP, 1 < k < n, such that

szfakfk ) zeB,.
k=1

4.20. Suppose p > 0 and f € HP. Show that

[ 1r©r e = tm [ i)

——1* B,

4.21. Show that for every p € (1, c0) there exists a positive constant C' such that

[ r@pras@ <c [ Res@p i
Sn Sn

for all f € HP with f(0) = 0. Show that this becomes false when p = 1.
4.22. Find sharp growth estimates for the Taylor coefficients of functions in HP.

4.23. Show that every function in HP can be approximated in norm by its Taylor
polynomials if and only if 1 < p < co. See [128].

4.24. Show that there exists no bounded projection from L'(S,,, do) onto H*.

4.25. Suppose 0 < p < oo, f € LP(S,), and {fx} is a sequence of functions in
L?(S,,). Show that

Jdm [ IR0 = O da(0) =0

if and only if f(¢) — f(¢) for almost every ¢ € S,, and

g [ 150pas©) = [ 1P as)

4.26. If p > 2, show that Theorem 4.48 follows from Theorem 4.42 and Theo-
rem 2.30.

4.27. Suppose p > 0 and o > —1. Show that the restriction operator R;, maps A?
of B,, boundedly onto A? _, of By.
4.28. Suppose p, g, and t are positive numbers related by
n o n
- =t
p g

If neither n + o nor n + « + ¢t is a negative integer, show that R, ,H? C HY, and
the inclusion is continuous. See [6].
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4.29. For each p € (0, 1] there exists a constant C' > 0 such that every function
f € HP admits a representation

F(2) = Fu(2)Gi(2),
k=1

where
oo
> N FlBpen 1Gk 2 < ClIF IS
k=1

See [6] and [30].
4.30. Show that on the unit disk D we have

. 1 1
H? = HH", -+
p

4.31.If n > 1, show that there exists a function f € H! such that f cannot be
written as a product of two functions in H?2. See [44].

4.32. If h is an analytic function in the unit disk D and 0 < < 1, we define n ¢ (r, w)
to be the number of roots of the equation h(z) = w in |z| < r. For a holomorphic
function f in B,, we define

nf(r,w):/ ny. (r,w) do(C), O<r<l,web,

n

where each f is the slice function defined on D by f¢(z) = f(2¢). Show that

d p2 o) - 2 ;
r o My(f.r)" = 27r/0 RP ldR/O ng(r, Re') do,
where f is holomorphic in B,,. See [73] and references there.

4.33. Show that
d p_ Rf(r¢) »
Pty =p [ o oo

for all holomorphic functions f in B,,. See [73] and references there.

4.34. If f € HP, show that

lim (1) [ AP ) =0

r—1-
See [108].
4.35. Show that there exists a positive constant ¢ (depending on n and p) such that

_ T2)n—1 dr

iz =1sop+e [UTL) [ BRI

for all holomorphic functions f in B,,. See [108].
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Functions of Bounded Mean Oscillation

In this chapter we study the space of holomorphic functions in B,, that have bounded
mean oscillation on S,, with respect to Lebesgue measure and the non-isotropic met-
ric introduced in the previous chapter. Highlights of this chapter include Fefferman’s
duality theorem between BMOA and the Hardy space H', Hormander’s characteri-
zation of Carleson measures, and an atomic decomposition theorem for BMOA due
to Rochberg and Semmes. We also discuss the issue of complex interpolation be-
tween BMOA and a Hardy space, and characterize the holomorphic functions in B,,
that have bounded mean oscillation in B,, with respect to the Bergman metric.

5.1 BMOA

Throughout this chapter we write
d(z7w) - |1 - <Z7w>|1/2

for z and w in the closed unit ball B,,. Recall that the restriction of d to S,, is a
non-isotropic metric. Therefore, for any ¢ € S,, and r > 0, the set

Q¢,r)={6€Su:[1—(¢OI"? <1}

is a non-isotropic metric ball with center ¢ and radius r. We will simply call ) a
d-ball.
Let BMOA denote the space of functions f in H? such that

1
0 = LSO s o [ 17— foff do <o )

where

1
fo = Q) /Qfdcr (5.2)

is the average of f over ) and the supremum is taken over @ = Q(¢,r) for all
¢ €Sy andallr > 0.
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Lemma 5.1. A function f € H? belongs to BMOA if and only if there exists a
positive constant C with the following property: for any d-ball Q) in S,, there exists

a number ¢ such that )
|f —c]*do < C. (5.3)
o(Q) /Q

Proof. 1f f is in BMOA, then for any ) we can take ¢ = fq.
Conversely, if for any () there exists a number c¢ such that (5.3) holds, then we
apply the triangle inequality to get

1 ey 1/2 ( 1 o 0)1/2 B
(s L7 =talae) < (g [ 17 =cdr) +1sa =

The first term on the right is less than or equal to v C, while the second term can be
estimated as follows.

2 1 1 2
—? = —eo)d —c|*d C.
lfq — ¢l ‘a(@) /Q(f ¢)do| < a(Q)/Q|f | do <
It follows that f is in BMOA. O

2

Note that in the definition of BMOA, we only need to consider d-balls of radius
less than §, where ¢ is any fixed positive number.

Proposition 5.2. The space BMOA is a Banach space when equipped with the norm
[l llBnmo.

Proof. Ttis clear that || f||Bmo is a well-defined norm on BMOA.

Recall that for 7 > /2, we have Q(¢,7) = S,, for any ¢ € S,,. It follows that
I fllBMo = || f|l2- So, if { fi} is a Cauchy sequence in BMOA, it is also a Cauchy
sequence in H?2. Thus there exists a function f € H? such that f — fin H2. In
particular, fx(z) — f(z) uniformly on every compact subset of B,,.

Given € > 0, there exists a positive integer N such that

Ilfx — fillsmo < €

whenever £ > N and [ > N. For any d-ball () we have
|£x(0) = £1(0)]* + J(lQ) /Q |(fx — £1) = (fro — fig)|* do < €
forallk > N and! > N.Let! — oco. Then
1
10 = JOF+ o [ 0= 1) (g = ) e < &

for all £ > N. Taking the supremum over all d-balls (), we obtain

I fe — fllBMO < €

forall £ > N. This shows that f is in BMOA and || fx, — f|lsmo — Oask — oo. O
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We proceed to show that BMOA is invariant under the action of automorphisms.
This combined with Theorem 3.19 in Chapter 3 will prove that BMOA is contained
in the Bloch space 3. However, BMOA is not contained in the little Bloch space. In
fact, for any ¢ € S,,, the function

f(Z) - log(l - <Z7C>)7 z € By,
belongs to BMOA but not to the little Bloch space.
Theorem 5.3. A function f € H? belongs to BMOA if and only if

17112 = sup / 1F 00a(0) — F(@)]2 do(C) < oo, (5.4)
a€B, JS,,

Furthermore, || |G is a complete Mobius invariant semi-norm on BMOA .

Proof. Fix f € H? and a € B,, with a # 0. Consider the integral

I — /S 1 oalO) ~ J@P do ().

Changing the variable of integration, we have
o= [ Q) ~ S@F Pl0. do(0)

For the d-ball
Q = Q(a/lal, /1~ [a]?),
we have
1> / £(Q) = F@[2P(a,¢) do(0).
Since
1 —(a,¢) =1~ (a/lal,¢) + (a/lal,}(1 — |a]),
we see that { € @) implies
11— (a, )| < (1 —a]?) + (1 = la]) < 2(1 —[af?).

Therefore,

1
N N (Gl

By Lemma 4.6, there exists an absolute constant C' such that

c :
> o) |1 S@Pr e

As a runs over B,, — {0}, the above () runs over all d-balls of radius less than 1. So,
by Lemma 5.1 and the remark following it, the inequality || f||¢ < oo implies that f
is in BMOA.
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To prove the other implication, let f be a function in BMOA and let

Cy =sup0(1Q)/Q|f—fQ|2da<oo.

Consider the integrals I, in the previous paragraph for a € B,,. Clearly,
sup{l, : |a|] < 3/4} < 0.

So we fix some a € B,, with |a| > 3/4, and let

Qi = Q (a/lal, 25/1 - Jal)

fork=0,1,---, N, where N is the smallest positive integer such that Qn = S,,.
Since

1—(a,¢) =1—la[ + |al(1 = (a/|al, (),
fork > 1and ¢ € Qr — Qx—1 we have
|1 - (aag>| ~ 4k(1 - |a|)7

and so
P(a,¢) ~ 1671 — |a|)~". (5.5)

On the other hand, Lemma 4.6 tells us that
o(Qr) ~ 4™ (1 — |a|)™. (5.6)

So there exists an absolute constant C; > 0 such that

C C\C,
/Qk_le |f(€) - ka|2P(a)C) dU(C) < 4nka(1Qk) /Qk |f - ka|2 do < 41nk

forl1 <k <N.
Also, for1 < k < N, we have

1
Jfaow — fou, = o (Qu_1) /le(ka _f)d07

and so
1

- < / - *do.
|ka ka—ll = U(Qk—l) o |f kal
Since 0(Qx) ~ 0(Qr—1) by (5.6), there exists a constant C; > 0 such that

Cs
o(Qk)

forall 1 < k£ < N. Combining this with

lfar — fan.I? < /Q |f — fo.|?do < C2C.
k
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k

ka - fQO = Z(sz - fQifl)a

i=1

we obtain
|far — faol” < C2C.k?

for 1 < k£ < N. Combining this with (5.5) and (5.6), we find a constant C's > 0 such

that OO R
| Ve faPa o0 <
kE— k-1

for1 < k < N. Since

|f(C) - fQ0|2 < 2<|f(C) - ka|2 + |ka - fQo'z)’

we obtain

/ 1£() = fqul*P(a, ) do(() < 040*(k§ *y
Qr—Qr-1 an

forl <k <N.
It is easy to see that

1

Pla,¢) ~ o(Qo)’

¢ € Qo,

SO

/lf ~ faoPP(a,¢) do(¢) < CsC..

Since

/|f< ~ fao2P(a.¢) do(C) /|f ~ fao[2P(a.¢) do(C)
Sn

+ - 0 2P ) d )
s/ O~ fafP,0do(0)
we obtain a constant Cg > 0 such that

L 160 = fauPla ) doc) < Cuc

for any a € B,, with 3/4 < |a| < 1.
From the reproducing formula

/f P(a,¢) do(¢) = f(a)

we easily check that
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/ (0~ JauPP(@.0do() = [ Q= 1(@)PPla, O do(O)+150)~fa
Therefore,

[ 150 - 1@PP@, 0 do(0) < Coc
for all 3/4 < |a| < 1. This completes the proof of the theorem. O

The semi-norm || || is referred to as the Garsia semi-norm, which obviously has
the property that

[foela=1fla,  feBMOA, ¢ e Aut(By).

It follows from the open mapping theorem that the norm

1= 1O+ [ flle

is equivalent to the BMOA norm || ||smo-

It is clear that H*° is contained in BMOA. We will show in the next section
that BMOA is the image of L°°(S,,) under the Cauchy-Szegé projection, and so by
Theorem 4.36, BMOA is contained in H? for every p € (0, 00).

5.2 Carleson Measures

For ( € S,, and r > 0 we introduce the set

Q- () ={z€B, :d(z,¢) <r}. 5.7)

Clearly, the closure of Q,-(¢) intersects S,, at the non-isotropic d-ball Q (¢, r) from
the previous section. We shall call Q,-(¢) a Carleson tube at C.

A positive Borel measure i in B, is called a Carleson measure if there exists a
constant C' > 0 such that

w(@Q-(¢)) < Cr?n (5.8)

forall ( € S, and r > 0. It is obvious that every Carleson measure must be finite.
Also, a finite positive Borel measure p is Carleson if and only if

sup{ (Q;(LO) (eSS, 0<r< 5} < 0, 5.9
where 9§ is any fixed positive constant.

Recall from Lemma 4.6 that the power 7™ is comparable to the surface area (or
o-measure) of the non-isotropic ball Q (¢, r) in S,,. We shall see from Corollary 5.24
that the volume (or v-measure) of Q,.(¢) in B,, is comparable to r2(*+1),

2n
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Theorem 5.4. A positive Borel measure yi in B,, is a Carleson measure if and only if
the quantity

Cy = sup/ P(z,w) du(w)
z€B, JB,

is finite. Here
1=z
P ) = ) ) e B )
GO g PSR
is the Poisson kernel.
Proof. First assume that C, < oo. Forany ¢ € S,, and 0 < r < 1 we consider the
point z = (1 — r2)(. Since

1= (zw) = (1 =7)(1 = (¢, w) + 77,

we have
11— (z,w)| < (1 —7r*)r? +7r* <2r?

for all w € Q,-(¢). It follows that

AP o -l

p -
(2, w) 11— (z,w)[2" = |1 — (z,w)[2n = (2r2)2n

for w € Q,(¢), and so
N( r
C.z [ Plwduu) 2
Qr(©) Ar2n

This shows that p is a Carleson measure.
Next assume that 4 is a Carleson measure and let

C =sup ,2n

¢

Since p is finite, an obvious estimate shows that

sup / P(z,w)du(w) < co.
|z|<3/4 /B,

Fix some z € B,, with |z| > 3/4 and set { = z/|z|. For k > 0 let

re= /21— [2]).
Let
Ey = QTO (C)

and

Ek: = QT}C (C) - Q"‘k—l (C)
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for k£ > 1. For each k > 0 we have

u(Ey) < 27D (1~ [y
If k> 1and w € Ey, then

1= (z,w)| = |1 = [2]) + [2](1 = (¢, w))]
> [zt = (G w) = (1= |z])

> (52 1) a- kD

> 2871 (1 —|z]).
This clearly holds for k£ = 0 as well. So

16"C
/ P(z,w)dp(w) < k> 0.
o AL

It follows that
— 1
sup / P(z,w)dp(w) < 16"C E onk

|z|>3/4 /B, P

The proof is complete. d

The following theorem characterizes the space BMOA in terms of Carleson mea-
sures. This is one of the most fundamental results in the theory of BMO.

Theorem 5.5. Let f € H2. Then f is in BMOA if and only if the measure

(1= P91 Party = V0

is a Carleson measure. Here dr is the Mobius invariant measure on B,,.
Proof. Recall from Theorem 4.23 that

/ 1~ FO)P do = / T F()PG() dr(2)
Sn )

n

for every f € H?, where

1ffa—¢)nt
G(z) = om / san-1 dt, z € B,

is the Green function for the invariant Laplacian A in B,. As |z] — 17, the Green
function G(z) is comparable to (1 — |z|*)™ (see Proposition 1.26). In particular,

/ 1~ FO)Pdo ~ / S £ - [P dr(2)
Sn B,
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for f in H?. So for any a € B,, we have
[ 10 - s@EP@.Q o) = [ 1fogu—fo o) do

~ [ 19 e @Pa - o) dr(e)

n

- / VF)PA - pa()P)" dr(2),

n

where in the last step we made a change of variables and used the Mobius invariance
of both V and dr. Since

(1= |pa()2yr = L7l (= =)

1= (zaq)p 7
we have
[ 10 - spreaano~ [N @ropa - ane)
B, [1—(z,a)"
The desired result now follows from Theorems 5.3 and 5.4. O

Recall from Theorem 3.1 that

A(fP)(z) = 4VF )P =41 = 2PV )P = IRf()P)

for f holomorphic in B,,. So f belongs to BMOA if and only if the measure
(V)P = [Rf(2)]?) dv(z)

is a Carleson measure. We will also prove in Section 5.4 that a holomorphic function
fin B, is in BMOA if and only if the measure

(1= =)V f(2)]* du(2)

is a Carleson measure if and only if the measure

(1= [z)|Rf (=) dv(z)

is a Carleson measure.

Carleson measures also play a significant role in the theory of Hardy spaces. In
the rest of this section we prove Hormander’s generalization of Carleson’s classical
theorem characterizing Carleson measures in terms of H? functions.

For any z € B,,, z # 0, we write

= Q(e/lZh V1~ |2) = {C€8u: 1= (/121 O < 1— o). (5.10)

The following covering lemma is crucial to our analysis.
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Lemma 5.6. Suppose E C B,, has the property that for no infinite sequence {zy} in
E the d-balls Q) ,, are all disjoint. Then there exists a finite sequence {zy} in E such
that the sets Q) ,,, are disjoint and

Ec U{z €B,: Q. C Q(z/|2].5v/1 — |zk|)}.
k

Proof. Let
T, =sup{\/1—|z| : z € E},

and choose z; € F such that 2\/1 —|z1| > T1.If 21, - -, 2z—1 have aready been

chosen, we let T}, be the supremum of /1 — |2| such that z € E and Q. does not
intersect Q,,, -+, Q. ,, if such points exist. We then choose z; € E such that
2y/1 — |zx| > Ty, and Q., is disjoint with Q; for j < k. By hypothesis, this
construction must stop after a finite number of steps.

For any fixed z € F, there must exist some & such that @, N Q, # 0. If j is the
smallest such index, we then have /1 — || < T}, so

2\/1 — |z > T > /1 - 2]

This implies that

Q- QUG- 151), G =2/l
In fact, if ¢ € Q. and {’ = 2/|2|, and if  is a point in Q. N Q.,, then
d(¢, ¢) < d(¢,¢") +d(¢,m) +d(n,¢)
< V1= Je+ V1= 2+ /1 |z

<5/1- |zl

This proves the lemma. ]

For a function f on S,, we define another maximal function f, in B,, — {0} as
follows:

f(2) Sup / |f|do, (5.11)
where the supremum is taken over all d-balls @) in S,, such that Q, C Q.

Theorem 5.7. If 11 is a Carleson measure on B, then there exists a constant C' > 0
such that

C
pf> 1) < /S f] dor

forall f € LY(S,,do) and all t > 0.
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Proof. f Q, C Qu, then1 — |z| <1 — |w| and

e <amEaf- ()

< (1= 2) + [2[(1 = fw]) <2(1 = |w)).

In particular, @), C Q,, implies that z € Q\/2(17|w|)(w/|w|)'
By Lemma 4.6, if i is a Carleson measure, we can find a constant C; > 0 such
that

wz€B, : Q. CQu} < Cio(Qu)
for all w € B,,, and we can also find a constant Cy > 0 such that
o (Q(z/21,5v/1 = |2])) < Cao (Q(2/12], /1 = |2]))

forall z € B,,.
For any € > 0 and ¢ > 0 consider the set

Et,E{ZGIB%n:z#Q/ |f|da>t(e+J(Qz))}.

z

If {z1} is a sequence in E} . such that the d-balls @, are disjoint, then

D tle+o(@n)) < §/Q fldo < /S \f1 do. (5.12)

So {21} must be finite and we can apply Lemma 5.6 to the set E; . Let Ej , be
the set of all z € B,, with the property that (), C @, for some w € E; .. Then
Lemma 5.6 shows that

Bl | J{z €Bn: Q. C Q(z/l2l,5v/1 — |2]) }-
k

Therefore,

u(BL) < Y nfz € Bui Qe C Q(ar/ Ikl 5V/1 — Jal) }
k
<O Y o (Qzk/12k],5v/1 = |2k)))

k

< ChCq ZU(sz)

k
<% [ 1o
t o Js,

The last inequality above follows from (5.12).
If f.(z) > t, then there exists a d-ball @) in S,, such that ), C @ and
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/ fldo > to(Q).
Q

Write
Q=Q(r)=Q (|Z|,1— |w|) . w=(1-r)C

Then
[ 11de > te+ 0(Qu)

w

for all sufficiently small e. It follows that w € E; . and 2z € Ej  for e sufficiently
small. Therefore,

it > 1) < tmswpp(EL) < [ ifldon
e—0 ’ Sn

This completes the proof of the theorem. ad

As a consequence of the above theorem and the Marcinkiewicz interpolation
theorem, we obtain the following LP estimate for the maximal function f,.

Theorem 5.8. If 1 is a Carleson measure on B, then for each 1 < p < oo there
exists a constant C' = Cp, > 0 such that

[ lrpansc [ ipao
Br Sn
forall f € LP(S,,, do).

We now demonstrate the close relationship between Carleson measures and
Hardy spaces. In particular, the following theorem will be essential for us later when
we establish the duality between H' and BMOA.

Theorem 5.9. Let i be a positive Borel measure on B,, and 0 < p < oo. Then p is a
Carleson measure if and only if there exists a constant C' > 0 such that

/ P du(z) < © / FQIP do ()
B, Sn

forall f € HP.
Proof. First assume that y is a Carleson measure. For 3/4 < |z| < 1 and k > 0 let
Q= Q(2/12,2V/1 = I21).

If 1 < p < oo and g is a nonnegative function in L?(S,,, do), then the proof of
Theorem 4.10 shows that
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Plg)(z) = / P(2,09(0) o) + Y / P(z,0)g(¢) do()
o k k

c—Qr—1
2m o}
= (1 — |Z|)” /Qo g(g) dU(C) + ; 4nkU<Qk) Ak g(g) dU(C)
< O294(2)

for some constant C; > 0 and all z € B,. This also holds for |z| < 3/4. By
Theorem 5.8, we have

/

for some other constant C' > 0 (independent of g).
If0 < p < oo and f € HP, then the function |g| = | f|P/? is in L?(S,, do), so

P12)(2)|? dp(z 2do = Pdo.
/Bn/Pnﬂ 12)]° dis( >so/§n 9 d c/gn frd

By Corollary 4.5,

|Plg)(=)P du(z) < C /g 9(Q)P do(¢)

n

IF)IP < |PIFPRR)), 2 € B

We obtain

/B FEP du(z) < C /S QP do (©).

Next assume that there exists a constant C' > 0 such that

[ 1s@rdue <c [ 1P o)
By Sn
forall f € HP. For any a € B, let

1—af?

n/p
O I
Then we obtain
/IB P(a,z)du(z) < C, a€B,.

By Theorem 5.4, 1 is a Carleson measure. O

5.3 Vanishing Carleson Measures and VMOA

A positive Borel measure i on B,, is called a vanishing Carleson measure if

i H(@r(C))

r—0 r2n

=0 (5.13)

uniformly for ¢ € S,. We say that a sequence {f} in H? converges to 0 ultra-
weakly if {|| fx||p} is bounded and { f5(2)} converges to O for every z € B,,.
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Theorem 5.10. Let 11 be a positive Borel measure on B,, and p > 0. Then the fol-
lowing conditions are equivalent:

(a) w is a vanishing Carleson measure.
(b) For every sequence { f.} that converges to 0 ultra-weakly in H? we have

lim [ |fi(2)|P du(z) = 0.
k—o0 B,,
(c) The measure L satisfies

lim [ P(z,¢)du(¢) = 0.
lz|—1~ JB,

Proof. That (a) implies (b) follows from Theorem 5.9 and approximating the mea-
sure ;4 by the measures yi,, where 0 < r < 1 and p, is p times the characteristic
function of rBB,,.

Choosing

F(0) = { (1 — |zx®)™ ]1/1)’
(1= (¢ 2k))*"
where ¢ € S,, and |z;| — 17 as k — oo, shows that (b) implies (c).
The proof that (c) implies (a) follows from the same arguments used in the proof
of Theorem 5.4. ad

The space BMOA is easily seen to be non-separable. We consider a separable
subspace of BMOA, denoted by VMOA, which is the closure in BMOA of the set
of polynomials. We mention in passing that the letters in VMO stand for vanishing
mean oscillation. The letter A in VMOA, just like the letter A in BMOA, refers to
analytic functions.

Theorem 5.11. For f € H? the following conditions are equivalent:

(a) f isin VMOA .

(b) f can be approximated in BMOA by functions holomorphic on the closed unit
ball of C™.

(c) f satisfies

la]—1—

lim /S W oulQ) ~ @R do(©) =0,

or equivalently,

Jim / £() - F(@)P(a, ) do(C) = 0.
(d) f satisfies
lim P(a, z)du(z) =0,
la|=1~ Jg,
where

() = (1= ) artz) = T e,
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(e) f has the property that

1 2
li — mn| do=0
Tf& U(Q(C,r)) /Q(C,r) |f fQ(C, )| g

uniformly for ¢ € S,,.

Proof. The equivalence of (c), (d), and (e) follows from the proof of Theorems 5.3,
5.4, and 5.5. The equivalence of (a) and (b) is obvious, because a function holomor-
phic on the closed unit ball can be approximated uniformly on B,, by polynomials.
It is obvious that every polynomial satisfies the condition in (e), so an approxi-
mation argument shows that (a) implies (e).
It is easy to see that the Garsia semi-norm of f in BMOA is equivalent to the
Carleson semi-norm

Il = s | | Pla) st ”

a€By,

where 1 = py is the measure given in condition (d). Also, it is easy to see that if
condition (d) holds, then f can be approximated by f, in the Carleson semi-norm.
This shows that (d) implies (b), and the proof is complete. O

It can be shown that VMOA contains unbounded functions. In fact, if
f(zla ) Zn) = g(zl)a

where g is an unbounded analytic function in the unit disk D in C satisfying

/ 19/ (1) 2 dA(z1) < o0,
D

(for example, g can be the Riemann mapping from the unit disk to an unbounded
simply connected domain in C with finite area), then f belongs to VMOA.
The following result is the little oh version of Theorem 5.5.

Theorem 5.12. Suppose f is holomorphic in B,, and

u(z) = (1 R s artz) = VT

Then f belongs to VMOA if and only if 11 is a vanishing Carleson measure.

Proof. This follows from Theorems 5.10 and 5.11. ]



172 5 Functions of Bounded Mean Oscillation
5.4 Duality

In this chapter we consider BMOA and VMOA as Banach spaces and show that
BMOA can be identified with the second dual of VMOA using the natural integral
pairing with the surface measure on S,,. The intermediate space in this duality rela-
tion turns out to be the Hardy space H'.

Theorem 5.13. The Banach dual of H' can be identified with BMOA under the
integral pairing

(.9 = lim [0 9(C) do(€).
where f isin H' and g is in BMOA .

Proof. First let F be a bounded linear functional on H!. We extend F to a bounded
linear functional on L(S,,, do) by the Hahn-Banach extension theorem. Since the
dual space of L1(S,,, do) is L°°(S,,), there exists a function h € L>(S,,) such that

F(f):/S fhdo,  feH"

Since the Cauchy-Szegd projection is an orthogonal projection on L(S,,, do), we
have

F(f)= lim | f hdo

r—1— Sn

= lim [ C(f,)hdo

r—1- Sn

= lim frC(h)do

r—1- Sn

forall f € H'. We proceed to show that the function g = C'(h) is in BMOA.
Fix Q = Q((o,r) in S,,. Define hy on S,, by setting h; = h on Q({p,2r) and
h1 = O elsewhere on S,,. Let ha = h — hy. Then hy = 0 on the closure of Q((y, 21)
and hy = h elsewhere on S,,. We have g = g1 + g2, where g, = C(hy) for k = 1,2.
We first estimate the boundary integral of g; on Q using the fact that C' is an
orthogonal projection on L%(S,,, do):

/Q 91(Q dor < /S 91(Q2 do < /S ha(Q)[? do

- / MO do < (1120 (Q(Co, 21).
Q(o,2r)

By Lemma 4.6, there exists a constant C'; > 0 (depending on n only) such that

1 2 2
) 19O 4O < CulpiE,
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To estimate the boundary integral of g2 on (), we observe that g, is continuous
on Q(¢p, 2r). In particular,

2(Co) = /S C(Co, Oha(C) dor(©),

and

g2(n) — 9(Go) = / (C,0) = CCor O)ha(€) do(©)

S n

foralln € Q. By Lemma 4.29, there exists a constant Co > 0 (depending on 7 only)
such that

d
lg2(n) — g2(Co)| < Car||h||o /d(C oz [1— <<UC(OC>)|n+1/2

for n € (). Combining this with Lemma 4.30 we find a constant C3 > 0 (depending
on n only) such that

l92(1) — g2(Co)| < Csllh]|oo
forall n € @, so

) 19240 02 ) o C) < CEIAIE.
It follows that there exists a constant Cy > 0, depending on n only, such that
) 190~ 02 G0 do(0) < CHIBIE,

Since () is arbitrary, this along with Lemma 5.1 shows that g is in BMOA with

[gllBMo < Callh|oo-

Next we assume that g is in BMOA and consider the functional

- / fgdo,
Sn,

where f is a polynomial (recall that the polynomials are dense in H'). We proceed
to show that F' extends to a bounded linear functional on H'.
Polarizing the formula in Theorem 4.22, we can write

:/S fgdo = F(0)g(0) + F(f),

where

() =1 | RIQRG) > og | do(z),
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An application of Holder’s inequality shows that |15 (f)]? is less than or equal to
4/n? times

(/ |]TJ{((§>>||2 |27 log |i| dv<z>> < / FE)IRg() " log é' dv(z)> ,

The first integral above is dominated by the H! norm of f, according to Theoem 4.22.
The second integral above is also dominated by the H! norm of f, because of Theo-
rem 5.9 and the fact that g belonging to BMOA implies that the measure

V(=)

L e @) = (V) = 1Rg() ) do(z)

is Carleson (see Theorem 5.5), which easily implies that the measure

1
|Rg(2)[?|z] %" log ¥ dv(z)
z
is Carleson. This shows that F' extends to a bounded linear functional on H!. O

Theorem 5.14. If f is holomorphic in B, then the following conditions are equiva-
lent:

(a) f is in BMOA. .

(b) [[Vf(2)|2/(1 = |2|2)] dv(z) is a Carleson measure.

(c) (1 —12»)|Vf(2)|? dv(z) is a Carleson measure.

(d) (1 —|2|*)|Rf(2)|? dv(z) is a Carleson measure.

Proof. Tt follows from Lemma 2.14 that

2 Vi)

Tl

(1= [2P)IRf(2)]* < (1 =2V f(2)]
We see that (b) implies (c), and (c) implies (d). That (a) implies (b) was proved in
Theorem 5.5. The proof of Theorem 5.13 shows that (d) implies (a). O

The following result indicates that the space BMOA plays the same role in the
Hardy space theory as the Bloch space does in the Bergman space theory.

Theorem 5.15. The Cauchy transform maps L*(S,,) boundedly onto BMOA .

Proof. By the Hahn-Banach extension theorem and the fact that the dual space of
LY(S,,do) is L°°(S,,) with respect to the integral pairing induced by do, we see
that the dual space H' can be identified with CL>(S,,). O

The next result gives further evidence that the space BMOA behaves like the
limit space of H? when p — oo.
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Theorem 5.16. Suppose 1 < py < coand € (0,1). If p = po/(1 — 0), then
[HP°, BMOA]y = H?
with equivalent norms.

Proof. We prove the case 1 < po. When pg = 1, the argument is much more compli-
cated and involves real-variable methods; we refer the reader to [36] and references
there.

If we identify H? with a closed subspace of LP(S,,), then for every f € H? C
L?(S,,,do), Theorem 1.33 tells us that there exists a family of functions gc, 0 <
Re( < 1, such that gg = f, gc € LP°(S,) for Re¢ = 0, and g¢ € L*(S,,) for
Re({ = 1. Let fr = C[g¢]. Then fo = f, fc € H?® for Re( = 0, and f. € BMOA
for Re ¢ = 1. This shows that H? C [HP°, BMOA],.

The other direction follows from duality and Theorem 4.38. In fact, if f €
[HP°, BMOA]y, then there exists a family of functions f¢, Re( € [0, 1], such that
fo = F. I fcllps < IIfllo for Re¢ = 0, and || f¢[[smo < [[f]lo for Re¢ = 1. Fix
g € H9, where 1/p+ 1/q = 1. By Theorem 4.38, we have

H? = [HQO,Hl]Ga

where 1/pg + 1/qo = 1, because

q qo0 1

So there exists a family of functions g¢, Re{ € [0, 1], such that gg = g, ||g¢|lqe <
Cllgllq for Re¢ = 0, and ||g¢|l1 < C|lgllq for Re¢ = 1, where C is a positive
constant. It follows from the duality between HP° and H%, the duality between
H' and BMOA, and the Hadamand three-lines theorem (on which the method of
complex interpolation is based) that the function

FQ) = [ fegcdo
Sn
is analyticin 0 < Re ( < 1, continuous in 0 < Re ( < 1, and satisfies

[E@O)] < C'[[ fllallgllq:

where C’ is another positive constant (independent of f and g). This shows that

‘/Snfgda

Since g is arbitrary, it follows from the duality between H? and H? that f € HP. O

< I lollgllg-

We now discuss several issues related to the space VMOA.
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Theorem 5.17. The dual space of VMOA can be identified with H' under the inte-
gral pairing

(f,9) = lim A f(rQ) g(¢) do(C),

r—1-

where f is in VMOA and g is in H".

Proof. By Theorem 5.13, every function g € H' induces a bounded linear functional
on VMOA.
Conversely, if F' is a bounded linear functional on VMOA, we define a holomor-

phic function g in B,, by
g(z) _ Z binz™,
m

where
(n—1+4|m|)!

(n—1)!'m!

Since {2} is a bounded sequence in VMOA, {F(2™)} must also be bounded, so
the function ¢ is indeed holomorphic in B,,.

For0 <r < 1and
flz)= Z amz"™

by = F(zm).

in VMOA we have

F(fr) = Zn: (n 1+ |m|)' by, ,

because the Taylor series of f,. converges in VMOA. Using Lemma 1.11 we can
write

F(f7) :/S fgr do.

If g is in H', then by Lemma 1.11 again,

/S frgdo = F(f),

and so
F(f)= lim [ fgdo

r—1-
n

for all f in VMOA.
To show that g belongs to H 1 we use Theorem 5.13 to find a constant M > 0
(independent of r) such that

lgollr < Msup{‘/ gf do
Sn

Nl < 1}

for all » € (0,1). Here we use the following norm on BMOA:
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[f[l+ = nf{[[klloc : f = C(h), h € L=(Sn)},

with C'(h) being the Cauchy transform of h. If f = C'(h) for h € L*°(S,,), then it is
easy to check that f,, = C(h,.), where

he(C) = /S P(rCh(n)do(n), ¢ €S,

Since ||Ar]|oo < ||R||oo, it follows easily that || f- ||« < || ]|«
Since f, is in VMOA and since

/ng:me

n

’LﬁJM

lgrllm < MIIF.

we conclude that

< NENLEl < NENLF I

and so

Since r is arbitary, we must have g € H* and ||g||zn < M]||F . This completes the
proof of the theorem. O

Theorem 5.18. The Cauchy-Szego projection maps the space C(S,,) boundedly onto
VMOA .

Proof. 1t is clear that the Cauchy transform C' maps every function of the form
2™2z! to a monomial, which belongs to VMOA. By Theorem 5.15 and the Stone-
Weierstrass approximation theorem, C' maps C(S,,) boundedly into VMOA.

To show that the Cauchy transform C' maps C(S,,) onto VMOA, we fix a unit
vector f in VMOA and use Theorem 5.15 to find a function g € L*°(S,,) such that
f=C(g) and ||g]lcc < M, where M is a positive constant independent of f. We
extend the function g to B,, using the Poisson transform and still use g to denote
the resulting extension. A use of Fubini’s theorem shows that f, = C(g,) for each
0 <r < 1.Ttis clear that ||gr]|co < ||glloc < M.

Since f is in VMOA, there exists some - € (0, 1) such that

1
IF = frllBmo <,
‘We then have the representation
f=f+n,

where f1 = f, = C(g,) with g, € C(S,,) and h() = f — f, satisfies ||h(1)||BMO <
1/2.

Choose a function g1 € L>(S,) such that A = C(g™M)) and ||¢g™V e <
M /2, where M is the same constant from the previous paragraph. Since h(!) is still
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in VMOA, there exists some r € (0, 1) (possibly different from the r in the previous
paragraph) such that

1
1K™ = hM [[Bpo < 4
We then have the representation
f=f+fatn?,

where fy = pY = C’(g,(«l)) with gfal) € C(S,) and A? = p() — R satisfies
Hh(2)”BMO < 1/4
Continuing the above process infinitely, we obtain

F=C(g1)+C(g2)+ -+ Clgn)+ -,

where the convergence is in BMO norm, each g,, belongs to C(S,,), and

M
lgnlleo < gty
Let
G:gl +92++gn+7
then G € C(S,,) and f = C(G). This completes the proof of the theorem. O

Theorem 5.19. Suppose f is holomorphic in B,,. Then the following conditions are
equivalent:

(a) f belongs to VMOA .
(b) The measure (1 — |2|?)|V f(2)|? dv(z) is a vanishing Carleson measure.

(c) The measure (1 — |z|?)|Rf(2)|? dv(z) is a vanishing Carleson measure.

Proof. 1f f is in VMOA, then by Theorem 5.12, the measure
(1= 121 IV f(2)]7 du(z)
is a vanishing Carleson measure. According to Lemma 2.14,
(L= |2V < (1= )V e

it is then clear that (a) implies (b). It also follows from Lemma 2.14 that (b) implies
(c).

It follows from the open mapping theorem that the Garsia norm || f||¢ on BMOA
is comparable to the Carleson norm || f||. defined by

|ﬂ2&m{4| 2 dus (2 /’M201}

dpg(z) = (1= [2[*)|Rf(2)]* dv(2).
If condition (c) holds, then f can be approximated by f, in the norm || ||, and so f
can be approximated by f, in the BMOA norm. This shows that (c) implies (a). O

where
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The next result is the limit case of Theorem 4.39 when p — oo. The definitions
of the operators Ry, and E, are given immediately prior to Theorem 4.39.

Theorem 5.20. Suppose 1 < k < n. Then the operator Rj, maps BMOA and VMOA
of B,, onto the Bloch space and the little Bloch space of By, respectively.

Proof. If f € BMOA(B,,), then there exists a function g € L*°(S,,) such that

B 9(¢) da(¢) B
1) = /S 1 (s 2EPm

Write 2z = (2, 2”") and ¢ = (¢/, ") with 2’ and ¢’ in C¥. Then
— £ ) —
(ka)<21, azk)_f(zvo)_/gn (17<Z/’C/>)n'
Applying (1.15), we have

_ w2 n—k—1 w) dur (w
<R’ff)(“"1""’z’“):/3.(l | |(1)<z’ Z<>>"dk< :
where

)= (" 1) [ = ol ) o)

is a bounded function on By,. According to part (d) of Theorem 3.4, the function Ry, f
belongs to the Bloch space of By.

A similar argument shows that Ry, maps VMOA (B,,) boundedly onto the little
Bloch space of By. O

We also have the following limit case of Corollary 4.40.

Theorem 5.21. For each 1 < k < n the operator Ey, maps the Bloch space and the
little Bloch space of By, into BMOA and VMOA of B,,, respectively.

Proof. Let f be a function in the Bloch space of Bj. Then there exists a function
g € L*°(By) such that

f(2) = (n - 1> /Bk (1- w|(21)ifz/,1i(;)vzdvk(w)~

Here again we write z = (2, 2”) for z € B,, with 2 € Bj. Define a function h
(almost everywhere) on S,, by

h(¢',¢") = g(¢), ¢=(¢,¢") es,.
Then by (1.15),
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h(C)dU(C) _ n—1 N ’LU2 n—k—1 w) dow(w) -

/sn(1—<z,(:>)”< k >/Bk(1 |w]7) g(w) dv (w)
/ do—n—k(n)

o (1= {2} — (2, /1~ fwf2 )

_ |wl2yn—k—1
(n )Ly s
= f(&') = (Ewf)(2).

According to Theorem 5.15, we have Erf € BMOA(B,). A similar argument
shows that E;, maps the little Bloch space of By boundedly into VMOA of B,,. O

5.5 BMO in the Bergman Metric

Recall that
D(a,r) ={z € B, : 8(z,a) < r}, a € B,,

where 3 is the Bergman metric. For a function f in L'(B,,, dv, ) we define

fur =, (g [ F@dun(a), (5.14

where o > —1 and E is any Lebesgue measurable set in B,,. Two kinds of sets £
will be of interest to us in this section, namely, Bergman metric balls and Carleson
tubes. Our goal is to show that holomorphic functions in B,, that are of bounded mean
oscillation with respect to the Bergman metric balls or Carleson tubes are exactly the
Bloch functions.

Theorem 5.22. Supposer > 0, a > —1, p > 1, and f is holomorphic in B,,. Then
the following conditions are equivalent:

(a) f € B.
(b) There exists a constant C' > 0 such that

1 Pdvg (2
va(D(a,7)) /D(a,7-) |[/(2) = f(@)ldva(2) < €

foralla € B,
(c) There exists a constant C' > 0 such that

! p
vo(D(a,r)) /D(a;r) |f(2) = fa.D(am)| dvalz) <C

foralla € B,
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(d) There exists a constant C > O with the property that for every a € B,, there is a
complex number c, such that

1 .
va(D(a,r)) /D(a77‘)|f(2)—ca| dva(2) < C.

Proof. Assume that f € B. By Corollary 3.8 there exists a constant C; > 0 such

that
(1=l

L@ r@p L dua(e) < €
for all a € B,,. In particular,
(1 _ |a|2)n+1+a

/D(W) |f(z) = f(a)|” L (2, Pt 1+e) dva(z) < Cy

for all @ € B,,. By Lemma 2.20,

— f(a)IP dva(z)
[ pe=ser, (el <o

for all @ € B,,, where C5 is another positive constant. Since
va((D(a,7)) ~ (1 = [af?) 1+
by Lemma 1.24, we have

1 -
vo(D(a,r)) /D(a77)|f(2)—f(a)| d (x( ) < Cs

for all a € B,,, where C3 is another positive constant. This proves that (a) implies
(b).

To prove (b) implies (c), write

f(Z) - fa,D(a,r) = f(Z) - f(a) - (fa,D(a,r) - f(a))
and observe that

fa,D(a,r) - f(a’) = ’Z)Q(Dl(a,T)) /D(a,r) (f(Z) - f(a’)) dva(z)'

The desired estimate then follows from the triangle inequality and Holder’s inequal-
ity.

That (c) implies (d) is trivial.

It remains to show that (d) implies (a). An examination of the proof of Lemma 2.4
reveals that there exists a constant Cy > 0 such that

Vo <O [ oot
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for all holomorphic functions g in B,,. For any a € B,, we replace g by f o ¢, — c,.
Then

S @) < Ci / 1 0 @al2) — cal? dva(2).

D(0,r)

Make an obvious change of variables according to Proposition 1.13 and then apply
Lemmas 2.20 and 1.24. We obtain

o P dvg (2
va(D(a,r)) /D(w)|f(z)—ca| dvg(2)

for all a € B,,, where C’5 is a new positive constant. This completes the proof of the
theorem. U

Vi) <

Since the first condition above is independent of p and ¢, it follows that the
other three conditions are actually independent of p and « as well. However, if we
allow non-holomorphic functions, then these conditions become dependent on the
parameters p and «; see [131]. Also note that the assumption p > 1 was only used in
the proof that (b) implies (c).

We shall also show that the Bloch space can be characterized by the boundedness
of mean oscillation with respect to Carleson tubes

Q’(C) :{ZEB" d(Z,C) <T}, T>O7C€S‘n7

where
d(z,w) = |1 — (z,w)|"/?, z,w € B,.

First we show that a Carleson tube behaves much like a Bergman metric ball. To this
end, we introduce the Euclidean tube

Q) x(s,1)={z€eB,:s<|z| <1,2/|z2l € Q(¢, )} (5.15)
forany ( € S,,0 <1 < V2,and 0 < s < 1.

Lemma 5.23. Suppose 0 < r < 1 and R > 0. There exists a constant o € (0,1)
(depending on R but not on r) such that

D(aaR) C QT(C> C Q(<7TI) X (1 - 7’2, 1)
forall ¢ €S, where

272
1—r2

a=(1-o0r?), 'r’\/

Proof. First assume that ¢ € S, and z € Q,(¢). Then z # 0 and we can write
z = |z|n for some n € S,,. Since

1= (2,0 =1—[zl+|z[(1 = (n,0)),
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an application of the triangle inequality gives
[2[[1 = (n, ) < r* + (1 = |2]).
On the other hand,
r? > 11— (2,0)] 21~ |2|.
Therefore, 1 — 72 < |z| < 1 and
r?+(1—|z|) 272
2] 1—r2"

|1 - <na<.>| <

This shows that
QT(C) C Q(Ca’rl) X (1 - T2a 1)
Next assume that ¢ € S,, and a = (1 — o7?)(, where o € (0,1) is a constant to

be specified later. If z € D(a, R), then z = ¢, (w) for some w with |w| < R’, where
R’ = tanh(R) € (0, 1). It follows that

a 1= {(pa(w),a) —or?
1—or2/ 1—or2 '

1= (2.0 = 1= (uw)

Since (see Lemma 1.3)

1— 2
1 —{pa(w),a) = 1 <1|j,|a)’ 1 —la| = or?,
we obtain ) al
or 1+ |a
1— = —1].
(2. ) 1—or? [1<w,a> }
If we choose o € (0, 1) so that
o 1+ |a
-11<1
1—o0r? ||1 = (w,a)] '
for all |w| < R/, then D(a, R) C Q,(C). O

Corollary 5.24. For any o > —1 there exist positive constants ¢ and C' such that
er?(ntita) < a(Qr(€)) < Cp2ntitae)
forall( €S, and 0 < r < /2.
Proof. With notation from the lemma above, we have
va(D(a, R)) ~ (1 — |af?)"F1He ~ p2intite)
as 7 — 0T. Also, it follows from polar coordinates and Lemma 4.6 that
0a (Q(¢, ") x (1 —12,1)) ~ p2ntita)

as r — 0. The desired result is obvious for  not near 0. O
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Theorem 5.25. Suppose a« > —1, p > 1, and f is holomorphic in B,,. Then the
following conditions are equivalent:

(a) f € B.
(b) There exists a constant C > O with the property that for eachr > 0and € S,
there is a number c such that

1
va(Q(C)) /QT«) = el dva < C
(c) There exists a constant C' > 0 such that

! 1
va(@r(C)) /Qm If = faquol"dva < C

forallr > 0andall { € S,,.
Proof. 1t is obvious that (c) implies (b). That (b) implies (c) follows from writing

= faguo=f—¢c— (f —¢)dva

1
Ve (Qr (C)) /Qr(C)

and applying the triangle and Holder’s inequalities.

To show that (a) implies (b), we fix ( € S,,, and without loss of generality,
assume 0 < r < 1. Define a point a € B,, as in Lemma 5.23 so that 1 — |a|? ~ 72
and

D(a, R) € Qr(¢),

where R = 1. Condition (a) implies that
(1 _ |a|2)n+1+o¢
L@ =s@p L () < 0
where M > 0 is a constant independent of . In particular,
(1~ faf2yr+tee
_ P
L@@ B el <

For z € Q.(¢), we have

1= (za)| = |1 lal(,¢)|
=1~ la| +al(1 — (z,¢))|
< (1 —laf) +allt = (z,)]

< or? + |a|r?.

By Corollary 5.24, there exists another constant M’ > 0 (independent of r and ()
such that
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1
va(Qr(C))

forall( € S, and 0 < r < V2.

It remains for us to prove (c) implies (a). Sowe fix ( € S,, and 0 < r < 1,
and define a € B,, according to Lemma 5.23. By condition (c), Lemma 5.23, and
Corollary 5.24, there exists a constant C' > 0 such that

| 106 - f@P duaz) < ar
Q+(¢)

1 _—
va(D(a, R)) /D(a,R) [f(2) = el dva(2) < €,

where ¢ = f, g, (¢)- This easily implies that f € B. The proof of the theorem is now
complete. O

5.6 Atomic Decomposition

In this section we prove a decomposition theorem for the space BMOA. The de-
composition and its proof are based on the Bergman kernel and related reproducing
formulas.

Fix a parameter b > n and fix a sequence {ax} satisfying the conditions in
Theorem 2.23. The sequence {ay } induces a partition { Dy, } of B,,. We also need the
more dense sequence {ay; } and the associated finer partition { Dy } of B,, described
in the preceding paragraphs of Lemma 2.29. Recall from Sections 2.5 and 3.6 that

_ ’UJ2 b—n—1
Tf(z) = / A =1l " ) do(uw),

and

oo J
52 = 33 (),

2420 (1~ (z,a1))"

wherea = b— (n+1).
For any t > —1 let QCM? denote the space of Lebesgue measurable functions
f in B,, for which

dpg(2) = |f(2)(1 = |2]*)" dv(2)
is a Carleson measure. It is easy to check that QC M* becomes a Banach space when
equipped with the norm || ||; defined by

||f||f:sup{ﬂf(Qs<<)) :CESH,O<5§1}. (5.16)

SZn
Theorem 5.26. Suppose t and b satisfy
0<t+1<2(b—n). (5.17)

Then the operator T is bounded on QC M?*.
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Proof. Suppose f € QCM?! and we must show that g = T'f is also in QCM?.
Without loss of generality we may assume that f > 0.

Fix a Carleson tube Q = Qs(¢) and split f as f = f1 + fo, where f; = f on
Q35(¢) and f1 = 0 off Q35(¢). We then have g = g1 + go, where g, = T f}, for
k=1,2.

By Theorem 2.10, the assumptions in (5.17) tell us that the operator 7 is bounded
on L?(B,,, dv;), so there exists a constant C; > 0 such that

/ ()P = [22)! do(z) < / ()P = [22)! do(z)
Q

Br

< / AP - [22) do(z)

—an [P P oo
Q3s(<)
Since f is in QCM?, there exists a constant Co > 0, independent of (), such that
[ lanGIPa = P dofe) < Cast
Q

To estimate go, we consider the function i defined by
1
v(D(2)) Jp(z)

where D(z) = D(z,0) is the Bergman metric ball about z with radius . Here J is a
positive constant so small that

D(z) C Q35(¢) whenever 2z € Q25(C). (5.18)

h(z) = fa(w)dv(w), 2z € By,

To see that this is possible, choose § so that
2V/tanh § < 5s2.
Then z € Q24(¢) and w € D(z,d) imply that
1= (0,0 < 1= (2,1 + [{z = w, )] < 45% + |2 — wl.

Write w = ¢, (u) with |u| < tanhé and use an identity from the proof of
Lemma 3.3. We obtain

(1= 2 (ul* = [u, 2)I*)

|2 —wl|* = |z — p:(u)|* =

1= (z,u)f?
(142X = [z (el = [{u, 2) ) (Jul + [(u, 2)])
B (1= [{z,w)])?

< 200 = 2D = [{u, 2)[)(2]u])
- =D = [z w))
= 4|ul.
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Therefore,
11— (w,¢)| < 4s% + 2Vtanh § < 952

This shows that D(z) C Q34(¢) whenever z € Q24(().
By Holder’s inequality,

/ | o) ? dv(u).
D(z)

Since v(D(2)) ~ (1 — |2]*)"" and 1 — |w|? ~ 1 — |2|? for w € D(z), we can find
a constant C's > 0 such that

2 03

M < (| / IR o) de(w)

forall z € B,,. Since f is in QCM?, an application of Lemma 5.23 produces another
constant Cy > 0 such that

Cy(1 — |22 1

2 _ 2\ —1—t

|h<2)| = (17 |Z|2)n+1+t _04(1_ |Z| )

for all z € B,,. Also, it follows from (5.18) that h(z) = 0 for all z € Q24(¢).
If z € Q, then

1— 2\b—(n+1)—3—1
Th:) < v/ [ G dow).
Bn—Q24(0) 1= (z,w)

Write

b=c+ (b—ce),
where € > 0 is small enough so that

t+1 t+1

b—(n+1)— —|2— —e>—1, —|2— > €.

Estimating |1 — (z, w)|¢ by the triangle inequality
1= (zw)[* = d(z,w) 2 d(¢w) —d(¢,2) 225 — 5 =5,

we obtain a constant C5 > 0 such that

C 1 — |w|? b—(n+1)—3—1%
ITh(z)| < ;;/ ( |_|) e dv(w)
s Jp, 1= (zw)

for z € ). Appealing to Theorem 1.12, we get another constant C's > 0 such that

t+1

Th(z)| < Ces™ (1= |2*)" 2

for all z € Q. It follows that
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J1Tn R 1Py du(e) < € [ @[ Pet au),
Q Q
The last integral is easily seen to be dominated by s2"+4¢. Therefore,
| IR ) o) < Crs,
Q

where C~ is a positive constant independent of ().

It remains to show that go = T'f5 is dominated by T'h. To this end, we use
Fubini’s theorem. First notice that v(D(w)) is comparable to (1 — |w|?)"*1, so there
exists a constant 6; > 0 such that

(1 = w2201 do(w

Th(z) 251/ 12 (o) / f2(WXp () (w) do(w).

Bn

Since
XD (w) (u) = XD (u) (w),

a use of Fubini’s theorem gives

(1 — Jw[?)P=20+ D do(w)
2) > 6 /Bn f2(u) d“(“)/D(u) [T —(z,w)| .

By Lemmas 2.24 and 1.24, the inner integral above dominates

(1= Ju?)= (4D
1= (2wl

We conclude that there exists a constant 6o > 0 such that

—|u 2\b—(n+1)
Th(z) > 6, /B (1 . |_|<z),u>|b Folw) dv(u) = 6T fo(2).

This completes the proof of the theorem. O
For a € B,, we use ¢, to denote the unit point-mass at the point a.

Lemma 5.27. Suppose R > 0 and {ay} is any sequence in B,,. Then the measure
dp =3 lenf2(1 = lax[?)"s
k
is Carleson if and only if the measure

A=Y ) L 0 P )

k

is Carleson, where Y, is the characteristic function of the Bergman ball D(ay, R).
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Proof. For any a € B,, we have
/ (1= lal*)"dA(z) _ 3 |ex? / (1= [al?)"(1 = |2|*) do(2)
B, [1—{(a,z)[*" — (1= 1ax]*)? Jp(ay,m) 1= (a,z)[*"
It follows from Lemma 2.20 that
L=l ~1—faf*  (k—o0)
for z € D(ag, R), and it follows from (2.20) that
1—{a,2)[ ~ 1= (a,ax)|  (k— o0)

uniformly in a for z € D(ay, R). Therefore,

[0 e o)~ 3 Ol (D ).

5, |1 = (a,2) > 1= lag* 1 = (a, ax) >

Since
v(D(a, R)) ~ (1 — |ag|*)"*!

as k — oo (see Lemma 1.24), we conclude that
(1 — |af?)" (1~ la[*)"
c 1 — |ag
fo =t ~ 2l o) T gy

T
‘/Bn 11— (a, 220 W)

According to Theorem 5.4, i is a Carleson measure if and only if X is a Carleson
measure. O

Lemma 5.28. Let {ay} be a sequence satisfying the conditions in Theorem 2.23. If
a sequence {cy} has the property that

> lerl? (1 = Jax*)"o
k

is a Carleson measure, then the function
b
1 — Jag|?
= E 5.19

belongs to BMOA whenever b > n.

Proof. For each k let E), = D(ay,r/4) denote the Bergman metric ball about ay
with radius /4. Consider the function
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Z ek (2
1- IchI2
where ), is the characteristic function of the set . Since the sets E}, are disjoint,

the measure
= [h(2)2(1 = |2]?) dv(2)

can be written as

It follows from Lemma 5.27 and the assumption on {c} that u is a Carleson mea-
sure, that is, h belongs to QC M.

Let T be the operator defined using the parameter b + 1. Then T is bounded on
QCM* by Theorem 5.26. In particular, the function Th is in QC M.

Next consider

el [ QR
T =3 e fo - e 0

Since 1 — |w|? ~ 1 — |ax|? forw € Ex, and v(Ey) ~ (1 — |ax|?)" T, there exists a
constant 61 > 0 such that

1 dv(w)
Th(z) 2 503 el (L~ o [ .
2 o(Br) S, 11— (2wt
By Lemma 2.24, there exists a constant d2 > 0 such that
2> 6 Y Jerl(1 = Jagl) ! .
=022 11— (2 a)

Since \(1— Jaxl2)?
(z,a —|a
_bz k) . ak>)’;+1 ;
we have
ELD SIS Z";’“'H’Hl > % |Rf(2).
Since Th is in QCM?', the measure
[RF()*(1 = [2]*) dv(2)

is Carleson, which, according to Theorem 5.14, shows that f is in BMOA . O
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Note that Lemma 5.28 remains true if we replace {ax} by the more dense se-
quence {a; }. In fact, if the measure

oo J
SN e P~ a2 6,

k=1j=1

is Carleson, then by Lemma 5.27, the measure

ZZ (1— |CZk 2)2° ‘z|2)XD(akj,2r)(z) dv(z)

k=1 ]=1
is Carleson. Since 1 — |ag;|? is comparable to 1 — |ax|? and D(ay;,2r) contains
D(ag, r), we see that the measure

o0

S () del2)

i (L fa)?

is Carleson, where |dg|? = |cx1]|? +- - -+ |cks|*. By Lemma 5.27 again, the measure

(o)

D ldi*(1 = [ax[*)"s

k=1
is Carleson. Now if

J b
-3 ([0
Pt 1—(z,a))

then an application (2.20) shows that

0 J
(1 = laxl*)®
R g .
RIS C o { 2loul | - (o gy

Jj=1

Since
2
J

> lewil | < Jldwl?,

=1
the desired estimate now follows from the proof of Lemma 5.28.
We can now prove the main result of this section.

Theorem 5.29. For any b > n there exists a sequence {ay,} in B,, such that the space
BMOA consists exactly of functions of the form

2\ b
f2)=> e (11_<z’jk>) , (5.20)

k
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where the sequence {cy.} has the property that

> le*(1 = lawl*)"da,

k

is a Carleson measure, and the series in (5.20) converges to f in the weak-star topol-
ogy of BMOA .

Proof. By Lemma 5.28 and the remark following it, every function f defined by
(5.20) is in BMOA , as long as {ay} satisfies the conditions of Theorem 2.23, or
when {ay} is replaced by the more dense sequence {ay; }.

To show that every function in BMOA admits an atomic representation, we let

X = QCM' N H(B,),

let S and T be the operators on X defined with the parameter b + 1, and let the
separation constants r for {a;} and n for {ay;} be chosen so that the constant ¢ =
Co from Lemma 3.22 satisfies ¢||T|| < 1. By Lemma 3.22, the operator I — S is
bounded on X, and its norm on X satisfies ||I — S|| < 1, where I is the identity
operator. In particular, S is invertible on X.

Fix f in BMOA and let g = R®'f, where « = b — (n + 1). Since R*! is a
linear partial differential operator of order 1 (see Proposition 1.15), it follows from
Theorem 5.14 that g € X. Since S is invertible on X, there exists a function h € X
such that g = Sh. Thus g admits the representation

0= (Uﬁ(ij)h(akj)

2 (1= {2 ap)) 1
where
b=0b+1)—(n+1)=b—n.
Applying the inverse of R*! to both sides, we obtain

_ N v8(Drj)h(ar;)
6= 2 (1 gy

Let
e, — U8 (Drg)hlars)
T (L= akg ) T

Then

It remains for us to show that the measure

D leriP (1 = Jak;*)"bay,

kj



5.6 Atomic Decomposition 193
is Carleson. Since
va(Drj) < vp(Dy) ~ (1= |ap)" 7 = (1 = Jar )" ~ (1= ar;|*)*,
it suffices for us to show that the measure

du =Y (1~ lal*)" 2 |h(ary) | 8a,,
kj

is Carleson.
For any F € H?, we have

/B () du(z) =Y (1 = |ax|*)" | h(ax;) [P | F (ar;)|*-
We use Lemma 2.24 to find a constant C; > 0 such that

2 i 2 2
e Pla)® < et oy /D oy HEPIFEP du()

for all k£ and j. We have
v(D(arg, 7)) ~ (1 = |ang| )" ~ (1 = |ax*)"F,

and
li‘ak|2N17‘Z|27 ZGD(akaR)7

and D(ay;,r) C D(ax,2r). So we can find another constant Cy > 0 such that

/| (2)2 du(2) <022/ DRI — |2?) do(z)

D(ay,2r)

< ON / DRI — [2) do(z)

The last inequality is based on Theorem 5.9 and the assumption that

|n(2)[*(1 — [2[*) dv(2)

is Carleson. Using Theorem 5.9 one more time, we conclude that the measure p is
Carleson. This completes the proof of the theorem. O

Using vanishing Carleson measures and the little oh version of the space X in
the proof of the preceding theorem, we can also prove the following atomic decom-
position for functions in VMOA . We leave the details to the interested reader.
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Theorem 5.30. For any b > n there exists a sequence {ay,} in B,, such that VMOA
consists exactly of functions of the form

(1—
Yo
(z,ar))
where {cy} has the property that the measure

> lelP(1 = lawl*)"da,
k=1

is a vanishing Carleson measure.

Notes

The papers [35] and [36] of Fefferman and Stein are the original references for the
theory of BMO. These papers discuss BMO in the context of R". However, their
ideas and techniques are readily applicable in the setting of the unit ball. In particular,
Garnett’s book [42] spells out the details for the open unit disk.

The proofs of Theorems 5.7, 5.8, and 5.9 are adapted from Hormander’s paper
[54]. The key to all these results is the covering Lemma 5.6.

Sarason’s paper [96] is probably the first one to study the space VMO systemat-
ically. In most situations, theorems concerning VMO are simply the little oh version
of the corresponding results for BMO.

Duality between BMOA and H'! is one of the highlights in the theory of BMO.
The approach in Garnett’s book does not work in higher dimensional cases, because
the one-dimensional inner-outer factorization is used at a critical step. Our approach
here includes a new ingredient, the use of Theorem 4.22.

The theory of BMO and VMO in the Bergman metric was first introduced in
[121] in the case of the open unit disk and then fully developed in [19] in the context
of bounded symmetric domains, of which the open unit ball is a special case.

There are several types of decomposition theorems for BMO. Theorem 5.29,
based on Bergman type kernels, is due to Rochberg and Semmes [91].

Exercises

5.1. Show that the Cauchy transform maps BMO boundedly onto BMOA, and VMO
boundedly onto VMOA. Here, BMO and VMO are subspaces of L%(S,,, do) con-
sisting of functions with bounded and vanishing mean oscillations, respectively.

5.2. Show that there exists a constant C' > 0 such that
on 1
L @lemos vty < [ 1710 = 2P ot

for all holomorphic functions f in B,, with f(0) = 0.
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5.3. Show that the Green function G(z) for the invariant Laplacian satisfies the fol-
lowing estimates:

n-+1 M
Glz) =, o, A=) z€B, —{0},
and 1
Gz) S16"(1—[2P)", <l <.

5.4. Show that the function z — log(1 — (z,¢)) is in BMOA for any ¢ € S,,.

5.5. Show that VMOA contains the ball algebra.

5.6. Suppose [ is holomorphic in B,, and f(0) = 0. Show that the measure
[f(2)(1 = [2]*) dv(2)

is Carleson if and only if the measure

—zn 1
£l 10 do(z)
is Carleson.
5.7.1If F : B,, — D is Lipschitz, that is,
|F(z) — F(w)] < Clz —w|, z,w € By,

then f o F' belongs to BMOA of B,, whenever f is in the Bloch space of the unit disk
D. See [4].

5.8. Characterize the pointwise multipliers of BMOA and VMOA. See [103].
5.9. Develop the analagous theory for VMOA in the Bergman metric.

5.10. Suppose f € BMOA and @ = (a1,---,a,) € B,. Show that there exist
functions f € BMOA, 1 < k < n, such that
f(z)_f<a’):Z(zk_ak)fk(z)v ZGBH'
k=1
Do the same for VMOA.

5.11. Suppose p > 1, & > —1, and r > 0. Define BMOy(p, a, ) to be the space of
functions f € L?(B,,, dv,) such that

sup |f(w) — ¢|? dvg (w) < o0,

y
z€B, UQ(D(Z7T)) D(z,r)

where
1

Do) oy T

Show that the space BMOy(p, a, ) is independent of r. Therefore, we can write
BMOgs(p, @) for BMOg(p, a, 7). For this and the next three problems, see [131].
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5.12. Show that BMOy(p, «) consists exactly of functions f satisfying

! p
J— d o ’
ceggﬁ)x) 0a(Q-(¢)) /Qr(c) |f(w) — ¢|P dvg(w) < oo

where
1

= 00(Qr(0)) /Q,,(C) f(w) dvg, (w).

5.13.Fora > —land f € L'(B,, dv,) define
f(w) dva (w)

1_ <Z7w>|2(n+1+a)’

c

z € B,.

BfE) = (= =Py [

n

This is a weighted version of the Berezin transform. If f € BMOy(p, ), show that
there exists a constant C' > 0 such that

B f(2) = B* f(w)| < CB(z,w)
for all z and w in B,,.

5.14. Show that a function f in B,, belongs to BMOy(p, ) if and only if f = f1+ fo,
where f7 satisfies

sup / |[f o @a(2)]P dvg(w) < o0,
a€B, JB,

and f satisfies

sup { |f2(2) = fa(w)]

tz,w € By, 2 ;éw} < 0.
Bz, w)

5.15. Show that there exists a function f in VMOA such that f cannot be approxi-
mated by its Taylor polynomials in the norm topology of BMOA.

5.16. Show that QCM* is a Banach space when equipped with the norm given in
(5.16).

5.17. Suppose b > n and £ > —1 are parameters such that the operator 7" is bounded
on QCM?'. If M is a positive constant greater than ||T'|| (the norm of 7" on QC M")

and )
~ T\~
T=(1-
(=n)
then for every holomorphic f € QCM? the function

9(z) = Y Tflar)u(z)
k

belongs to QCM*, where Y, is the characteristic function of the Bergman metric
ball D(ay, R) and R is any fixed, sufficiently small radius.
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5.18. For any b > n and R > 0 there exists a positive constant C' such that

k C k
Tf@ﬁvw@»A@TﬂwMW)

forall f > 0,k > 1, and all z € B,,. Here D(z) = D(z, R) is the Bergman metric
ball about z with radius R.

5.19. Show that there exist positive constants A and B such that

/ emdUSA
Sn

for all f in BMOA with || f||smo < B. This is the John-Nirenberg theorem for the
ball; see [6] and [42].

5.20.If 1 < p < oo, show that ultra-weak convergence in H? is the same as weak
convergence, which is also the same as weak-star convergence.

5.21. If p = 1, show that ultra-weak convergence in H 1 is the same as weak-star
convergence but different from weak convergence.

5.22. Suppose 0 < p < oo and
(o)
flz)= Z apz""
k=1

is a lacunary series in d. Show that the following conditions are equivalent.

(a) fisin HP.
(b) fisin BMOA .
(c) fisin VMOA .

See [43] and references there.
5.23. Show that BMOA is not separable.

5.24. Suppose ¢ is in H?2. Then the following conditions are equivalent.

(a) f isin BMOA .
(b) There exists a constant C' > 0 such that

[1cenrar<c [ 1P
Sn Sn
forall f € H?, where C(f) denotes the Cauchy-Szégo projection of f.

5.25. Formulate and prove a little oh version of the above problem.
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5.26. Suppose ¢ is in H2. If there exists a constant C' > 0 such that

/wa—C(wf)IQdUSC/ |f|? do
Sn Sn

for all f € H?, then ¢ must be in BMOA .
5.27. Formulate and prove a little oh version of the above problem.
5.28. Show that BMOA is contained in H? for any p > 0.

5.29. Show that a function f € HP? is in BMOA if and only if there exists a constant

C' > 0 such that )
f—folPdo <C
U(Q)/Q| al

for all d-balls Q) in S,,.
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Besov Spaces

In this chapter we study a class of holomorphic Besov spaces, B, for 0 < p < oo.
When p > 1, the space B, can be equipped with a (semi-)norm that is invariant
under the action of the automorphism group. The space B is the minimal Mobius
invariant Banach space. The space Bs plays the role of the Dirichlet space in higher
dimensions. And the space B is just the Bloch space.

For each 0 < p < oo, the space B, is the image of the Bergman space A%, under
a suitable fractional integral operator. As a consequence, we obtain an atomic de-
composition for functions in B,,. We also discuss complex interpolation and various
duality issues for Bj,.

6.1 The Spaces B,

The Mobius invariant measure d7 plays a prominent role in this chapter. So recall

that
dv(z)

TE = (el

The fractional radial differential operators R** and the fractional radial integral op-
erators I, ¢ from Section 1.4 will also be used frequently in this chapter.

Theorem 6.1. Suppose 0 < p < oo and f is holomorphic in B,,. Then the following
two conditions are equivalent:
(a) The functions

a’ﬁ'L
-1 @), =N,

are in L?(B,,, d7) for some positive integer N > n/p.
(b) The functions
NO"f

8Zm
are in LP(B,,, dr) for every positive integer N > n/p.

(1= 1[2*) (2),  Im[=N,



200 6 Besov Spaces

Proof. Tt suffices to show that the conditions

(1o ) € 2B dr), =, 6.1)
are equivalent to
(1= |z2)m g;{ (2) € L’ By, dr),  |m|=N+1. 62)
Clearly, (6.1) holds if and only if
o € LP(B,,, dv,), |m| = N, (6.3)

ozm

where & = Np — (n + 1). By Theorem 2.17, (6.3) holds if and only if

a'rnf
_ 2
(1= 1), €

This is obviously equivalent to (6.2). ad

LP(Bn,dvs),  |m|=N+1. (6.4)

For any 0 < p < oo we now define the Besov space B, to be the space of
holomorphic functions f in B,, such that the functions

-1 ), ml=w,

all belong to LP(B,,, d7), where N is any fixed positive integer satisfying pN > n.
According to Theorem 6.1, the definition of B, is independent of the positive integer
N used.

Proposition 6.2. Suppose 0 < p < oco. Then By, is complete with the “norm” defined
by
ozm

IFz=" >

Im|<N-1

— 12" dT(Z),

|rn\ N

where N is any positive integer satisfying pN > n. Furthermore, the polynomials
are dense in B,,.

Proof. If { f,} is a Cauchy sequence in B, then each of
omf

< _
(0, <N -1,

is a numerical Cauchy sequence, and each of

arnf
azm( )a

|m| =N,
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is a Cauchy sequence in A2, where o = pN — (n+ 1). The completeness of B, then
follows from the completeness of A2.

Every function f in B, can approximated in norm by its dilations f,, and each
dilation f, can be uniformly approximated by its Taylor polynomials in a neighbor-
hood of the closed unit ball. In particular, every function in B, can be approximated
in norm by a sequence of polynomials. O

Lemma 6.3. Suppose 0 < p < 0o, n + « is not a negative integer, N is a positive
integer satisfying Np > n, and f is holomorphic in S,. Then f € B, if and only if
the function

Fy(2) = (1= [z)V RN f(2)
belongs to LP(B,,, dr).

Proof. If f is in By, then the functions 0™ f/0z™ belong to Ap ~(n+1)
|m| = N. It is then easy to see that the functions 9™ f/9z™ belong to ApN (n+1)
for all |m| < N. It follows from Proposition 1.15 that R*Y f is in AP

for all

pN— (n+1)’
that Fly is in LP(B,,, d7).
Conversely, we show that there exists a constant C' > 0 such that
aW'Lf
< C|| RN
o] < ctmen
for all holomorphic f and all |m| = N, where the norm is that of A? PN—(nt1)"

Fix a sufficiently large positive integer K and let § = o + K. Then
RN f(w) dvg(w)
Ra’N = IBTw
f(2) /Bn (1 _ <z,w>)”+1+ﬁ’ z e

and
RN f(w) dvg(w)
B, (1= (z,w))n 18’

By Lemma 2.18, there exists a polynomial p(z, w) such that

2, w)R*N f(w) dvg(w
o= [ ) b

(1= (zyuwpieo=n

f(Z) = Ra,N z € B,.
z € B,.

Differentiating inside the integral sign, we obtain

<ef IR“Nf )| dvs (w)

1 — (z,w)|nt1+6

omf
ozm

(z

~—

forall z € B,, and all m with |m| = N.If 1 < p < oo, this along with Theorem 2.10
shows that
oo |

< C|R*NF|

for |m| = N.If0 < p < 1, we write



202 6 Besov Spaces

n+1+a
6: D 7(77,4*1),

where we assume that K is large enough so that o’ > Np — (n + 1). According to
Lemma 2.15,

)

8Zm

"o / RN
B

1 — (z,w)|p(n+1+8)

n

By Fubini’s theorem, the integral

J.

p

0 f (1 _ |Z|2)Np—(n+1) d’U(Z)

Ozm (2)

is dominated by

(1= [2/)NP~ 0D du(z)

a, N p ,
/IBn |RYY f(w)]? dvas (w) /Bn 11— (2, w)[p(n+1+8)

Apply part (3) of Theorem 1.12 to the inner integral and observe that
pln+1+8)—[Np—(n+1)]—-(n+1)=n+14+a" —Np>0.

We obtain "
<C Ra’N

for |m| = N. This completes the proof of the lemma. O

We now show that the spaces B, can be described in terms of more general
fractional radial derivatives.

Theorem 6.4. Suppose 0 < p < 0o, n + « is not a negative integer, and f is holo-
morphic in B,,. Then the following three conditions are equivalent:

(a) f € Bp.

(b) The function (1 — |z|?)! R f(z) belongs to LP(B,,,dr) for some t > n/p,
where n 4+ o + t is not a negative integer.

(¢) The function (1 — |z|*)! R f(2) belongs to LP(B,,, dr) for all t > n/p, where
n + « +t is not a negative integer.

Proof. Tt follows from Lemma 6.3 that (c) implies (a), and that (a) implies (b).
To prove that (b) and (c) are equivalent, it suffices to show that the norms of the
two functions

(L= [z R™f(2), (1= [e]*)"R™f(2)

in LP(B,,, dr) are comparable for all f € H*°(B,,), where s and t are any two fixed
constants greater than n/p, with n + o + ¢ and n + « + s not a negative integer.
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Without loss of generality, we assume that s = ¢ 4 o for some ¢ > 0. It is easy
to see from the definition of the fractional radial derivatives that

RoHo post _ pass (6.5)

Now the norm of (1—|z|?)! R*! f(z) in L?(B,,, d7) is the same as the norm of R*! f

in Ag t—(nt1)? which, according to Theorem 2.19, is comparable to the norm of

(1= [2[*)7ROFETR™ f(2)
in LP(B,,, dvp¢—(n+1))- This together with (6.5) shows that the norms of
(L =[P R¥f(2), (1 —[z]?)*R¥*f(2),
are comparable in LP(B,,, d7). O
The above result can be restated as follows.

Corollary 6.5. Suppose 0 < p < co and t > n/p. If a is a real parameter such that
the operator R is well defined, then R*' is a bounded invertible operator from
BP onto Agt_(7l+1).

As a consequence of the above corollary, we obtain the following atomic decom-
position for functions in the Besov spaces B,,.

Theorem 6.6. Given any p € (0,00) there exists a sequence {ay} in B, such that
for each b > max(0,n(p — 1)/p) the space B,, consists exactly of functions of the

form
1ol )"
)= (1_ (z ak>) , (6.6)

3
where {ci} € IP.

Proof. Fix any t > n/p. Let b and b’ be two real parameters related by b’ = b + ¢.
Then the condition

—1
b > max (0, n(p )) (6.7)
p
is equivalent to
1 t — 1 1
b’>nmax(1, )+p (n+1)+1. (6.8)
p p
simply check this for 0 < p < 1 and p > 1, respectively.
We write
b =b+t=n+1+a+t. (6.9)

If b satisfies (6.7), thenn + 1 + o = b > 0. In particular, n 4+ « is not a negative
integer. Obviously, n + o +t = b’ — 1 is not a negative integer, so the operator R
is well defined.
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By Corollary 6.5, a holomorphic function f in B,, belongs to B, if and only if
Retf Ath(nJrl)' Combining this with Theorem 2.30, we conclude that f € B,

if and only if
)=t

17 a
RO (2) Z o |Zk|ak . (6.10)

where {ci} € [P and b’ satisfies (6.8). Applying R, ; to both sides of equation (6.10)

gives
b —t b
- 17|ak|2 o 17|ak|2
f(z)f;ck (1—(2,%) 7;% 1—(z,ax)
This completes the proof of the theorem. ad

The next result gives integral representations for the Besov spaces B, when p >
1 and shows that such a B, can be considered a quotient space of L?(B,,, d7).

Theorem 6.7. Suppose 1 < p < oo and o > —1. Then B, = P, LP(B,,, dr).

Proof. Fix a parameter ¢ such that £ > n/p and such that R*¢ is well defined.
By Corollary 6.5, a holomorphic function f in B,, belongs to B, if and only if its
fractional radial derivative R f belongs to the weighted Bergman space AP, where

v=pt—(n+1).
Let 8 =t + «. Then p(8 + 1) > 7 + 1, so by Theorem 2.11,

AP = P3LP (B, dv,).

It follows that f € B, if and only if R*'f = Pgg, where g € L?(B,,, dv), or

w —w25vw
Rt =y [ SN I )

B, (1—(zw))ntitatt

Apply the fractional integral operator R, ; to both sides and use Proposition 1.14.
We obtain
f@%/amwmwmm.
Ca Jo, (1= (zw))rtite

Since g € LP(B,,, dv.) if and only if the function (1 — |w|?)'g(w) is in L? (B, d7),
we conclude that f € B, if and only if f € P,LP(B,,d7). O

6.2 The Minimal Mobius Invariant Space
Recall that the Bloch space is maximal among Mobius invariant Banach spaces of

holomorphic functions in B,,. We show here that the Besov space B is the minimal
Mobius invariant Banach space of holomorphic functions in B,,.
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Theorem 6.8. The space B consists exactly of holomorphic functions of the form
[oe]
2)=co+ Y erfil), (6.11)
k=1

where {c} € I and each fy, is a component of some automorphism of B,,.
Proof. For the purpose of this proof, we write

am
Il = f

dv(z),

[m|=n+1

where f is any holomorphic function in B,,. Clearly, f is in By if and only if || f||1 <
0.

Let ¢ € Aut(B,,), and for 1 < k < n let fj denote the kth component of (. To
show that the series (6.11) defines a function f in By, it suffices to show that there
exists a constant C' > 0, independent of ¢ and k, such that || |1 < C.

We first consider the case in which ¢ = ¢,, where a = (A,0,---,0). In this

case, we have
)\72’1
z) = z€B
fl( ) 1_)\217 ns

andfor2 < k <n,

V1= A2z

fe(z) = — 1 s

, z€B,.
It follows from the definition of the semi-norm || ||; that

dv(z)
= (n+ DA™ = [N? /
Il = Gt NG =Ry 0
dv(z)
= D!a|™(1 — |a|?
ot ol
andfor2 < k <n,
1 —|A]? |zk] \/1 [A|2 dv(z)
n+ 1) \/ dv(z) + nlAI"
Ifell = (n+ 1)1 A O RS G
which is less than or equal to

1 —al? dy( 1—1al?2d
\/2(n+1)'|a|n+1/ \/ ‘al U +n||a|n \/ ‘al ’U(Z)
B

B, 1 _< 2, >|n+1+1/2 |1 _ <z,a>|”+1 .

Here we used the fact that

lzk] < (1= |21))Y2 < V2(1 — |21 )2 < V21 = (z,0) Y2, 2<k<n.
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By Theorem 1.12, we can find a constant C' > 0, depending on the dimension n
alone, such that || fx|[; < C foralll < k <n.

Next we consider the case in which ¢ = Ug,, where U is a unitary and a =
()\, O7 Ty 0) IfU = (uij)an and

cpa(z) = (fl(z)a o 7fn(z))a

then the kth component of ¢ is

gk = Uk f1 +urafo+ -+ Ukn fo

It follows from what was proved in the previous paragraph that ||gx|1 < nC for
1<k<n.

For a more general point @ € B,,, we can find a unitary transformation U of C"
such that a = Ua’, where o’ = (\,0,---,0). Since the automorphism

V =g oU* 0,

fixes the origin, it must be a unitary, according to Lemma 1.1. It follows that ¢, =
Uy V. Combining this with Theorem 1.4, we see that every automorphism ¢ can be
writtenas ¢ = Uy, V, wherea = (A, 0,---,0), U and V are unitary transformations
of C™. If f1,---, fn are the components of U¢,, then the kth component of ¢ is
gx(z) = fr(Vz). It is easy to see from the chain rule that ||gx||l1 < C'|| fx||1 for
1 < k < n, where C’ is a positive constant depending only on n.

We have now shown that each series (6.11) defines a function in Bj.

Conversely, if we have a function f € Bj, then by the atomic decomposition of
B; (Theorem 6.6), there exists a sequence {cx} € ' and a sequence {ax} € B,
such that

f(Z): ¢ 1*|ak|2
Zk ko (z,ar)
Recall from Lemma 1.3 that
1-— |ak|2
=1- a ) .
1 _ <Z,ak> <SD k(Z) ak>

Clearly, each (g, (%), ax) is a linear combination of component functions of auto-
morphisms of B,,. This clearly shows that f admits a representation (6.11). ad

Corollary 6.9. The space By is a Mobius invariant Banach space with the following

norm:
|f|m:inf{2|ck|:f:CO+ZCkfk}7 (6.12)
k=1

k=0

where each fi; is a component of an element in Aut(B,,).

Proof. 1t is easy to see that B; is a Banach space under the norm || ||,

If f} is the jth component of ¢ € Aut(B,,), and if ¢ € Aut(B,,), then fj o ¢ is
the jth component of the automorphism o). It follows easily that || fot)||m, = || f1|m
for all f € B;. This shows that B; is a Mobius invariant Banach space. O



6.3 Mobius Invariance of B, 207

We now prove that B is the smallest among all Mobius invariant Banach spaces
of holomorphic functions in B,,.

Theorem 6.10. If X is any Mobius invariant Banach space of holomorphic functions

in B, and if X contains a nonconstant function, then By is continuously contained
in X.

Proof. By Lemma 3.18, X contains all the polynomials. Composing the coordinate
functions z; with ¢ € Aut(B,,), we see that X contains all n components of any
v € Aut(B,,). Now if

f(z) :C()Jrzckfk: (6.13)
k=1

is an arbitrary function in By, where each fj, is a component of an automorphism of
B,.,and {c;} € I!, then

(o) e}
1 x < leolllLllx + D lexllfellx < MY fexl,

k=1 k=0

where
M = max(||1]|x, [z1llx. |22l x: - lznllx)-

So the series (6.13) converges to f in X and

Ifllx < MY el

k=0

Taking the infimum of ), |cx| over all representations of f in (6.13), and applying
Theorem 6.8, we conclude that

1fllx < Cllfllm,

where C' is a positive constant independent of f. This completes the proof of the
theorem. O

6.3 Mobius Invariance of B,

In this section we show that each space B, can be equipped with a Mobius invariant
semi-norm when 1 < p < oo. We established in the previous section that By can be
equipped with a Mobius invariant norm.

Let
1, n=1
An = {Qn, n > 1.

This dimensional constant will appear many times in the rest of this chapter. Some-
times )\, is also referred to as the cut-off constant. In many situations it is easier to
describe the behavior of the Besov spaces B, whenp > A,,.
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Theorem 6.11. Suppose p > )\, and f is holomorphic in B,. Then f € B, if and
only if [V f(2)] is in LP(B,,, d7).

Proof. Whenn = 1 and p > 1, it follows from the definition of B), that a holomor-
phic function f is in B,, if and only if the function (1 — |z|?) /() is in LP(D, dr).
The desired result then follows from the fact that

Vi) = 1= [zP)f )],

where f is any analytic function in the unit disk .
For the rest of this proof we assume that n > 1. Recall from Lemma 2.14 that

(L= 2PV < V)

Therefore, f is in B),, whenever the function |V f(2)|isin LP(B,,, dr).
Conversely, if f € B, then by Theorem 6.7, there exists a function g in
L?(B,,, d7) such that

According to Lemma 3.3,

|g(w)| dv(w)

1 (i €B,. (6.14)

V1@< (o DV2- ) [
B
If p > 2n, we conclude from Theorem 2.10 that the operator

Tg(z) = (1 — |2[2)!/2 / ; () dvw)

(2, w142

is bounded on L?(B,,, d7). Therefore, the estimate in (6.14) shows that the function
|V f(2)|isin LP(B,, dT). O

As a consequence of the above theorem, we see that for p > A, the space B, can
be equipped with the following complete, Mobius invariant semi-norm.

I, = | [ ®s0 (o)
The remaining range of p is more difficult. We are going to use the technique of
complex interpolation to settle this case.
Theorem 6.12. Suppose 1 < py < p; < 0. If0 € (0,1) and
1 1-6 6
= +
p Po p1

Y

then [Bp,, Bp, o = By with equivalent norms.
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Proof. For the purpose of this proof let || ||, denote the quotient norm on B,, induced
by the mapping P : LP(B,,,dr) — B,, where P is the Bergman projection. The
basis for our analysis is Theorem 6.7.

If f € B,, then there exists a function g € L?(B,,, dr) such that f = Pg with

”gHLP(dT) < OleHp’

where C' is a positive constant independent of f. For any complex number ¢ with
0 < Re( < 1 define

~9(2) p(lp’o“rpcl)
and set f¢ = Pgc. Itis clear that ||g¢[[P0 = [|g[|) for Re¢ = 0 and ||g¢ /|5 = [[glI}
for Re ¢ = 1. By Theorem 6.7, || f¢|[20 < Co|| f||b for all Re ¢ = 0, and || f¢|[P} <
Ca||f||5 for all Re ( = 1, where (5 is a positive constant independent of f. Since
fo = [, we conclude that f € [By,, Bp, Jo with || f|lg < Ca|| fllp-

Conversely, if f € [B,,, Bp,]s, then there exists f¢c for Re¢ € [0,1] with the
properties that fo = f, fc € Bp, when Re( = 0, and f, € B,, when Re( = 1.
Define

_ _ 2yt fe(w) do(w)
gC(z) - CTL+1<1 |Z| ) /Bn (1 _ <Z’w>)2(n+1)7 O S ReC S 172 e B’VH

or equivalently,

9¢(2) = enyr (1= 2" TR fe (2).
We see from Theorem 6.4 that g- € LP°(B,,, d7) for Re { = 0, with the norm of g¢
in LP°(B,,, dr) dominated by || f¢||p,; and that g. € LP*(B,,, d7) for Re { = 1, with
the norm of g in LP* (B,,, d7) dominated by || f¢ ||, . By the complex interpolation of
L? spaces, we must have g9 € LP(B,,, dr), which, in light of Theorem 6.7, implies
that f = fy = Pgy is in B,. This completes the proof of the theorem. ]

Theorem 6.13. The space B,, is Mobius invariant for any p € [1, oo].

Proof. We only need to prove the theorem for 1 < p < oo, because we already
know that B; admits a Mobius invariant norm || f||.,, and Bo, = B admits a MGbius
invariant semi-norm || f | 5.

Fix 1 <p <ooandletpy=1,p; =o0,and § = (p— 1)/p. Then

1 1-6 0
p Po D1

According to Theorem 6.12, we have B, = [B1, Bslg. It follows that for every
function f € By, there exists a function F'(z, ¢), where z € B, and 0 < Re( < 1,
such that F'(z,6) = f(z) for all z € B,,, and

F||*maX< sup [[F(,¢)lm, sup ||F(,C)B> < 0.
Re (=0 Re(¢=1
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Define a semi-norm || ||, on B, by || ||, = inf || F'||«, where the infimum is taken
over all F satisfying the conditions in the previous paragraph. It is then easy to check
that || ||, is a complete Mdbius invariant semi-norm on By,. O

6.4 The Dirichlet Space B,

In this section we focus on the space By and show that it is the unique Mobius
invariant Hilbert space in B,,. We also obtain a characterization of By in terms of
Taylor coefficients.

Theorem 6.14. Suppose f is holomorphic in B,, and

flz)= Z 2™

m

is its Taylor expansion. Then f belongs to Bs if and only if

m!
> |m||m|||am|2 < 0.
- !

Proof. Lett = (n+ 1)/2 and @ = 0. By Theorem 6.4, f € By if and only if the
function (1 — |z|?)!R™! f(2) is in L?(B,,, d7) if and only if R*! f is in L*(B,,, dv).
For any multi-index m of nonnegative integers let
b = Fin+1(n+1+|m|+t)
" T4+ 1+)0 (4 1+ |m|)’

Then |by,| ~ |m|" as |m| — oo, and by the definition of R**, we have

R™'f(2) = Z A bmz™.
Computing the norm of R f in L?(B,,, dv), we conclude that f € By if and only

if
Z |a'rn|2|m|2t/ |Zm'|2 d’U(Z) < 0.

n

This, according to Lemma 1.11, is equivalent to

o 20 M

Since 2t = n 4 1 and
(n+ [m[)! = [m|!(jm[+ 1) - (Jm] + n),
we conclude that f € B if and only if

m!
Z || ! |am|? < o0.

m

This completes the proof of the theorem. ad
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In the rest of this section, we are going to use the following notation.

m!
g> = Z |m| |m|'ambma
m

where

Z) = Zamzma g<Z) = Z by 2™
m m

Itis clear that ( , ) is a semi-inner product, thatis, (f, f) > 0forall f, (f,g) = (g, f)
for all f and g, and (f, g) is linear in f. Throughout this section the semi-norm
induced by this semi-inner product will simply be denoted by || ||. By Theorem 6.14,
B, is a semi-Hilbert space under the present semi-inner product.

We are going to show that the semi-inner product ( , ) is Mdbius invariant, and
up to a constant multiple, it is the only Mobius invariant (semi-)inner product that
can be defined on a space of holomorphic functions in B,,.

Theorem 6.15. The semi-inner product { , ) is Mébius invariant on the space Ba,
that is,

(fop.gop)=(f9)
Sorall f and g in By and all p € Aut(B,,).

Proof. Let f =", frand g = >, gi be the homogeneous expansions of f and g.
Also, let f(z) =3, amz™ and g(z) = ), b,2™ be the Taylor expansions of f
and g. It follows easily from Lemma 1.11 that

n!'m!
/IB,I, fk(z)gk(z) dU(Z) = lek (’Il + k)!a/mbm-
From this we deduce that

k(n + k)!
n!k!

/fk 2)gk(2) dv(z) = (f, g)-

k(]

Since unitary transformations preserve homogeneous expansions, and since the vol-
ume measure dv is invariant under the action of the unitary group, we see that

(folUgoU)=(f9) (6.15)

for all f and g in B and all unitary transformations U.
Next we consider the action on the semi-inner product { , ) by an automorphism

of the form
) r—z  V1—122 V1—1r2z,
al?Z) = y y Ty T B
14 1—rz 1—rz 1—rzn

where r € (0,1) and a = (r,0,---,0).
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If m = (mq,---,my,) is a multi-index of nonnegative integers, then 2™ o @, (z)

is z5'2 -+ 2™ times an analytic function of z1. It follows that if m’ = (m/,---,m},)

is another multi-index of nonnegative integers with m; # mj for some 2 < j < n,
then no monomial in the Taylor expansion of z™ o ¢, is equal to any monomial in
the Taylor expansion of 2™ o ©a, and 80 (2™ o @, 2™ o ©vq) = 0.

On the other hand, if

m = (my,ma, -, my), m' = (m},ma,- -, my),

that is, the only possible difference between m and m/’ is in their first component,

then

m N 2\N/2 (T - Zl)ml ma My
0 pa(z) = (=1)"(1—-1r7) (177,,Zl)m1+N22 Tt Zp

and

Zm/ o (Z) _ (_1)N(1 _TQ)N/Q (7«_21)’”1 M2 T
va (1 — rzg)mitN 72

where N = mg + -+ - +m,,. Let

(r—z)™
Fla) = (1 —rzy)m+N ZCkZI’
k=0

and

(r—z1) ’”1
Gla) = (1 —rz)™+N deZI

Then

klma!---my,!

m m’ — (1 — 2N N
(o™ o) = (1= S a1 F

k=0

We proceed to show that this is equal to (2™, ™).
If N = 0, namely, if mo = -- - = m,, = 0, we have

(2™ 0 pa, 2 2 © Pqa) chkdk—/F 21)G'(z1) dA(z1).
k=0

By a change of variables,

/ F/(21) G (21) dA(z1) = mamd, / a1 A ),
D D

It is then clear that )
(2™ 0 @a, 2™ 0a) = (2™, 2
If N =1, then
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) 17 2 . )
(2™ 0 g, 2™ 0 @a) = (1 —1?) chdkf r / F(e")G(ei?) db

0

1 (27 (p—e® \™ [ _eid \™ 1 _ g2
= ) . . dl
27r/0 (17’619) <lfre”’) |1 —rei?|2
1 2 )
— / elmleeim’lG do
27T 0

_ <zm Zm’>
, .

If N > 2, then we can write

/ 1!
" a " a) = (1 — Nm2 mn
(2™ 0 @q, 2™ 0@y) = (1 —71?) chkkJrN )

— (=) chdk / ICE2 oy (€)

k=0

—(1-1?) ( /F< (¢1) don (),

where do is the normalized surface measure on the unit sphere Sy in CN. Eval-
uating the last integral according to (1.13) and then making an obvious change of
variables on the unit disk, we obtain

Lo

A=) [P )G A )

(2™ 0 pa, 2™ 0 pa)

l... |
_ 7778]\[ B ;7;7 /Dwmlwml<1 _ |w|2)N—2 dA(w)

= (™, z").

We have now shown that (2™ o ¢, 2™ o @) = (2™, z™') for all m, m/, and
r. Expanding f and g into Taylor series, we conclude that (f o ¢, g0 ¢.) = ([, 9)
forall f, gin By and r € (0, 1). Recall from (6.15) that this is also true when ¢, is
replaced by any unitary transformation of C™. Since (see the proof of Theorem 6.8)
every automorphism ¢ € Aut(B,,) can be written as ¢ = U o ¢, o V, where a =
(r,0,---,0) with » € (0,1) and U and V are unitaries, the proof of the theorem is
complete. O

Finally in this section we show that there is only one natural Mobius invariant
Hilbert space of holomorphic functions in B,,. We say that H is a Mobius invariant
Hilbert space if H is a Mobius invariant Banach space according to the conventions
set forth in Section 3.4, and the norm on H is induced by a semi-inner product:
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A polarization argument then shows that

(fov.gop)n =(f.9)u
forall f and g in H and all p € Aut(B,,).

Theorem 6.16. Suppose H is a Mobius invariant Hilbert space with semi-inner
product { , Y. If H contains a nonconstant function, then H = By and there exists
a constant ¢ > 0 such that {f, gy = c{(f, g) forall f and g in H.

Proof. By Lemma 3.18, H contains all the polynomials. It suffices for us to show
that there exists a constant ¢ > 0 such that

(2™ 2™ Vg = (2™, 2™) (6.16)

for all multi-indexes m = (mq,---,my,) and m’ = (m},---,m},) of nonnegative
integers.

If m # m/, then there exists some k, 1 < k < n, such that m; # mﬁc For any
real f let U = Uy be the unitary defined by Uz = w, where w; = z; for j # k and
wi = z,e'?. We have

(2™, 2™ Vg = (2" o U, 2™ o Uy = =m0 (zm om'y
Since 6 is arbitrary and mj — m), # 0, we must have
(2™, 2™ Vg =0 = (2™, 2™).
To compute (2™, 2™}y, we consider the following special automorphisms:

_ 12 1—r22,
cpa(z)<r - 7\/ TZQ"'f\/ rz)a z € By,

1—7rz’ 1—rzy = 1—7r2z

where a = (r,0,---,0) with r € (0, 1). For the function f(z) = 1 —rz; in H, we
have
=0, ) g +7r%(21,21) 5.

Since (f o pq, f o wa)r = (f, f)r and

r—2z 1— 72
a =1- = )
fo¢al2) rl—rzl 1—rz
we obtain
1—72 1—172
<171>H+T2<217Z1>H - 3
l—rz1' 1=rz1/ g

o0

= (=22 Y ek
k=0

=1, 0y +r¥z, 200 — 201, 1) g + chr%,
k=2
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where
k—1 _k—1 2 k-2

e = (2F, 200 — 20eF Y 2 e + (7% 2 ).

Since r is arbitrary, we must have (1,1)y = 0 and ¢;, = 0 for all k£ > 2. It follows
from the recursive relation ¢, = 0 that

<vazf>H =k(z1,21)m (6.17)

for all £ > 2. Note that this identity also holds when k¥ = 0 and k = 1.
Let U be an arbitrary unitary transformation on C™ and we assume that U acts
on C™ as matrix multiplication Uz, where z € C™ is thought of as a column vector.

Then
k!

zf oU(z) = (u121 + ugza + -+ + unzn)k = Z m'umzm,

Im|=k

where u is the transpose of the first row of U. By the Mobius invariance of the semi-
inner product in H, we have

k!
(= Yt (e 2,
|m|=k ’

where each
k!
tym = ' |
m!

k!
m|2 — o |ul|2m1 - ‘un|2mn

is nonnegative and
Z tm = (|u1|2 t+o Tt |un|2)k =1
Im|=k
As U runs over the whole unitary group, the sum
k!
Im|=k

runs over the closed convex hull of the points (k!/m!)(z™, 2™)g. Since the above
sum is always (2%, 2) 7, we conclude that

k! .
ml (™, 2™ = f,zf)H (6.18)

for every m with |m| = k. Combining (6.17) and (6.18), we obtain

m!
(2™, 2™ g = |m| | (z1,21)H.

This completes the proof of the theorem with ¢ = (z1, 21) 1. O
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Theorem 6.17. The reproducing kernel of the space By (when equipped with the
Mébius invariant inner product) is given by

K(z,w):log1_<z W)’

Proof. For each multi-index m of nonnegative integers, we have

’H’L” m .
m]!

121 = |m]

It follows that

zZm w™ 1 k!
K — _ m m
(z2w) Z (2| || Zk Z mt” "
k=1 Im|=k

|m|>0

1 k
— —1 ,
Pt k;<z’ w) 8- (z,w)

6.5 Duality of Besov Spaces

In this section we consider the dual space of B, for 0 < p < oo. Identification of the
dual space depends on the duality pairing being used, and for the Besov space B,
we introduce a pairing based on the operator V' defined by

VF(2) = cny1(1 — |2 TR f(2), f e HB,). (6.19)

Lemma 6.18. If f and g are bounded holomorphic functions in B,,, then

/B f(2)g(2) dv(z) = / F(2)Vo(2) du(z).

Proof. Represent R%"*1g by Corollary 2.3, use Fubini’s theorem, and then apply
the reproducing formula in Theorem 2.2. The integral on the right-hand side is then
reduced to the one on the left-hand side. ad

Obviously, by using approximation arguments, the assumptions that f and g be
in H*°(B,,) can be relaxed in many different ways.

Theorem 6.19. Suppose 1 < p < oo and 1/p+ 1/q = 1. Then the dual space of B,
can be identified with B, (with equivalent norms) under the pairing

(f. ) = / Vi(z) Vg(z) dr(2), (620)

n

where f € By, and g € B,,.
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Proof. By Theorem 6.4 and Holder’s inequality, every g € B, induces a bounded
linear functional on B,, via the integral pairing (6.20).

To show that every bounded linear functional on B,, arises this way, recall from
Corollay 6.5 that R%"*! is a bounded invertible operator from B, onto Az(’p_l) (1)
Therefore, F' € (B,,)* ifand only if Fo Rg 5,41 € <A€)p—1)(n+1))*’ which, according

to Theorem 2.12, is equivalent to the existance of some ¢ € A‘(]p_l) (nt1) such that
FoRonn(f)= [ fEe)1- )P0 dofe),
B,

forall f € AZ(Jp—l)(7L+1)' Let

WV (1 — 1wl =D gyl
g(z)zl/w()(lll) ) do(w)

Cn+1 (1 - <va>)n+1

By Theorem 6.7, we have g € B, because the numerator of the integrand above is a
function in L4(B,,, dr). By Fubini’s theorem,

FoRonii(f) = nir /B JRe)du(z),  feAr .
Replacing f by R%"*!f we obtain
F(P) =cun [ BO" g o), fE B,
B,

By Lemma 6.18 and the remark following it, we have

F(f)= CHH/B RO f(2)Vg(2) du(z),

or

F(= [ VIGWe@ i),  feB,
B
This completes the proof of the theorem. a

Theorem 6.20. Under the integral pairing in (6.20) we can identify (with equivalent
norms) the dual space of By as B, and the dual space of By with Bs.

Proof. Tt follows from Theorem 6.4 that, via the integral pairing in (6.20), every
function g € B induces a bounded linear functional on B;, and every function g €
Bj induces a bounded linear functional on By.

If F'is a bounded linear functional on By, then F' o Ry 1 is a bounded linear
functional on A! (the unweighted Bergman space), because Ry 11 is a bounded
invertible operator from A! onto By . It follows from Theorem 3.17 that there exists
a function g € B such that
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FoRyni1f= Cn+1/IB f(2)g(2)dv(z), feA.

By Lemma 6.18,

FORO,TH-lf :C'rH—l/B f(Z)Vg(Z) dU(Z), fe Ala

or equivalently,

F(f):0n+1/

B,

R(’=”+1f(z)Vg(z)dv(Z):/ Vi(z)Vyg(z)dr(z)

B,

forall f € B;.

If Fis a bounded linear functional on BBy, we use Theorem 3.16 to find a function
h € Al such that

F(f) = / fh()do(z),  f € Bo.

According to Corollary 6.5, there exists g € By such that b = ¢, 1 R%"*1g. Thus
for f € By,

F(f) = ensn / () RO H1g(2) du(z)

— s / V f(2) RO+ (2) do(z)

n

/IB Vi(z)Vg(z)dr(z).

Here we used Lemma 6.18 to justify the second equality above. ad
The case 0 < p < 1 is similar to the case p = 1.

Theorem 6.21. Suppose 0 < p < 1 andt > n/p. Then the dual space of B, can be
identified with B under the following duality pairing:

(f.g) = / (1- |22 R f(2)g(2)dr(2),  f € Bpgeb,

B,

where « is any real number such that neither n + o nor n + o + t is a negative
integer.

Proof. Recall from Corollary 6.5 that R*" is a bounded invertible operator from B,,
onto Agt—(n+1)' So F'is a bounded linear functional on B,, if and only if F'o R,, ; is

a bounded linear functional on Aﬁ t—(nt1)" Combining this with Theorem 3.17, we
see that I is a bounded linear functional on B, if and only if there exists a function

g € B such that
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(Fo (1) = [ 190 dustz),
B,
where
n+1+pt—(n+1)
p
Equivalently, I’ is a bounded linear functional on B,, if and only if

8= —(n+1)=t—(n+1).

F(P) = [ (=) R @) dr(2)

for all f € By, where g € B. This completes the proof of the theorem. O

When p = 1, we can choose « = 0 and ¢t = n + 1. In this case, Lemma 6.18
shows that Theorem 6.21 includes Theorem 6.20 as a special case.

It is interesting that the integral pairing in Theorem 6.21 is “almost” independent
of p; the only requirement is that p¢ > n. In particular, for any two different p; and
p2 in (0, 1], there exists a common integral pairing under which the dual spaces of
By, and B,,, are both the Bloch space B.

Our next goal is to identify the dual space B), using the more natural Mobius

invariant pairing. To this end, we need to introduce a partial differential operator D.
Thus for f holomorphic in B,, with homogeneous expansion

F2)=) ful2),
k=0

we define -
Df@)%}iﬁ%ﬁéamu) (6.21)
It is clear that D annihilates constant functions.
Lemma 6.22. We have
D=RR ™" ' =nR ™" - R,

and D acts on H(B,,) as a linear partial differential operator of order n with poly-
nomial coefficients.

Proof. For any fixed w € B,, we have

L Ttk) e Tt k)
P1 o) = 2 pren & T R gy )

“T(n)T'(k IT(n)
1 —n,n—1 1
R T oy

This shows that D = RR™™" 1,
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On the other hand,
R 1 B n{z, w) B n B n
1= (zw)r (1= (zw)"*t (1= (z,w)"* (1 - (z,w)"
1
— -n,n _ p—-n,n—1
=n(R R )17<z,w>'

Combining this with the previous paragraph, we see that
D= n(R—n,n o R—n,n—l).

That D is an nth order partial differential operator on H (B,,) with polynomial
coefficients now follows from Proposition 1.15. ad

Proposition 6.23. For every holomorphic function f in B,, we have

_ 2\n—1
[ sapt ) @=n i ol 62

|Z|2n
where a.,, are the Taylor coefficients of f.

Proof. Tt suffices to prove the result for polynomials (to avoid issues of convergence);
the general case then follows from an approximation argument.

If f is a polynomial, then the integral
1— [zt du(z)

|Z|2n

1= [ Df ()"

is equal to

5 a0 e ),

|m|>0 ['(n)?I'(Im[)? Jg,
Integrating in polar coordinates and using Lemma 1.11, we obtain

2 n+|m|) (n —1)!m! nl(n)C(jm])
,%O' e n)2C(|m[)? (n — 14 |m|)! T(n+|m|)’

which, after simplification, proves (6.22). O

Lemma 6.24. Suppose p > 1 and f is holomorphic in B,,. Then f € B, if and only
if
[ =P ip sl dr) < . (623)
B,
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Proof. Since D f vanishes at the origin, the integral in (6.23) is always convergent
near z = 0, and so (6.23) holds if and only if

[ a=pripser ) <. 624

n

which is equivalent to the function D f(z) being in Az
If f € B, then the function

n—(n+1)"

877’7,
a1 )

belongs to L?(B,,, d7) for every |m| < n. Since D is a differential operator of order
n with polynomial coefficients, inequality (6.24) holds.

Conversely, if the function Df = RR~™"~! f belongs to Aﬁ e (nt1)? then its
anti-derivative R~™" ! f is also in Apn (nt1)" It follows that the function
TLR_n’nf _ Df + ’fLR_n’n_lf
belongs to Apn (nt1)" By Theorem 6.4, we have f € B,,. a

We now identify the dual space of B,, 1 < p < oo, under the Mobius invariant
pairing.

Theorem 6.25. Suppose 1 < p < oo and 1/p+ 1/q = 1. Then the dual space of
By, can be identified with By (with equivalent norms) under the Mobius invariant
pairing

Z |m| |'am ms (625)

where

z) = Zamzm € By, g(z) = mezm € B,.

Proof. By polarizing the identity in Proposition 6.23 we can write the Mobius in-
variant semi-inner product as

()=, [ (=1 DFE) = 12Dyl 2] dr(z),

By Holder’s inequality and Lemma 6.24,

(£ < Clifllpllglly,

so every function g € B, induces a bounded linear functional on B, via the Mobius
invariant pairing (6.25).

Conversely, if I’ is a bounded linear functional on B, then by Theorem 6.19,
there exists a function h € B, such that
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F(f) :/IB Vf(z)Vh(z)dr(z), f € By,

n

where
Vf(2) = capr(1 = [2[)" T RO f(2).

A computation with Taylor series shows that

)

m!T(2n 4+ 2+ |m|)
Cn
Z“m T(n+ 1+ ml)?

where C), is a positive constant, and {a., } and {b,,} are the Taylor coefficients of f
and h, respectively. Define g € H(B,,) by

bmz )
I'(n + 1 + |m])?

\m|>()

then for all f € B, with f(0) = 0 we have F'(f) = (f, g) in the Mdbius invariant
pairing. It remains to show that g € B,, which we isolate as the next lemma. a

Lemma 6.26. Suppose 1 < p < oo and f(z) =), amz™ is holomorphic in B,.
Then f is in By, if and only if the function

Fz) = Z [m|!T(2n 4+ 2 + |m])

2 mIDn + 1+ )2

is in B,
Proof. 1t is easy to see that there exists a constant ¢ > 0 such that
DF = CRfl_’lRO’nJrlf,

provided that f(0) = 0. By Lemma 6.24, F' € B,, if and only if DF' € A?
which, according to Theorem 2.19, is equivalent to

pn—(n+1)°
(1—|2[>)R"Y'DF(2) € LP(By, dvpn—(n+1))-

Therefore, F' € By, if and only if
(1= 12[)R*™ 1 f(2) € LP(Bn, dvpn—(n+1)),

which is obviously the same as

(1= [z[*)" R f(2) € LP(Bn, dr).

Combining this with Theorem 6.4, we see that ' € B, if and only if f € B,,. ad
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A more precise duality theorem can be formulated for the minimal invariant space
B; and the maximal invariant space Bo, = 3. We use the invariant norm (not just a
semi-norm) || ||, (see Section 6.2) on By, and we use the following norm (not just a
semi-norm) on the Banach space B/C:

Ifll5 = sup{|Vf(2)] : = € B, }.

Theorem 6.27. Under the Mobius invariant pairing ( , ) defined in (6.25) we have
By =B/C, (Bo/C)" = B,

with equal (not just equivalent) norms.

Proof. Suppose
o= (p1,"+,pn) € Aut(B,).

Foreach g € Band 1 < k < n we have

.o =tgop =227 o),
Therefore, ~
(g, ox)| < V(g o™ ")(0)] = [Vg(e™1(0))]. (6.26)

Let F' denote the set consisting of all coordinate functions of all automorphisms
of B,,. It follows from (6.26) that

sup |(f, 9) < llglls-
fer

We claim that equality holds here. To see this, choose a unitary U that maps the
vector

Vg = (<¢1,9>» T <"/)n»g>)

to the vector |v,|e1, where 1)y, are the coordinate functions of ¢,. Then by (6.26),

IVg(a)l = val = [Uval = |3 urj{ve, 9)| = {1, 9)],
j=1

where ¢ is the first coordinate function of U o ¢,. This shows that

sup [(f,9)| = llglls (6.27)
feF

for every g € B with g(0) = 0.
Now if g € B, g(0) = 0, and

f:CoJrZCkfk:, fx €F,
=1
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is a function in Bj, then

(f.9) =co+ Y erlfr9),
h=1

and so

o0
19 < llglls ) lexl.
k=0
Taking the infimum over all such representations of f, we obtain

(£ < [ fllmllglls-

This shows that every function ¢ in B/C induces a bounded linear functional on By
via the Mobius invariant pairing, and the norm of this linear functional is equal to
|lg|5; this also shows that every function f € Bj induces a bounded linear functional
on By /C, and the norm of this linear functional is no more than || f|| ..

Let L be a bounded linear functional on B;. For each multi-index m of nonneg-
ative integers with |m/| > 0 let

Im!

m = L(zm )
“ |m|m! (=)
and define
f(z)= Z amz™.
|m|>0
If

g(z) = Z bmz™

is any polynomial, then

|
(9:0) = D bmlm] | am = 3 L") = L9)

m

Since the polynomials are dense in By, we have

L(g)=(9,f), g€ B,

Furthermore, by (6.27),

[ flls = sup [{g, f)| = sup [L(g)| < || L]
geEF geEF

This completes the proof that Bf = B/C with equal norms.
Finally, if L is a bounded linear functional on B, /C, then by Theorem 6.20 and
the proof of Theorem 6.25, there exists a function g € H (B,,) such that

L(f):<fag>7 fEB()/(C'
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From the already established duality B = B/C (with equal norms) we have
1gllm = sup{[(f,9)] : I fllz < 1}.

Since By is dense in B in the weak-star topology, we also have

19llm = sup{[(f, 9)| : f € Bo, [ flls <1},

or
9]l = sup{|L(f)] : f € Bo, || fllz < 1} = || L]|.
This completes the proof of the duality (By/C)* = B; with equal norms. O

Note that the duality between B;,, and B, under the Mobius invariant pairing
enables us to define a canonical Mobius invariant semi-norm on B, for 1 < p <
2n/(2n — 1) when n > 1. In fact, when p > 2n, Theorem 6.11 shows that B, has a
canonical invariant semi-norm given by

11l = { /B n |%f<z>|pd7(z)} ”

Now if 1 < p < 2n/(2n—1), then the conjugate exponent ¢, defined by 1/p+1/q =
1, satisfies 2n < ¢ < oo. Therefore, we can define a canonical Mobius invariant
semi-norm on B, as follows:

If1l = sup{I(f, 9| = llgllg <1},

lgllq = [/ |§g(z)|qd7'(z)} Uq.

n

where

It is an interesting problem to find explicit realizations for Mobius invariant semi-
norms on B, for 1 < p < 2n when n > 1; the case p = 2 was settled by Theo-
rem 6.14.

6.6 Other Characterizations

In this section we obtain several other characterizations for the spaces B,,. Recall

that
1, n=1
)\"{Qn, n>1

is a dimensional constant.

Theorem 6.28. Suppose p > \,, « > —1, and f is holomorphic in B,,. Then f €

B, if and only if
(w)[P dva (2) dva(w)
L <o
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Proof. For a holomorphic function f in B,, let

R s

‘We can rewrite

= oy AR
_C“/Bn dT(z)/Bn|f(w) f(2)| 11— (2 ) 2o+ 4 dve(w),

where
dv(z)

(1 —[z2)n*t
is the Mobius invariant measure on B,,. A change of variables (see Proposition 1.13)
gives

dr(z) =

1.(f) = ca / dr(2) / 1 0 p2(w) — 0 (0)P dva(uw).

n

By Theorem 2.16, the integral I, (f) is comparable to the integral

Ju(f) = / dr(2) / 9(f 0 ) (w) P dua (w).

Since B N
IV(f o) (w)] = [V (pz(w))],
changing variables again leads to
(1 _ |Z|2)n+1+a

sy = [ are) [paop O ),

and an application of Fubini’s theorem gives

1 = [ s [0 I

The inner integral above is equal to (1 — |w|?)~("+1+) /¢, s0
To0) = [ 195 drt)

In view of Theorem 6.11, the proof of the theorem is complete. ad

Theorem 6.29. Suppose o > —1, v > 0, and p > \,,. Then the following conditions
are equivalent for a holomorphic function f in B,,:

(a) f € Bp.
(b) The function MO(f) belongs to L? (B,,, d7), where

MO(f)(2) = / 1 0 02 (1) — £(2)] dva(w). 6.28)
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(c) The function M O, (f) belongs to LP(B,,,dr), where

1

MOADE) =\ pte o W@ = fapienduatw). (629

Proof. By Theorem 2.16, there exists a positive constant C'; such that

MO < [ 970 p0)(w)] doaw)
B,
forall f € H(B,,) and all z € B,,. By Holder’s inequality and the fact that

IV(f 0 ¢2)(w)] = [V (= (w))],
we have
MO < CF [ (94w dua(w)
Changing variables according to Proposition 1.13, we obtain

(1~ [aytite

11— (z,w)[2n+1+a) dva (w).

MO(f)(=) < CF / % Fw)P

Fubini’s theorem then gives

Pdr(z P N ()P do (w (1= |2[*)* dv(2)
[ Moy are <ot [ Frap ) [0

Since

dve(2) _ (1—1[z*)*dv(z) 1
o 1= (w20 i) = 1 (i) = (1 a2y

n

we must have

/Bn MO(f)(2)P dr(z) < C{’/

IV £ (w)[? dr(w).
B,

This together with Theorem 6.11 shows that (a) implies (b).
We write

f(w) - fa,D(z,r) = f(w) - f(z) - [fa,D(z,'r) - f(z)] )

and
1

funten = FO = ey o (00 = ) dua).

It follows that

2

MONG S i) [ 15— et
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By Lemmas 1.24 and 2.20, there exists a positive constant Co > 0 such that
2 < 02(1 _ |Z|2)n+1+a
va(D(z,7)) 7 |1 = (z,w)PrH1He)
forall z € B,, and w € D(z,r). Therefore,

(1 _ |Z|2)n+1+a

MONE@ <o [ 1w = LB et

B’ﬂ

Changing variables according to Proposition 1.13, we see that

which proves that (b) implies (c).
By Lemma 2.4, there exists a positive constant C'3 such that

Vg(0)] < Cs /D o 90 = cldva()

for all holomorphic g in B,, and all complex constants c. Replace g by f o ¢, and ¢
by fa,D(zyr). We obtain

FIIZC [ 1f06u(w) = faupie]dua(w)
D(o,r)
Changing variables according to Proposition 1.13, we obtain

(1 _ |Z|2)n+1+o¢

|f(w) - f(l,D(Z,’l')| |1 _ <Z, w>|2(n+1+a) ’l)a(w)-

VF(=)] < Cy /

D(z,r)
Since

(1 _ |Z|2)n+1+a
11 — (2, w)|2(nt1+a)

is comparable to 1 /v, (D(z,r)) when w € D(z,r) (see Lemmas 1.24 and 2.20), we
can find a constant C4 > 0 such that

IVF(2)| < CaMO(f)(2), =z € B
This together with Theorem 6.11 shows that (c) implies (a). O
For any r > 0 and f holomorphic in B,, we define
wr(f)(z) = sup{|f(z) = f(w)| : w € D(z,r)},  z€B,. (6.30)
This is the oscillation of f in the Bergman metric at the point z.

Theorem 6.30. Suppose r > 0 and p > \,. Then a holomorphic function f in B,
belongs to By, if and only if w,(f) belongs to LP(B,,, dr).
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Proof. Fix any o > —1 and recall that

1

MO (NG = (D(er) /D . |f (W) = fa.pzr)| dva(w), 2 €B,.

Since
F0) = e = o (e o (08 = F) (e

the triangle inequality

|f(w) = f(w)] < [f(2) = f(w)] +[f(z) = f(u)|
shows that
MO,(f)(2) < 2wr(f)(2), z€By.

If w-(f) is in LP(B,,,d7), then MO, (f) is in LP(B,,,dr), so f € B, by Theo-
rem 6.29.
On the other hand, there exists a positive constant C; such that

SIS Dy fo 1)

forall f € H(B,) and w € B,; see Lemma 2.24. Replacing f by f — f(z), we
obtain

Ch
va<1><ua7ﬁ>./;<wﬂﬁ'f<“)" 1(2)] dva(u)

for all z € B, and w € B,. By Lemma 2.24 and (2.20) there exists a constant
C3 > 0 such that for w € D(z,r),

1f(2) = f(w)] <

— |z 2\n+1+4+a Vo (U
1f(z) = f(w)] < C2 /D(w,r) |f(u) = f(2)] <1|1 _| <|Z?u>|2(n+d1+a() )

< 02/ |f(u) — f(z)|(1 — |z2)" T dug (u)

11— (2, u) 200+ 14)
7c5/ 1 0 0(0) — £(2)] dvalu)
— CLMO(f)(2).

Taking the supremum over all w € D(z,r), we obtain

wr(f)(2) < C2MO(f)(2).

It follows from Theorem 6.29 that f € B, implies w,(f) € L?(B,, dr). O
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Notes

The theory of Besov spaces is a classical topic in analysis. Our coverage here is only
on a very special class of such spaces, the so-called diagonal Besov spaces.

What makes the diagonal Besov spaces especially interesting is the fact that
they are natually invariant under the action of automorphisms. The minimality of
B; among Mobius invariant Banach spaces was first studied by Arazy and Fisher in
[10] in the case of the unit disk, and then by Peloso in [83] in the case of the unit
ball. The uniqueness of By among Mobius invariant Hilbert spaces was first proved
by Arazy and Fisher in [11] for the unit disk, and then generalized to the unit ball by
Zhu in [126] and by Peetre in an unpublished manuscript.

The Mobius invariance of Besov spaces have been explored by numerous authors
in various situations. Our Sections 6.2, 6.3, and 6.5 are mainly based on the paper
[83].

Once the Besov spaces B), are realized as the image of weighted Bergman spaces
under the action of fractional integral operators, atomic decomposition and duality
(with weighted volume-integral pairings) follow easily. However, duality using the
Mobius invariant pairing is more subtle, and probably more interesting and more
natural.

Theorems 6.7 and 6.28 were proved in [127] for the unit disk, and the proofs
there essentially carry over to higher dimensions. Similarly, Theorems 6.29 and 6.30
are rooted in [127].

Exercises

6.1. Suppose 0 < p < A, and f is holomorphic in B,,. Then the function |§f(z)|
belongs to L?(B,,, d7) if and only if f is constant.

6.2. Show that Theorems 6.11, 6.28, 6.29, and 6.30 are false for 0 < p < A,,.
6.3. Does Theorem 6.7 remain true when 0 < p < 1?

6.4. Find sharp pointwise estimates for functions in 5,,.

6.5. Find sharp growth estimates for the Taylor coefficients of f € B,.

6.6. Show that f € B, if and only if 2™ f € B),, where f is holomorphic in B,, and
m is any multi-index of nonnegative integers.

6.7. Show that for n/(n + 1) < p < 1 we have (B,)* = B (with equivalent norms)
under the integral pairing

(f.g) = / VI()Ve(z) dr(2).
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6.8. Suppose n < p < oo and f is holomorphic in B,,. Show that f € B, if and only
if (1 —|2]?)Rf(z) is in LP(B,,, dT).

6.9. Suppose n < p < oo and f is holomorphic in B,,. Show that f € B, if and only
if (1 —|2?)|Vf(z)|is in LP (B, dT).

6.10. Show that the operator V' defined in (6.19) has the following properties:

(a) V(V f) =V f whenever f is in B,,.
(b) V(Ph) = Vh whenever h € LY(B,,, dr).
(c) V is self-adjoint with respect to the integral pairing induced by dr.

6.11. Suppose 0 < p < oo and f € B,. If f(0) = 0, show that there exist functions
fr € Bp, 1 <k < n, such that

2) =Y zfu(2)
k=1

for z € B,,.

6.12. Suppose 1 < p < 00, 1/p+1/q =1, and @ > —1. Find an integral pairing
under which (B,)* can be identified with AZ.

6.13. Show that B,, C By, whenever 0 < p; < py < o0.

6.14. Show that Theorem 6.29 remains true if M O(f) is defined by

1/q
MO(f)(z) = [ [ 1ot f(Z)quva(W)]
and M O,.(f) is defined by

1/q
1
MO, ()(2) = [ 1@ = fapedeatw)|
Vo (D(Z’ T)) D(z,r) (=)
where ¢ is any fixed positive exponent.

6.15. If n = 1, show that a holomorphic function f in B,, belongs to B, if and only
if )2
do(¢)do(n) < oco. (6.31)
Jo L aen 0o

Show that this is not true when n > 1. In fact, if n > 1, then (6.31) holds only when
f is constant.
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6.16. Suppose f is analytic in the unit disk D and F' is a continuous function from
[0, 00) into (0, c0). Show that the integral

/D/D |f(|zl>_2{£|lj>|2F< o ) dA(z) dA(w)
is equal to )
/D|f’(z)|2dA(z)A F(y/r)log . ir dr.
See [126].

6.17. Suppose n > 1, f is holomorphic in B,,, and F is continuous from [0, co) into
[0, 00). Show that

[ e oyt <

if and only if f is constant or F' is identically 0. See [126].

6.18. Suppose 0 < p < oo and pt > n. Show that a holomorphic function f in B,
belongs to By, if and only if the function (1 — |z|?)!R! f(z) is in LP(B,,, dT).

6.19. Suppose « is a real parameter such that the fractional differential operator
R*"/2 is well defined. Show that R*"/? is bounded linear operator from Bs onto
H?2.

6.20. Show that a holomorphic function f in B,, belongs to By if and only if R™/2f
belongs to H2.

6.21. For any 1 < p < oo there exists a constant C, > 0 such that

1f(2) = f(w)] < Cp(z,w)"/
forall f € By and z and w in B,,, where 1 /p+ 1/g = 1.

6.22. Show that every function in B, can be approximated in norm by its Taylor
polynomials if and only if 1 < p < oo.

6.23. Study the behavior of the integral pairing in Theorem 6.21 as ¢t — oo.

6.24. Suppose 1 < p < coand 1/p+1/g = 1. Show that (B,)* = B, under any of
the following integral pairings:

(f, Gt = / (1= |42 R £(2) (1 — |2[2)t Rovtg(2) dr (2),

where 2t > n, and neither n+ « nor n+ «+t is a negative integer. Similar assertions
can be made about the dual spaces of By and By, for0 < p < 1.
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6.25. Show that B is an algebra. Moreover, there exists a constant C' > 0 such that

1f9ll, < Cllfll5:llgll 5
for all f and g in B;. See [30].

6.26. For an analytic function f in the unit disk D define

'rk(f):lanfngB, :1727"'7

and
Sk(f):lanf_gHBMO» k:172a"'a

where both infima are taken over all rational functions g of degree k& with poles
outside the closed unit disk. Show that the following conditions are equivalent for
0<p<oo.

(a) f € By.
(b) {ri} €1?.
(c) {Sk} e P,

See [30] and references there.

6.27. If H is a Hilbert space of holomorphic functions in B,, and K (z,w) is the
reproducing kernel of H, show that

sup{|f(z) = f(w)* : | Il € 1} = K(2,2) + K(w,w) — K(z,w) = K (v, 2)
for all ¢ and w in B,,.

6.28. Fix any radius r > 0. For any holomorphic function f in B,, define

Irf(z)/D( )|€f(w)|d7(w), z € B,.

If 1 < p < oo, show that f € B, if and only if I, f € L”(B,,, dr). See [72][73].

6.29. If f is holomorphic in B,, and 2n < p < oo, show that f € B, if and only if

A o i)_fifu”)'w<z)|]p<lz|2>p/2<1|w|2>p/2df<z>d7<w><oo,

where s,, = (1 — |w|?)'/2, P, is the orthogonal projection from C" onto the one-

dimensional subspace [w] spanned by w, and @Q,, is the orthogonal projection from
C™ onto C™ & [w]. See [72][73].

6.30. Let H> denote the space of holomorphic functions

= E amz™
m
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in the unit ball B,, such that

Hf”2 = Z |am|2 < 0.

m

Show that H» is a Hilbert space with inner product

(f,9) = Zam b, flz) = Z amz™, g9(z) = mezm.

m m m

Show that the reproducing kernel of H» is given by

K(z,w) = 1—(12 w)’

This space has attracted much attention lately in multi-variable operator theory and
is sometimes referred to as the Arveson space.

6.31. Characterize Ho in terms of higher order derivatives and membership in A2.
6.32. Characterize H> in terms of fractional derivatives and membership in AZ.
6.33. Characterize H in terms of higher order derivatives and membership in H 2,

6.34. Characterize Ho in terms of fractional derivatives and membership in H 2,
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Lipschitz Spaces

In this chapter we study two classes of holomorphic functions in the unit ball, both
depending on a positive parameter «, and are denoted by A, and B, respectively. As
« increases, the spaces B, get larger and larger, while the spaces A, get smaller and
smaller. The two classes have an intersection; more specifically, we have B, = A;_,,
for0 < a< 1.

Our emphasis is on the holomorphic Lipschitz spaces A, and the most interest-
ing cases are when 0 < o < 1. Our approach here is to treat the Lipschitz spaces
as close relatives of the Bloch space. In fact, A, is simply the image of the Bloch
space under a certain fractional integral operator. Consequently, we will obtain in-
tegral representations, estimates in terms various derivatives, atomic decomposition,
and duality theorems for the Lipschitz spaces A,. We will also discuss the tangential
growth of functions in A, which is an important feature of the classical theory of
Lipschitz spaces.

7.1 B, Spaces

In this section we introduce a class of spaces similar to the Bloch space, which later
will be shown to include the holomorphic Lipschitz spaces. Thus for any oo > 0 we
let ., denote the space of holomorphic functions f in B,, such that the functions

o Of
8zk

are all bounded in B,,. Clearly, a holomorphic function f in B,, belongs to B, if and
only if

(1—1[z) (2), 1<k<n,

1fllec = 1£O)] + sup (1 = |2[*)* |V f(2)] < oo (7.1)
zeB,
It is an easy exercise to show that 53, is a Banach space when equipped with the

above norm; see the proof of Proposition 3.2.

Theorem 7.1. Suppose o > 0, 3 > —1, and f is holomorphic in B,,. Then the
following conditions are equivalent:
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(a) | € Ba.
(b) The function (1 — |z|?)*|Rf(2)| is bounded in B,,.
(c) There exists a function g € L>°(B,,) such that

f(z) = /B g(w) dvs(w) 2 €B,.

(L= Gz

Proof. 1t is obvious that (a) implies (b).
If (b) holds, then the function

o)==y (s )

s n+oa+pf

is bounded in B,,. Consider the holomorphic function

w) dvg(w
F(z) = /Bn (1 i((z{ w;;v(w()wﬁa z € By,

or

_ 1 Rf(w)
F(z) = /IB,L (1 _ <Z7w>)n+a+ﬁ <f(w) + n+a “rﬁ) dvaJrﬁ(w)a z € By.

Applying the fractional differential operator 7' = R®*#~1:! inside the integral, then
using Proposition 1.14 and Theorem 2.2, we obtain

Rf(z)

TR =10+ 0

Since 7! = Ro45-1,1, a calculation using (1.34) shows that

F = Racpra (f T n+if+6) ~f

This shows that (b) implies (c).
That (c) implies (a) follows from differentiating under the integral sign and then
applying Theorem 1.12. ad

Theorem 7.2. Suppose n > 1 and f is holomorphic in B,,.
(a) If a > é, then f € By, if and only if the function
(1= 2V (2)]
is bounded in B,,.

(b) If a = ; and f € By, then there exists a constant C > 0 such that

- 1 2
< —|2I?)2
VIGI < Ca-lios,

forall z € B,.
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(c)f0<a< % and f € By, then there exists a constant C > 0 such that
IV(z)] < C1— 2>
forall z € B,.
Proof. Recall from Lemma 2.14 that
(1= [PV < VIR 2 €Bn.

So the boundedness of (1 — |2[2)*~1|V f(z)| implies that of (1 — |z[2)*|V f(z)|.
On the other hand, if f € B,, then by Theorem 7.1,

£2) :/B ( g(w) dv(w) L eB,,

1= (z,w))m+e’
where g is a function in L°>°(B,,). An application of Lemma 3.3 gives

j9(w)| dv(u)
L= (zu)rets

T < V2(n+a)(1 - [2)} /

n

for all z € B,,. Since g is bounded, the rest of the proof follows from Theorem 1.12.
O

Note that when n = 1, we have

Vi) = 1= 2P ),

so part (a) of the above theorem holds for all « > 0. When n > 1, the condition
o> é is indispensible.

Let B,,o denote the closure of the set of polynomials in 3. It is easy to see that
B0 consists exactly of holomorphic functions f such that the function

h(z) = (1= |2V f(2)]
is in Cy(B,,). Note that here and below, the space Cy(B,,) can be replaced by C(B,, ).

Theorem 7.3. Suppose o« > 0, 3 > —1, and f is holomorphic in B,,. Then the
following conditions are equivalent:

(Cl) f € Ba,0~
(b) The function (1 — |z|?)*|Rf(2)| is in Co(B,,).
(c) There exists a function g € Co(B,,) such that

o= [ S0 s,

1= (z,w))rtote’

We leave the proof of this theorem as well as the next one to the interested reader.
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Theorem 7.4. Suppose n > 1, a > é, and f is holomorphic in B,,. Then f € B0
if and only if the function

h(z) = (1 - |2V f(2)]
belongs to Cy(B,,).

For any s > —1 we write

(f,g9)s = lim f(rz)g(rz) dvs(2), (7.2)

r—1-— B,
whenever the limit exists, where f and g are holomorphic in B,,.

Theorem 7.5. Suppose o« > 0, 3 > —lL,anda+ 03 > 0. Ifs = a+ (3 — 1,
then (Buo)* = Aé under the integral pairing ( , )s, where the equality holds with
equivalent norms.

Proof. If f € B,, then by Theorem 7.1 there exists a function & € L*°(B,,) such
that () dus (1)
w) dvg(w
= B.,.
1= [ 0 S i 3

Moreover, we can choose & so that ||h]|ec < C|| f]|a, where C'is a positive constant
independent of f. Forg € A} and 0 < r < 1 we write g,(2) = g(rz), z € B,,. Then

n

<f,gr>szzu/" h(w) g (w) dug(w)

n

by Fubini’s theorem and the reproducing formula in Theorem 2.2. It follows that

[(f:9r)s| < [IPllcllglls < Clifllallgl

In particular, every function g € Aé induces a bounded linear functional on B, o via
the integral pairing ( , ).

To show that every bounded linear functional on B, arises from a function in
Aé via the integral pairing ( , )4, we fix a sufficiently large positive parameter a and
consider the operator 7" defined by

8,1

ri) = gy [, Hee

cs
If f € B,, then by the previous paragraph, we have
dvp(w)
1— <Z, ’LU) |n+1+ﬁ+a ’

ﬂV@NéCGfVWWﬂmA

n

An application of Theorem 1.12 then shows that T'f € L°°(B,,), and T is actually a
bounded operator from B,, into L>°(B,,). On the other hand, using Fubini’s theorem
and the reproducing formula in Theorem 2.2, we can verify that
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/ Tf(w) dvg(w) — 1)
B, (

1 — (z,w))"thta
forall f € B, and z € B,,. This implies that

[flla < CIT flloo

where C' is some positive constant independent of f. We conclude that 7" is an em-
bedding of B, into L>=(B,,).

If f is a polynomial, then T'f is (1—|z|%)® times a polynomial, which is a function
in Co(B,,). Since Cy(B,,) is closed in L>°(B,,), we see that T" is an embedding of
Ba o into Co(B,,). Let X be the image of B, ¢ in Co(B,,) under the mapping 7'
Then X is a closed subspace of Cy(B;,).

Now if F'is a bounded linear functional on B, o, then F'oT'~ 1 is a bounded linear
functional on X . Continuously extend F' o T~! to the whole space Co(B,,) via the
Hahn-Banach extension theorem, and then apply the classical Riesz representation
theorem for Cy(BB,,). We obtain a finite complex Borel measure y on B,, such that

FoT \(f) = / f)duz),  feX.

or equivalently,

F(f) = / Ti(z)du(z), [ € Bao.

n

If f is a polynomial (recall that the polynomials are dense in B,,o), we use Fubini’s
theorem to rewrite the above integral as

F(f) = / £(2)9(2) dos(2),

where
2) = Ca+p (1 - |w|2)a dﬂ('w)
9(z) = /IB

g Ju, (1= (z,w))rtithre”

By Fubini’s theorem and Theorem 1.12, we easily check that g € Aé. This completes
the proof of the theorem. O

Theorem 7.6. Suppose o« > 0, 3> —1,0<p <1, and

+14
" ﬁ+a—(n+2).

If s > —1, then under the integral pairing ( , )s we have the duality
(A3)" = Ba,

where the equality holds with equivalent norms.
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Proof. Ttiseasytoseethat] — a+ s > —1.1If g € B,, then by Theorem 7.1, there
exists a function h € L*°(B,,) such that

h(w) dvi—qrs(w

and |[Aflec < Cllg]

theorem,

«» Where C' is a positive constant independent of g. By Fubini’s

n+1+67 n
=cio a+a/ FERE)( =) Y du(z).

Combining this with Lemma 2.15, we see that g induces a bounded linear functional
on Ag under the integral pairing (, ).
Conversely, if F' is a bounded linear functional on Ag and f € A?, then

B fr(w) dvs (w)
fr(z) = /m;n (1 — (2, w))n+i+s

for 0 < r < 1, and it is easy to verify (using the homogeneous expansion of the
kernel function) that

PUY = [ FE ]| ] de)

Define a function g on B,, by

Then

It remains for us to show that g € Ba.
We interchange differentiation and the application of F', which can be justified
by using the homogeneous expansion of the kernel function. The result is

Rg(w) = (n+1+s)F, [(1 _ éivu;inwﬂ] :

Since F' is bounded on Ag, we have

valz 1/p
Ratw)l < e vl | [ 0]



7.2 The Lipschitz Spaces Ay for0 < o < 1 241

An application of Theorem 1.12 then shows that

ClF|
|Rg(w)] < , w € B,.
(1= |wf?)"
This shows that g € B,, and completes the proof of the theorem. O

An atomic decomposition theorem similar to that for the Bloch space also holds
for the spaces B,,.

Theorem 7.7. Suppose o« > 0 and
b > max(n,n+ a —1).
There exists a sequence {ay} in B, such that B, consists exactly of functions of the
form
i 1 _ |ak;| )b+17a
= (z,ap))t
where {ci} € [*°.

Proof. The proof is similar to that of Theorem 3.23. We leave the details to the
interested reader. ]

A little oh version of this result also holds, with B, replaced by B, o, and [*°
replaced by cg.

7.2 The Lipschitz Spaces A, for0 < a < 1

For 0 < ar < 1 we define A, to be the space of holomorphic functions f in B,, such

that
|f(z) = f(w)]
|z —w|®

1£lla = sup{

The space A, will be called the holomorphic Lipschitz space of order . It is clear
that each space A, contains the polynomials, and is contained in the ball algebra.

:z,wEIB%n,z;éw}<oo. (7.3)

Proposition 7.8. For each « € (0, 1) the holomorphic Lipschitz space A, is a Ba-
nach space with the norm

L= 1O+ [[flla-

Proof. If { fi.} is a Cauchy sequence in A, then {fi} is uniformly Cauchy in B,,,
so { fx} converges uniformly to some holomorphic function f in B,,.
Given any € > 0, choose a positive integer NV such that

[/6(0) = £r(O)] + [[fx — filla <€
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foralll > N and k£ > N. Then
[(fi(2) = fr(2)) = (filw) = fu(w))] < €|z —w|*

for all z and w in B,,, and all [ and k greater than V. Let [ — oco. We obtain

[(fe(2) = £(2)) = (fi(w) = f(w))] < e[z —w]|*

for all K > N and all z and w in B,,. It follows that f), — f isin A, and
lim || fx — flla = 0.
k—o0
Since f(0) — f(0), we have fi, — f in A, so the space A, is complete. O

The space A, is not separable. We let A, o denote the closure in A, of the set of
polynomials. So A, o is a separable Banach space by itself.
The space X of holomorphic functions f in B,, such that

a1~ 1)

12— ul :z,wGEn,z7éw}<oo,

and the separable subspace Xy of X generated by the polynomials, are fundamen-
tally different from the Lipschitz spaces A, and A, o when 0 < o < 1. In fact, a
moment of thought reveals that X consists of holomorphic functions whose complex
gradient is bounded; and X contains exactly the holomorphic functions whose first
order partial derivatives are continuous up to the boundary. In particular, the radial
differential operator

n

16 = f0)+ Y a ) @)
k=1

maps the space X (respectively, Xy) boundedly onto H°® (respectively, the ball al-
gebra A). Because of this observation, we will not discuss the spaces X and X in
this chapter. The appropriate definition for the Lipschitz space A; will be introduced
in the next section.

Theorem 7.9. Suppose 0 < o < 1, 8 > —1, and f is holomorphic in B,,. Then the
following conditions are equivalent:

(a) fisin A,.

(b) f is in the ball algebra and its boundary values satisfy

1£(0) — £
S”p{ C—glo

(c) (1 — |2~ Rf(2)| is bounded in B,,.
(d) There exists a function g € L>(B,,) such that

f(z)/B( 9(w) dvg(w)

1— (Z, w>)n+1+ﬁ—a

ZC,feng#f} < 00.

forall z € B,.
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(e) (1 — 2|~V f(2)| is bounded in B,,.

Proof. The equivalence of (c), (d), and (e) follows from Theorem 7.1.
It is obvious that (a) implies (b).
Suppose f is in the ball algebra and its boundary function satisfies

|f(C1) = f(G)] < ClG — G|

for all (; and (5 in S,,. In particular,

|£(¢e™) = F(Ce™) < Cle®? — €|
forall ¢ € S,, and all real 6 and ¢. Since

f(§)do(C)
f(z)= / , z € B,,

= a= oy

a calculation using (1.14) shows that

1 2 <27€>67i0f(6i00
%/0 (1~ (z eyt @

Rf(z) = n /S do(¢)

n

for every z € B,,. Fix z and ( for the moment and denote the inner integral above by
J. Since the integral J is zero when f is constant, we can write

S 1 /2“ (2. Qe (F(e70) = F(€70))

2m Jo (1= (z,C)e= @)+t ’
where (z, () = re’ with 0 < r < 1 and ¢t real. By the Lipschitz condition of f on
the boundary,

o 0 _ it|a
r e — e*|
J| < ) db.
1< 27r/0 |1 — reit=0)|n+1

Since
|1 — Al 1—r |r — A
< <2

[T—rA — 1=rA |1—r) —
forall~ € [0,1) and all A € C with |A\| =1,

< 2 /2” do
T 21 Jy 1= (z, (e tntlar

Therefore,
20n 2 do
< d .
|Rf(2')| = on /Sn U(C)/O |1 _ <Z, C>e_19|n+1_a

L do ()
=2 ”/g, L= (z,¢)pt1-e

< c
T (1= zP)er
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where C' is a positive constant whose existence follows from Theorem 1.12. This
shows that (b) implies (c).
To finish the proof, we assume that there is a positive constant C' such that

L=z < Q=) Vi) < C

for all z € B,,, and proceed to show that f € A,,. Fix two points a and b in B,, such
that
0<lal <[0] <1

the case a = 0 will then follow from an obvious limit argument. Let

1-4
b]

, 16

b/
ja|

a b,

where 6 = |a —b| € [0,2), so that 1 — ¢ € (—1, 1]. There are three cases to consider.
Case . If 6 <1 — |b|, then

(VA < C@—p))et <csot
forall 0 <t <1, where
y(t) =ta+ (1 — )b, 0<t<l,

is the line segment from a to b. It follows that

1

</ V@) ()] dt
1

<cset "(t)] dt

<crt [Tpo)

= Cla —b|~.

Case ILIf1 — || < § <1 — |a|, then |a — b'| < |a — b and
|f(a) = fB)] < [f(a) = fFOO) +[f) = F(D)I.

The first term on the right-hand side above is estimated as in Case I, while the second
term is estimated using the line segment

y(t) =th+ (1 — )Y, 0<t<1,

as follows:
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1
100 =10 < [ VRG] 0]

<Clb—V| /1(1 —[Blt+ (1= 8) (1 — )" dt

[]
=C (1—2)*tde
1-5

< Catla— b
Case III.If 1 — |a| < 4, then |a’ — b'| < |a — b and

[f(@) = F®O)] < [f(a) = f(a")] + [f(a') = FOOO) + | F(b) = f(D)].

The first and third terms on the right-hand side above are estimated directly using
line segments as in Case II, while the second term is estimated as in Case I.
The proof of the theorem is now complete. O

Note that in the proof that (b) implies (c) we only need to assume that for each
¢ € Sy, the slice function

fe(2) = f(¢2)

satisfies the Lipschitz a-condition on the unit circle in C.
As a consequence of Theorem 7.9, we see that A, = B1_,, forany a € (0, 1).

Theorem 7.10. Suppose 0 < o < 1, 8 > —1, and f is holomorphic in B,,. Then the
following conditions are equivalent:

(a) f € Aa,0~

(b) The restriction of f onS,, can be approximated in the Lipschitz c-norm of S,, by
polynomials.

(c) (1 —|z|H)*Rf(z) is in Co(B,,).

(d) There exists a function g € Co(B,,) such that

_ 9(w) dvs (w)
fle)y= / (1~ (e wpyrise

forall z inB,.
(e) (1 —|2|))=*|Vf(2)| is in Co(B,).

Proof. The proof is similar to that of Theorem 7.9. We omit the details. O

Note that Theorem 7.10 still holds if Cy(B,,) is replaced by C(B,,).
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7.3 The Zygmund Class

In this section we introduce the appropriate limit case of A, when o — 17 . Instead
of defining it to be the space of holomorphic functions f satisfying

{112~ 10

12— ul :z,weBn,z;ﬁw}<oo,

we define A; to be the space of holomorphic functions in B,, whose first order par-
tial derivatives are in the Bloch space. The space A; so defined is also called the
Zygmund class.

Theorem 7.11. Let 3 > —1 and f be holomorphic in B,,. The following conditions
are equivalent:

(a) f € Ay, thatis, Of/Dzy is in the Bloch space for each 1 < k < n.
(b) Rf is in the Bloch space.
(c) There exists g € L>(B,,) such that

B g(w) dvg(w)
/) ‘/B (1 (z,w))n s

n

forall z € B,,.

Proof. Since each coordinate function z, 1 < k < n, is a pointwise multiplier of
the Bloch space B, it is clear that (a) implies (b).

If Rf is in the Bloch space, then so is f. By Theorem 3.4, there exists a function
g € L*>(B,,) such that

RIE)_ [ date) -
B

flz)+ n+ B = - (2, w))n+1+6

for z € B,,. Consider the fractional integral operator Rg_1,; from Section 1.4. It is

easy to check that
R Rf
— =
A-L1 (f * n+ ﬂ) /

for every holomorphic function f in B,,. Also recall from Proposition 1.14 that

R 1 B 1
N e R eV A (N AT
for every w € B,,. If we apply the operator Z3_1,1 to both sides of (7.4), the result
is
O
B, (1—(z,w))"*?

for z € B,,. This shows that (b) implies (c).
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If f admits the integral representation in (c), then for each 1 < k£ < n we can
differentiate under the integral sign to get

af B gx(w) dvg(w)
&=/

82k 1 _ <Z,w>)"+1+57 z 6 Brm

where

ge(w) = (n + B) wrg(w)
is still bounded in B,,. By Theorem 3.4, each partial derivative 0 f / 0z is in the Bloch
space. This shows that (c) implies (a), and the proof of the theorem is complete. O

Define
[fll=1fO)+ |Rfll5 (7.5)

for f € A;. Then it is easy to see that A; is a Banach space with this norm. We let
A4 ,0 denote the closure in A; of the set of all polynomials.

Theorem 7.12. For 8 > —1 and f holomorphic in B,, the following conditions are
equivalent:

(a) f € A1

(b) Each 0f |0zk, 1 < k <, is in the little Bloch space B,.
(c) Rf is in By.

(d) There exists g € Co(B,,) such that

o= [ Je e

1— {z,w))"*+P

forall z € B,.
(e) There exists g € C(B,,) such that

f(2) = /B (g(w) dvg (w)

1 — (z,w))"+F
forall z € B,.

Proof. The proof is similar to that of Theorem 7.11. We leave the details to the
interested reader. O

7.4 The case o > 1

In this section we generalize the definition of holomorphic Lipschitz spaces A, to the
case a > 1. Thus for @ > 1 we define A, to be the space of holomorphic functions f
in B,, whose k-th order partial derivatives all belong to A, _x, where k is the positive
integer such that

kE<a<k-+1. (7.6)

The following theorem characterizes the membership of f in A,, o > 1, in terms
of various derivatives of f. Notice that the conditions in (7.6) above and (7.7) below
are meant to be different; there is no misprint here.



248 7 Lipschitz Spaces
Theorem 7.13. Suppose o > 1 and k is the positive integer such that
E<a<k+1. 7.7)

Then the following conditions are equivalent for a holomorphic function f in B,,:

(a) The function f belongs to A,,.

(b) The function (1 — |z|?)*+1=2RE+1 (%) is bounded in B,,, where R**1 is the
(k + 1)th power of the radial differential operator R.

(c) The function (1 — |z|?)k¥*+1=29™ f /2™ is bounded in B,, for each multi-index
m of nonnegative integers with |m| = k + 1.

Proof. If « is not an integer, then f € A, if and only if all k-th order partial deriva-
tives of f belong to A_g, which, in view of Theorem 7.9 and the identity

l—(a—k)=k+1-—q,

shows that conditions (a) and (c) are equivalent in this case.

If « is an integer, then a = k, and so f € A, if and only if all partial derivatives
of f of order k — 1 belongs to A;. Since A; consists of holomorphic functions whose
first order partial derivatives belong to the Bloch space, we see that conditions (a)
and (c) are also equivalent in this case. Thus (a) and (c) are equivalent.

It is easy to see that if condition (c) holds, then the functions

k+l—« amf
azm

(1= 12
are bounded for all m with |m| < k + 1. This observation, together with the fact that
RF+1 is a linear differential operator of order k + 1 with polynomial coefficients,

shows that (c) implies (b).
Next assume that the function

9(2) = ehr1-a(l = |2) TR f(2)

is bounded in B,,. Then by Theorem 2.2,

Rk+1f(z) — / g(w) d’U(U}) = Bn-

B, (]_ _ <va>)n+1+k+17a ?
From the identity

/1 Rh(tz) dt = h(z) — h(0), z € By,
ot

where & is any holomorphic function in B,,, we deduce that

B _ [tadt Vdtiya g(w) dv(w)
f(Z) f(O) - A t A tk+1 /B" (1 —ty--- tk+1 <Z7w>)n+1+k+1—a
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forall z € B,,. Now if m is any multi-index of nonnegative integers with |m| = k+1,
then differentiation under the integral signs shows that there exists a constant C' > 0

such that
om 1 1 P 1 d
Tl s [ane i [ G e ol dute)
ozm 0 0 b, |1 —t1 - tgp (2, w) |[pH1+20 D) —a

for all z € B,,. Applying Theorem 1.12, we obtain a constant C’ > 0 such that

omf ! Yot ten) b
< dtqy---
‘5‘27" (2)] < ||9H<>O/O 1 /0 (1 =ty typq|2])2H D) -

for all z € B,,. This iterated integral can be estimated elementarily, and we obtain
another constant C”” > 0 such that

amf C//
< ) e Bn-
] (s 2
This shows that (b) implies (c), and completes the proof of the theorem. O

The integral representation for functions in A, is slightly more complicated when
« is large.

Theorem 7.14. Suppose o > 1, B > —1, and n + 8 — « is not a negative integer.
Then a holomorphic function f in B, belongs to A, if and only if there exists a
Sfunction g € L*>(B,,) such that

_ g(w) dvg(w)
1= [ s
forall z € B,

Proof. First assume that f admits the integral representation. Differentiating under
the integral sign and applying Theorem 1.12, we see that condition (c) in Theo-
rem 7.13 holds, so f € A,,.

Next we assume that f € A,. Let k be the positive integer satisfying k£ < a <
k + 1. By definition, all k-th order partial derivatives of f belong to A, _. It follows
that all partial derivatives of f of order less than or equal to k also belong to A, _.
Since A, _ is invariant under multiplication by polynomials, and since the operator
RPB=F s a k-th order linear differential operator with polynomial coefficients (see
Proposition 1.15), the function R°~% f belongs to A,_} as well. By Theorems 7.9
and 7.11, there exists a function g € L°°(B,,) such that

—a g(w) dvs(w)
RO~k f(z) = /Bn (1- <z’w>)ni1+ﬁ+k—a’ z € B,.

Apply Rg_q,k and use Proposition 1.14. We obtain
g(w) dvg(w
f(z) = / (w) 5513,@—01
B, (1= (zw))

forall z € B,,. O
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It is easy to see that
£l = [£(0)] +sup{(1 — |z[»)* = *|RF f(2)] : 2 € B, }

is a norm on A, where k is the positive integer satisfying k < « < k + 1. Further-
more, A, is a Banach space in this norm.

Let A be the closure of the set of polynomials in A,,. It is easy to check that
A, o consists of holomorphic functions in B,, whose k-th order partial derivatives all
belong to Aq—1,0, where k < a < k+ 1.

Theorem 7.15. Suppose o > 1, 3 > —1, and k is the positive integer such that

k< a< k41 Ifn+ [ — ais not a negative integer, then the following conditions

are equivalent for a holomorphic function f in B,,:

(a) The function f belongs to A .

(b) The function (1 — |z|?)kT1=2RFL £(2) is in Co(B,,).

(c) The function (1 — |z|2)k*+1=29™ f /02" is in Co(B,,) for every multi-index m
of nonnegative integers with |m| = k + 1.

(d) There exists a function g € Co(B,,) such that
£2) = / g(w) dvg(w)
B, (1= (z,w))nti+o=e
forall z € B,,.
Proof. The proof is similar to those of Theorems 7.13 and 7.14. We omit the details.

O

As usual, the space Cy(B,,) in the above theorem can be replaced by the space
C(B,).

7.5 A Unified Treatment

In this section we unify the treatment of A,, for all & > 0 and reveal the close rela-
tionship between Lipschitz spaces A, and the Bloch space 5. This will be done via
fractional differentiation and integration. As a consequence, we shall obtain atomic
decomposition for the Lipschitz spaces.

Theorem 7.16. Suppose a > 0, § > —1, and f is holomorphic in B,,. Ifn+ (6 —«a is
not a negative integer, then f € A, if and only if there exists a function g € L*°(B,,)

such that ( 1 ( )
B g(w) dvg(w
/&) = /]Bn (1— (z,w))titf-ar 7 € By

Similar characterizations hold for Ay, o with L (B,,) replaced by Co(B,,) or C(B,,).
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Proof. This follows from Theorems 7.9, 7.11, and 7.14. O

Theorem 7.17. Suppose t > « > 0. If s is a real parameter such that neither n + s
norn + s + t is a negative integer, then a holomorphic function f in B,, belongs to
A, if and only if the function

p(2) = (1= |2[) TR f(2)
is bounded in B,,.

Proof. Let 3 = s+ a+ N, where N is a sufficiently large positive integer.
If f € A,, then by Theorem 7.16, we can then find a function g € L*°(B,,) such
that

g(w) dvg(w)
= B,.
f(z) /IBn, (1 — (2, w))nt1+s+N" Z€
By Lemma 2.18, there exists a one-variable polynomial h such that

Rs’tf<z) _ /IB (h<<sz>)g<w) dvﬁ(w)

1— <Z,w>)n+1+s+N+t'
Since
n+l+s+N+t=n+1+3+(t—a),

an application of Theorem 1.12 shows that the function ¢ is bounded in B,,.
On the other hand, if the function ¢ is bounded in B,,, then by the reproducing
formula in Theorem 2.2,

s, _ CstN+t P(w) dvg(w)
R tf<z) = cs /IBn (1 = (z, w))ntl+stN+t”

Apply the operator R, ; inside the integral sign and use Lemma 2.18. We obtain a
polynomial h(z,w) such that

1) = / h(z, w)p(w) dug (w)

(1 _ <Z’w>)n+1+ﬁ—a
B B w™ p(w) dvg(w)
=S / PPN AV

where the summation is over a finite number of terms and each p,, (z) is a polynomial
of z. By Theorem 7.16, each integral in the above sum defines a function in A,. Since
A, is closed under multiplication by polynomials, we see that f is in A,. O

We state the little oh version of the preceding theorem without proof.

Theorem 7.18. Supposet > « > 0. If s is a real parameter such that neither n + s
norn + s + t is a negative integer, then a holomorphic function f in B,, belongs to
Ao 0 if and only if the function

h(z) = (1= [z *R>' f(2)
belongs to Cy(B,,).
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As usual, the space Co(B,,) here can be replaced by the space C(B,,).
The next result shows that all the Lipschitz spaces A, are isomorphic to the Bloch
space as Banach spaces.

Theorem 7.19. Suppose a > 0 and s is a real parameter such that neither n + s
norn + s + « is a negative integer. Then the fractional differential operator R***
maps the Lipschitz space A\, onto the Bloch space B. Equivalently, a holomorphic
Sfunction f in B,, belongs to A, if and only if R*“ f belongs to B.

Proof. Let t be a positive number large enough so thatt > acandn + s — ¢t + a is
not a negative integer. Then the operators

s—t+a,t s—t+a,t—a s,
R , R ;R

are all well defined. By Theorem 7.17, the assumption f € A, is equivalent to the
condition that the function

(1 _ |Z|2)t7aRsft+a,tf(Z)
is bounded in B,,. Since

Rs t+o,t __ Rs t+oa,t— aRsa

we conclude that f € A, if and only if the function
(1 _ |Z|2)t—aRs—t+a,t—aRs,af(Z)
is bounded in B,,, which, according to Theorem 3.5, is equivalent to R*“f € 5. 0O
Once again, we state the little oh version of the above theorem without proof.

Theorem 7.20. Suppose o« > 0 and s is a real parameter such that neither n+ s nor
n + s + « is a negative integer. Then the fractional differential operator R>“ maps
the space A, o onto the little Bloch space By. Equivalently, a holomorphic function
finB,, belongs to A, o if and only if R**“ f belongs to B,.

We now obtain an atomic decomposition for functions in A,,.
Theorem 7.21. Suppose o > 0, b > n, and b — o — 1 is not a negative integer. Then

there exists a sequence {ay} in B,, such that A, consists exactly of functions of the
form

Z r 1*|a’“| )’ (7.8)

(z,ar))b—’
where {ci} € 1°°. A similar representanon holds for A, o with [°° replaced by cy.

Proof. Write b — o = n + 1 + s. The assumptions on b imply that neither n + s
nor n + s + « is a negative integer, so that the operator R*“ is well defined. Now a
holomorphic function f in B,, admits a representation as in (7.8) if and only if
(1= Jax?)’ (= ar )’
Ré e’ —
Iz Z (1= (z,ap)nitsta ; F1 - za)
which, according to Theorem 3.23, is equivalent to R*“ f € 3. This combined with
Theorem 7.19 completes the proof. O
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7.6 Growth in Tangential Directions

For a holomorphic function f in B,, and a complex direction « (a unit vector in C™)
we define the (complex) directional derivative

of v _ . [+ M) — f(z2)
ou (2) = ;\Hj%) A ’ 79)
where A € C and z € B,,. A simple application of the chain rule gives
of of of
— . 1
9 (2) = uy 021 (2)+- - +u, 02 (2), (7.10)
where u = (ug, -+, Uy).

By the Cauchy-Schwarz inequality for vectors in C”, the maximum modulus of
all directional derivatives of f at z is given by
o\ 1/2
) . (7.11)

So the quantity |V f(z)| is called the full complex gradient of f at z, or simply the
gradient of f at z.

More generally, if X is any subspace of C", we define |V x f(z)] to be the max-
imum modulus of all the directional derivatives of f at z in directions u© € X. Two
special situations will be considered.

First, if z # 0, we consider the case X = [z], the one-dimensional subspace of
C™ generated by z. There is only one (complex) direction in X and the correponding
directional derivative is

1 ( 8f(z)+~~-+znaf) _ Rfz)

|Z| A 021 Ozn |Z|

2

)
f +...+

Vi) = (\ o) of

9, (%)

Secondly, if z # 0, we consider the case where X = C™ © [z], the subspace of
C™ that is orthogonal to z. Directions determined by vectors in X are usually called
tangential directions at z and the gradient corresponding to this (n — 1)-dimensional
subspace is denoted by |V f(z)| and will be called the tangential gradient of f at z.
Thus

of

IVrf(z)| = max{ 8u<z)

:uLz}. (7.12)

The following result exhibits the relationship among the radial derivative, the
tangential gradient, and the invariant gradient of a holomorphic function in B,,.

Theorem 7.22. If n > 1 and z € B,, — {0}, then

1—[2]?)[Rf(2)]
E

for all f holomorphic in B,,.

) < + (1= 21)?Vr f(2)] < 2V f(2)]
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Proof. Set w = z in the definition of Q) s (z) (see Section 3.1) and recall from Propo-
sition 1.18 that z is an eigenvector of the Bergman matrix B(z) corresponding to the
eigenvalue (1 — |z|?)~2. We obtain

(1= [z Rf(2)]

2|

V()| = Qy(2) >

Similarly, by restricting w € [2]* in the definition of Q ;(z) and using the fact that
such a w is an eigenvector of B(z) corresponding to the eigenvalue (1 — |2]?) ™! (see
Proposition 1.18 again), we obtain

Qr(2) = (1= [2[)2|Vrf(2)].
It follows that

1—|z|2)|Rf(2 =~
IO epyewr o) < 291
On the other hand, for any nonzero vector w € C", we can write

w=u-+uv, uelz], wvelzt.
By part (e) of Proposition 1.18, we have
(B(2)w,w) = (1= [2) 7 |ul* + (1 = [2) o],
It follows that
(V@) w)l _ (VI (2), u)| + [(V[(2),0)]
VI(B(E)w,w) — /(1= [22) 2 [ul? + (1 = [22) o]
[(Vf(2), u)] (Vf(2),0)]
<
— V=)l ! V(= [22) 7ol

== (vre )|+ a-apE | (vren )
" a- (s, )| - 4 EOIRSC)
i E.
and

(12?2 < (-2 Ve f(2)],

(w764

taking the supremum over all nonzero vectors w € C" gives

Qf(z) < |i| (1= [zP)IRF(2) + (1= |22V f(2)].

This completes the proof of the theorem. ad
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We now consider the smoothness of a function f € A,, 0 < « < 1, in tangential
directions. First recall that the radial derivative of a function f € A, can grow at
most at the rate of (1 — |z|?)*~1 as 2| — 17; see Theorem 7.9. The following result

demonstrates the maximum growth rate for the tangential and invariant gradients of
e,

Theorem 7.23. Suppose n > 1 and f € A,,.

(a) f0<a< %, then there exists a constant C > 0 such that

1

(L= [z) V() <C, (1= Ve f(2)| < C,

forall zinB,.
(b) If . = %, then there exists a constant C' > 0 such that

(1= |2[*)~2|V£(2)] < Clog Vo f(2)| < Clog

1=z’ 1=

forall z € B,.
(c) If% < « < 1, then there exists a constant C' > 0 such that

1272V <O, |Vrf(2)| <C,

forall z € B,.

Proof. Since Ay = By_o for 0 < o < 1, the estimates for |V f(z)| follow from
Theorem 7.2. The estimates for |V f(z)]| then follow from the corresponding ones
for |V f(z)| and the inequality

IVrf(2)] < (1= )72V f(2)],
which can be found in the proof of Theorem 7.22. O

We are going to consider smooth curves v : [a,b] — S,,. Such a curve v will be
called a complex tangential curve if +/(¢) is bounded on [a, b] and (y(t),~'(t)) = 0
forevery t € [a, b].

A smooth function A : [a,b] — C is Lipschitz of order «r, where 0 < a < 1, if
there exists a constant C' > 0 such that

[h(s) = h(t)] < C[s — | (7.13)
for all s and ¢ in [a, b]. In this case, we also write h € A,,.
Theorem 7.24. Suppose 0 < o < % and f is holomorphic in B,,. If f € A, and

v : [a,b] — S, is a complex tangential curve, then the function g = fov : [a,b] — C
is Lipschitz of order 2cv.
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Proof. For0 <r < 1let

gr(t) = fr(v(8)) = f(r(#),  t€]a,b].
By the chain rule,

g0=rY o o),

V4
=1 07k

where
V() = (72 (t), -+ (1))

By the definition of complex directional derivatives,

9.(1) = iy ()15 (),

where v = +/(¢)/|7/(¢)] is a tangential direction. Applying Theorem 7.23, we obtain
a constant C' > 0 (depending on f, but independent of ¢ and r) such that

lg.(t)| < CIY (1)](1 — r2)*—2

forallt € [a,b] and 0 < r < 1. Since +/(¢) is bounded, we find a constant C’ > 0
(depending on f and ) such that

lg,(B)] < C'(1—r?)>
forallt € [a,b] and 0 < r < 1. It follows easily that
190 (t1) = gnlt2)] < C'[ts — ta| (1 — r2)73

forall 1 and ¢2 in [a,b] and all 0 < r < 1.
Letr = 1 — [t; — t2|?, where we assume that |t; — 5| < 1. Then

|9, (t1) — gr(t2)| < C'|t1 — ta]**.
On the other hand, under the same assumptions on ¢y, t5, and r, we have
l9(tx) — gr(ti)| = [F(v(tx)) = flry(t)| < C" () — ry(ti) |
— C//(l o T)a _ C”|t1 7t2|2o¢7

where k = 1,2, and C” is a positive constant dependent on f only. An application
of the triangle inequality now gives

lg(t1) — g(t2)] < C"'[t1 — ta]**

for all t; and t5 in [a, b] with |t; —t2| < 1, where C"” is a positive constant dependent
on g, but not on ¢; and ¢5. This clearly shows that g € As,,. O
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7.7 Duality

In Chapter 4 we realized the dual of H?, 0 < p < 1, as the Bloch space using an
integral pairing that involves certain weighted volume measures on the ball. In this
section we show that the dual space of H?, when 0 < p < 1, can also be identified
with the Lipschitz space A, for some o > 0, using the more natural H? integral
pairing with the surface measure on S,,.

Theorem 7.25. Suppose 0 < p < 1 and o = n(p~! — 1). Then the dual space of
H? can be identified with A, under the integral pairing

(f,9) = lim A frgdo, feHP ge A,

In particular, the above limit always exists.

Proof. Let 3 = (n/p) — (n+ 1). Then a computation using Lemma 1.11 shows that

/ F(Q9(¢) do(C) = / F(2)R-1eg(2) dus(z).
Sn B,

where f and g are bounded holomorphic functions in B,,. The desired result then
follows from Theorems 4.51 and 7.19. O

Another type of duality theorems can be proved for A, using weighted volume
integral pairings. For example, if 0 < o < 1, then A, = B;1_,, so Theorems 7.5 and
7.6 can be restated for Lipschitz spaces. Next we show that this can actually be done
for A, for any o > 0.

Theorem 7.26. Suppose « >0, 3 > —1,and s = f— . If s > —1, then (Ay0)* =
Aé (with equivalent norms) under the integral pairing

(f,9)s = lim [ f(rz)g(rz) dvs(z).

r—1- B,

Proof. Let t be any real parameter such that the fractional differential operator R>
is a bounded invertible operator from A, ¢ onto By; see Theorem 7.20. Then F' is
a bounded linear functional on A, if and only if F' o R; . is a bounded linear
functional on By. Combining this with Theorem 3.16, we see that F' € (Aq0)* if
and only if there exists a function g € Al such that

FoRt,a(f) = <fag>s7 f € B()~

It follows that
F(f) = <Rt’af7 g>s7 f € Aa,()~

It is easy to see from the Taylor series representation of ( , ), that
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<Rtl’af7 g>s = <f7 Rtyag>s-

Thus F' € (Ay,0)* if and only if there exists g € A! such that

F(f) = <f7 Rt,ag>sa f € Aa,()~
Let h = R%®g. Then by Theorem 2.19, g € Al if and only if h € A}, and

F(f):<f>h>87 feAa,O-
This completes the proof of the theorem. ad
Theorem 7.27. Suppose o > 0, 8 > —1,0 < p < 1, and

1
s = n Jr6—(n+1+04).
p
If s > —1, then (AZ)* = A, under the integral pairing { , )s, where the equality
holds with equivalent norms.

Proof. 1f « and f3 satisfy  — pa > —1, which is true when p = 1, then we can argue
as follows. ' € (A})* if and only if F' o R"* € (A}, )", because Theorem 2.19
tells us that R"“ is a bounded invertible operator from A} onto A7. It follows
from this and Theorem 3.17 that ' € (A})* if and only if there exists a function

g € B such that
FoRY(f) = (), fEA, .

where

1 —
s:n+ —;ﬂ pa_(n+1):

1
mt +ﬁ—(n+1—|—a).

Equivalently, for f € A%, we have

F(f) = <Rt,0¢fa g>é = <f7 Rt,ag>s = (fa h>57

where h = R; ,g belongs to A,; see Theorem 7.19.

Also note that the case 0 < o < 1 follows from Theorem 7.6. In the more general
case, we argue directly using the integral representations of A,.

First assume that f € Ag and g € A,. By Theorem 7.16, there exists a function

h € L*(B,,) such that
B h(w) dvets(w)
g(Z) - /]B (1 _ <Z,U}>§n+1+s '

n

By Fubini’s theorem and the reproducing formula in Theorem 2.2,

gl = [ hw)dunsstw) [ T

n

:/ fr(w)h(w) dvgys(w).
B,
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Letr — 1 and use Lemma 2.15. We find a constant C' > 0 such that

[(£:9)s] < Cllhllcoll fll5.p-

This shows that every function g € A, induces a bounded linear functional on A’é
via the integral pairing ( , ).
Conversely, if F' € (Ag)*, and if f € A%, then we deduce from the reproducing

formula
R = [

(1= {zw)reies

that
1

PUY = [ S0 ] st

where 0 < r < 1. Define a holomorphic function ¢ in B,, by

0=, ypones |

Then
E(fr) = {fr,9)s

and it follows from the homogeneous expansion of the kernel function that

Rsog(w) = F, [(1 _ <27w>)n+1+s+a:| ’

Similarly,

RRsg(w) = (n+1+s+a)F, { (2, w) } .

(1 _ <Z, w>)n+2+s+a

By the boundedness of F' on A’é and Theorem 1.12, we can find a constant C > 0
such that

dup(2) r<mw

s,
|RR g(w)| < <n+1+s+a)“F|:/IB |1—<Z,w>|p(”+2+s+a) - 1- |w|2'

n

This shows that R**g € B, and hence g € A, by Theorem 7.16. The proof of the
theorem is complete. O

Notes

This chapter advocates the approach to Lispchitz spaces using Bergman-type kernels.
In fact, for any o > 0 the Lipschitz space A, is simply the image of the Bloch space
under a fractional integral operator of order «. This identification shows that the
Lipschitz spaces are to the Bloch space just the same as the Besov spaces are to
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the Bergman spaces. In particular, atomic decomposition and duality using volume-
integral pairings follow immediately from the corresponding results for the Bloch
space.

The Lipschitz spaces play a special role in duality issues, namely, the dual space
of HP?, 0 < p < 1, can be identified with a Lipschitz space under the more natural
integral pairing on the unit sphere. This was first done in [34] for the unit disk and in
[133] for the unit ball.

Sections 7.2 and 7.6 are basically from [94]. For o > 1, the Lipschitz spaces A,
can also be characterized by higher order differences, but we chose to omit this result
because it seems to be more real variable in nature.

Exercises

7.1. Prove the theorems of this chapter whose proofs were left out.
7.2. Formulate and prove an atomic decomposition for B o and A4 o.
7.3. For n = 1 characterize lacunary series in A, in terms of the coefficients.

7.4. Find a suitable integral pairing under which the dual space of A, ¢ can be iden-
tified with B;. Similarly, find an integral pairing under which the dual space of B,
0 < p < 1, can be identified with A,,.

7.5. Suppose o > 0 and
flz)= Z amz™

is holomorphic in B,,. Show that f € A, if and only if the function
g(z) = m|*="

is in the Bloch space.
7.6. Show that every polynomial is a pointwise multiplier of A, where o > 0.

7.7. Suppose o > 1 and f is holomorphic in B,,. Show that f € B,, if and only if
the function (1 — |2]?)®~1|f(2)] is bounded in B,,.

7.8. Suppose a > 0 and f is holomorphic in B,,. If the functions
29" f

1— 2
(1= )"

(2)

are bounded for each multi-index m with |m| = k, where k is a positive integer.
Then the functions gm

ol
Ozm

are bounded for for each multi-index m with |m| < k.

(1= 21
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7.9. Suppose a > 0 and f € A,. If f(0) = 0, show that there exist functions
fr € Ay, 1 < k < n, such that

1) =3 ()
k=1

for z € B,,.

7.10. Show that the condition o > % in part (a) of Theorem 7.2 is necessary.
7.11. Suppose 0 < a < % and f is holomorphic in B,,. Show that f € A, if and

only if the function _
h(z) = (1= [2[*) 7|V f(2)|

is bounded in B,,, and f € A, if and only if & is in Co(B,,) if and only if A is in
C(B,).

7.12. Suppose o > 1,t > 0, and s is a real parameter such that the fractional differ-
ential operator R*'! is well defined. Then a holomorphic function f in B,, belongs to
B, if and only if the function

h(z) = (1= [2[)* IR f(2)

is bounded in B,,, and f € B, if and only if & is in Co(B,,) if and only if & is in
C(B,).

7.13. Suppose a > 1 and s is a real parameter such that R**~1 is well defined.
Show that a holomorphic function f in B,, belongs to the Bloch space B if and only
if R%“~! f belongs to B,,. The little oh version of this result also holds.

7.14. Formulate and prove the little oh versions of Theorems 7.16.

7.15. Suppose f is holomorphic in B,,. Then the following conditions are equivalent:

(@) f € Ar.
(b) There exists a constant C' > 0 such that

|f(z+h)+ f(z = h) = 2f(2)] < C|n|

holds whenever z € B,, and z = h € B,,.
(c) f is in the ball algebra and there exists a constant C' > 0 such that

If(C+h)+ f(C—=h)=2f(Q)] < Clh|
forall( € S,and (£ h € S,.

7.16. Suppose n > 1, 5 < a < 1,and f € A,. If vy : [a,b] — B, is a complex
tangential curve, then the derivative of the function f o~ : [a, b] — C is Lipschitz of

order 2ar — 1. See [94].
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7.17. Supposen > 1, f € A; ,and vy : [a,b] — B,, is a complex tangential curve.
Then the function

h(t) = fo(t), t € [a,b],

satisfies
|h(t + h) + h(t —h) — 2h(t)] < Ch

for some constant C' > 0 and all ¢ € (a,b) and h > 0 with ¢ £ h € [a, b]. See [94].
7.18. For a > 0 define an operator 7, by

Taf(z) = (1 - |Z|2)n+1/B (1 _ (Zf(wug))2(n+1) (1 a |w|2)a71 dv(w),

n

Show that T, is an emedding of B, into L*°(B,,), and that T, maps B, into
Co(By,).

7.19. For any o > 0 define a function
do : By, x B, — [0,00)

by
da(2,w) = sup{|f(2) = f(w)| : [ flla < 1},

where || ||o is the norm in BB,. Show that d,, is a distance in B,, and that

da(z,
alm |Z(f ;U|) =sup{[Vf(2)]: [flla <1}
for every z € B,,. See [132] and [134].

7.20. With notation from the previous exercise, show that a holomorphic function f
in B,, belongs to B,, if and only if there exists a positive constant C' = C such that

|f(z) = f(w)] < Cda(z,w)
for all z and w in B,,. See [132] and [134].

7.21. Show that each space B3, is isomorphic to 3 via an appropriate fractional dif-
ferential (or integral) operator.

7.22. Suppose a is any real parameter such that the operator R%! is well defined.
Show that a holomorphic function f in B,, belongs to B, if and only if the function

(1= 21" R f(2)

is bounded in B,,. A little oh version of this result also holds.
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